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Preface to the Classics Edition

This is a revised edition of a book which appeared close to two decades ago.
Someone scrutinizing how the field has evolved in these two decades will make
two interesting observations. On the one hand the observer will be struck by the
staggering number of new developments in numerical linear algebra during this
period. The field has evolved in all directions: theory, algorithms, software, and
novel applications. Two decades ago there was essentially no publically available
software for large eigenvalue problems. Today one has a flurry to choose from
and the activity in software development does not seem to be abating. A number
of new algorithms appeared in this period as well. | can mention at the outset the
Jacobi-Davidson algorithm and the idea of implicit restarts, both discussed in this
book, but there are a few others. The most interesting development to the numeri-
cal analyst may be the expansion of the realm of eigenvalue techniques into newer
and more challenging applications. Or perhaps, the more correct observation is
that these applications were always there, but they were not as widely appreciated
or understood by numerical analysts, or were not fully developed due to lack of
software.

The second observation to be made when comparing the state of the field now
and two decades ago is that at the same time the basic tools used to compute spec-
tra have essentially not changed much: Krylov subspaces are still omnipresent.
On the whole, the new methods that have been developed consist of enhance-
ments to these basic methods, sometimes major, in the form of preconditioners, or
other variations. One might say that the field has evolved even more from gaining
maturity than from the few important developments which took place. This ma-
turity has been brought about by the development of practical algorithms and by
software. Therefore, synergetic forces played a major role: new algorithms, en-
hancements, and software packages were developed which enabled new interest
from practitioners, which in turn sparkled demand and additional interest from the
algorithm developers.

In light of this observation, | have grouped the 10 chapters of the first edition
into three categories. In the first group are those chapters that are of a theoreti-
cal nature (Chapters 1, 3, and 9). These have undergone small changes such as
correcting errors, improving the style, and adding references.

The second group includes a few chapters that describe basic algorithms or
concepts — for example subspace iteration (Chapter 5) or the tools of spectral

Xiii



Xiv PREFACE TO THECLASSICSEDITION

approximation (Chapter 4). These have been left unchanged or have received
small updates. Chapters 2 and 10 are also in this group which then consists of
Chapters 2, 4, 5, and 10.

Chapters in the third group (chapters 6 to 8) underwent the biggest changes.
These describe algorithms and their implementations. Chapters 7 and 8 of the
first edition contained a mix of topics some of which are less important today,
and so some reorganization was needed. | preferred to shorten or reorganize the
discussion of some of these topics rather than remove them altogether, because
most are not covered in other books. At the same time it was necessary to add a
few sections on topics of more recent interest. These include the implicit restart
techniques (inlcuded in Chapter 7) and the Jacobi-Davidson method (included as
part of Chapter 7 on preconditioning techniques). A section on AMLS (Auto-
matic Multi-Level Substructuring) which has had excellent success in Structural
Engineering has also been included with a goal to link it to other known methods.

Problems were left unchanged from the earlier edition, bulNibies and ref-
erencesections ending each chapter were systematically updated. Some notation
has also been altered from the previous edition to reflect more common usage. For
example, the term “null space” has been substituted to less common term “kernel.”

An on-line version of this book, along with a few resources such as tutorials,
and MATLAB scripts, is posted on my web site; see:

http://www.siam.org/books/cl66

Finally, | am indebted to the National Science Foundation and to the Depart-
ment of Energy for their support of my research throughout the years.

Yousef Saad
Minneapolis, January 6, 2011



Preface

Matrix eigenvalue problems arise in a large number of disciplines of sciences and
engineering. They constitute the basic tool used in designing buildings, bridges,
and turbines, that are resistent to vibrations. They allow to model queueing net-
works, and to analyze stability of electrical networks or fluid flow. They also allow
the scientist to understand local physical phenonema or to study bifurcation pat-
terns in dynamical systems. In fact the writing of this book was motivated mostly
by the second class of problems.

Several books dealing with numerical methods for solving eigenvalue prob-
lems involving symmetric (or Hermitian) matrices have been written and there
are a few software packages both public and commercial available. The book
by Parlett[148] is an excellent treatise of the problem. Despite a rather strong
demand by engineers and scientists there is little written on nonsymmetric prob-
lems and even less is available in terms of software. The 1965 book by Wilkinson
[222] still constitutes an important reference. Certainly, science has evolved since
the writing of Wilkinson’s book and so has the computational environment and
the demand for solving large matrix problems. Problems are becoming larger
and more complicated while at the same time computers are able to deliver ever
higher performances. This means in particular that methods that were deemed too
demanding yesterday are now in the realm of the achievable. | hope that this book
will be a small step in bridging the gap between the literature on what is avail-
able in the symmetric case and the nonsymmetric case. Both the Hermitian and
the non-Hermitian case are covered, although non-Hermitian problems are given
more emphasis.

This book attempts to achieve a good balance between theory and practice. |
should comment that the theory is especially important in the nonsymmetric case.
In essence what differentiates the Hermitian from the non-Hermitian eigenvalue
problem is that in the first case we can always manage to compute an approxi-
mation whereas there are nonsymmetric problems that can be arbitrarily difficult
to solve and can essentially make any algorithm fail. Stated more rigorously, the
eigenvalue of a Hermitian matrix is always well-conditioned whereas this is not
true for nonsymmetric matrices. On the practical side, | tried to give a general
view of algorithms and tools that have proved efficient. Many of the algorithms
described correspond to actual implementations of research software and have
been tested on realistic problems. | have tried to convey our experience from the
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practice in using these techniques.

As a result of the partial emphasis on theory, there are a few chapters that
may be found hard to digest for readers inexperienced with linear algebra. These
are Chapter Il and to some extent, a small part of Chapter IV. Fortunately, Chap-
ter 11l is basically independent of the rest of the book. The minimal background
needed to use thagorithmic partof the book, namely Chapters IV through VIII,
is calculus and linear algebra at the undergraduate level. The book has been used
twice to teach a special topics course; once in a Mathematics department and once
in a Computer Science department. In a quarter period representing roughly 12
weeks of 2.5 hours lecture per week, Chapter I, Ill, and 1V, to VI have been cov-
ered without much difficulty. In a semester period, 18 weeks of 2.5 hours lecture
weekly, all chapters can be covered with various degrees of depth. Chapters Il and
X need not be treated in class and can be given as remedial reading.

Finally, | would like to extend my appreciation to a number of people to
whom | am indebted. Francgoise Chatelin, who was my thesis adviser, introduced
me to numerical methods for eigenvalue problems. Her influence on my way of
thinking is certainly reflected in this book. Beresford Parlett has been encouraging
throughout my career and has always been a real inspiration. Part of the motiva-
tion in getting this book completed, rather than ‘never finished’, is owed to L. E.
Scriven from the Chemical Engineering department and to many others in applied
sciences who expressed interest in my work. | am indebted to Roland Freund who
has read this manuscript with great care and has pointed out numerous mistakes.



Chapter 1

BACKGROUND IN MATRIX THEORY
AND LINEAR ALGEBRA

This chapter reviews basic matrix theory and introduces some of the elementary
notation used throughout the book. Matrices are objects that represent linear map-
pings between vector spaces. The notions that will be predominantly used in this
book are very intimately related to these linear mappings and it is possible to discuss
eigenvalues of linear operators without ever mentioning their matrix representations.
However, to the numerical analyst, or the engineer, any theory that would be de-
veloped in this manner would be insufficient in that it will not be of much help
in developing or understanding computational algorithms. The abstraction of linear
mappings on vector spaces does however provide very concise definitions and some
important theorems.

1.1 Matrices

When dealing with eigenvalues it is more convenient, if not more relevant, to
manipulate complex matrices rather than real matrices. A complexn matrix
Ais anm x n array of complex numbers

a;j, i=1,...,m, 3=1,...,n.

The set of alln x n matrices is a complex vector space denoted’By". The
main operations with matrices are the following:

e Addition: C = A + B, whereA, B andC are matrices of sizex x n and
Cij = a;j + bij ,
i=1,2,...m,j=1,2,...n.
e Multiplication by a scalarC' = a A, wherec;; = « a;;.
e Multiplication by another matrix:
C = AB,

1



2 Chapter 1

whered € C"*" B € C"*P C € C"™*P and
n
Cij = Zaikbkj.
k=1

A notation that is often used is that of column vectors and row vectors. The
column vectora ; is the vector consisting of thgth column of4, i.e.,a; =
(@ij)i=1,...,m. Similarly we will use the notation;, to denote the-th row of the
matrix A. For example, we may write that

A == (a.17a.27 ce 7a.n) .
or
ar.
az.
A =
Q.

Thetransposef a matrixA in C™*" is a matrixC' in C"*"™ whose elements
are defined by;; = aj;,i=1,...,n, 7 =1,...,m. The transpose of a matrix
is denoted byd”. It is more relevant in eigenvalue problems to usetthgspose
conjugatematrix denoted byd’ and defined by

AP = AT = AT

in which the bar denotes the (element-wise) complex conjugation.

Finally, we should recall that matrices are strongly related to linear mappings
between vector spaces of finite dimension. They are in fact representations of
these transformations with respect to two given bases; one for the initial vector
space and the other for the image vector space.

1.2 Square Matrices and Eigenvalues

A matrix belonging taC"*" is said to be square. Some notions are only defined
for square matrices. A square matrix which is very important is the identity matrix

I= {67;]4}7?,]4:1,..47”

whered;; is the Kronecker symbol. The identity matrix satisfies the equallity=
1A = A for every matrixA of sizen. The inverse of a matrix, when it exists, is a
matrix C' such thatU A = AC = I. The inverse ofA is denoted byA—!.

The determinant of a matrix may be defined in several ways. For simplicity
we adopt here the following recursive definition. The determinantof amatrix
(a) is defined as the scalar Then the determinant of anx n matrix is given by

det(A) = Xn:(—l)j“aljdet(fhj)

J=1
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whereA;; is an(n — 1) x (n — 1) matrix obtained by deleting the 1-st row and
thej — th column of A. The determinant of a matrix determines whether or not
a matrix is singular sincel is singular if and only if its determinant is zero. We
have the following simple properties:

e det(AB) = det(BA),
e det(AT) = det(A),
o det(ad) = a™det(A),
(4
(Z

o det

1) = det(4),
)=

From the above definition of the determinant it can be shown by induction that
the function that maps a given complex valut the valuep 4 (\) = det(A — A1)
is a polynomial of degree (Problem P-1.6). This is referred to as taracter-
istic polynomialof the matrixA.

e det

Definition 1.1 A complex scalan\ is called an eigenvalue of the square matrix
A if there exists a nonzero vecterof C" such thatAu = Au. The vector is
called an eigenvector ofl associated with\. The set of all the eigenvalues 4f

is referred to as the spectrum dfand is denoted by (A).

An eigenvalue of4 is a root of the characteristic polynomial. Indeed an
eigenvalue ofA iff det(A — AI) = pa(A) = 0. So there are at most distinct
eigenvalues. The maximum modulus of the eigenvalues is cgfiedtral radius
and is denoted by(A):

Thetraceof a matrix is equal to the sum of all its diagonal elements,

n
= E Qig-
i=1

It can be easily shown that this is also equal to the sum of its eigenvalues counted
with their multiplicities as roots of the characteristic polynomial.

Proposition 1.1 If X is an eigenvalue ofl then\ is an eigenvalue oft”. An
eigenvecton of A” associated with the eigenvaluds called left eigenvector of
A.

When a distinction is necessary, an eigenvectod @f often called a right eigen-
vector. Thus the eigenvalueand the right and left eigenvectoisandv, satisfy
the relations

Au=xu, vHA=x "

or, equivalently,

uT AR =X, APv=)v.
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1.3 Types of Matrices

The properties of eigenvalues and eigenvectors of square matrices will sometimes
depend on special properties of the matfix For example, the eigenvalues or
eigenvectors of the following types of matrices will all have some special proper-
ties.

e Symmetric matrices: AT = A;

e Hermitian matrices: A7 = A;

e Skew-symmetric matricesA” = —A;
e Skew-Hermitian matrices: A" = —A;
e Normal matrices: A7 A = AAH;

e Nonnegative matrices: a;; > 0, 4,7 = 1,...,n (similar definition for
nonpositive, positive, and negative matrices);

e Unitary matrices: Q € C™*" andQ”Q = I.

It is worth noting that a unitary matri& is a matrix whose inverse is its transpose
conjugate@’. Often, a matrixQ such thatQ” @ is diagonal (not necessarily
square) is called orthogonal.

1.3.1 Matrices with Special Srtuctures

Some matrices have particular structures that are often convenient for computa-
tional purposes and play important roles in numerical analysis. The following list
though incomplete, gives an idea of the most important special matrices arising in
applications and algorithms. They are mostly defined for square matrices.

e Diagonal matrices:a;; = 0 for j # . Notation for square diagonal
matrices:

A =diag (a11,a22,- -+, Gm) -
e Upper triangular matricesu;; = 0 for ¢ > j.
e Lower triangular matricesu,;; = 0 for i < j.
e Upper bidiagonal matricesa,;; = 0 for j # i orj # i+ 1.
e Lower bidiagonal matricesa;; = 0 for j #iorj # i — 1.

e Tridiagonal matrices:a;; = 0 for any pairz, j such thatj — ¢| >1. Nota-
tion:
A = tridiag (am-_l, (AT aj,,,'_;,_l) .
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e Banded matricesthere exist two integersy; andm,, such thata;; # 0
only if i —m; < j <4+ m,. The numbenm,; + m, + 1 is called the
bandwidth ofA.

e Upper Hessenberg matrices;; = 0 for any pairi, j such that > j + 1.
One can define lower Hessenberg matrices similarly.

e Outer product matricesA = uv? , where both., andv are vectors.

e Permutation matricesthe columns ofd are a permutation of the columns
of the identity matrix.

¢ Block diagonal matricesgeneralizes the diagonal matrix by replacing each
diagonal entry by a matrix. Notation:

A= dlag (All,AQQ, e 7A'nn) .

e Block tri-diagonal matricesgeneralizes the tri-diagonal matrix by replac-
ing each nonzero entry by a square matrix. Notation:

A = trldlag (Ai}ifl, A“‘, Ai,i+1) .

The above properties emphasize structure, i.e., positions of the nonzero ele-
ments with respect to the zeros, and assume that there are many zero elements or
that the matrix is of low rank. No such assumption is made for, say, orthogonal or
symmetric matrices.

1.3.2 Special Matrices

A number of matrices which appear in applications have even more special struc-
tures than the ones seen in the previous subsection. These are typically dense
matrices, but their entries depend on fewer parametersthan

Thus, Toeplitzmatrices are matrices whose entries are constant along diago-
nals. A5 x 5 Toeplitz matrix will be as follows:

to t1 ta tz 1y
to t1 ta 13

i1
T= |t to1 to ti taf,
t_s t_o tq to h
t_q t_g t_o t_1 to
wheret_4,t_g3,--- ,t3,ts are parameters. The entriesdfre such that; ;4 =
ti, a constant depending only énfork = —(m —1),—(m —2), ---,0,1,2,

-, n — 1. Indices(i, 4 + k) outside the valid range of indices for the matrix are
ignored. Such matrices are determined byithe n — 1 valuesty.
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Similarly, the entries oHankel matricesre constant alongnti-diagonals:

The entries ofd are such that; .1, = hy, a constant which depends only on
k,fork =1,2,--- ,m+n — 1. Again, indicegi, k + 1 — 7) falling outside the
valid range of indices forl are ignored. Hankel matrices are determined by the
m +n — 1 valueshy,.

A special case of Toplitz matrices is that Gfrculant matriceswhich are
defined byn parametersg,, 72, -+ ,m,. Inacirculant matrix, the entries in a row
are cyclically right-shifted to form next row as is shown in the followihg 5
example:

Mmoo T2 N3 N4 75
M5 T M2 73 14
C=|m n5 m 12 13
n3 M4 15 N1 12
M M3 N4 N5 M

An important practical characteristic of these special matrices, is that fast
algorithms can often be devised for them. For example, one could hope that a
Toeplitz linear system can be solved faster than in the star@dasd) operations
normally required, perhaps in ordef operations. This is indeed the case, see
[77] for details.

Circulant matrices are strongly connected to the discrete Fourier transform.
The eigenvectors of a circulant matrix of a given size are the columns of the dis-
crete Fourier transform matrix of size

Fo=(fir) with fi, =1/VNe 25/m for0 < j & < n.
More specifically, it can be shown that a circulant maixs of the form
C = F,diag (an)anl

where F,v is the discrete Fourier transform of the vectot= [y, 72, -+ , 1,
(the first column ofC). For this reason matrix-vector products with circulant
matrices can be performed @(n log, n) operations via Fast Fourier Transforms
(FFTs) instead of the standaf{n?) operations.

1.4 Vector Inner Products and Norms

We define the Hermitian inner product of the two vecters= (z;);=1,...., and
y = (¥i)i=1,....m Of C™ as the complex number

(z,y) = Z%Z% (1.1)
i=1
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which is often rewritten in matrix notation as

(z,y) = y"a.
A vector norm onC™ is a real-valued function o€™, which satisfies the
following three conditions,
||| >0 Va, and |[z||=0iff 2 =0;
lox|| = |alz||, V2zeC™, VYaecC;
2 +yll < [zl +lyll, Vz,yeC™.

Associated with the inner product (1.1) is the Euclidean norm of a complex

vector defined by

Izl = (z,2)"/2 .

A fundamental additional property in matrix computations is the simple relation
(Az,y) = (z,AHy) Vo eCr,ycC™ (1.2)

the proof of which is straightforward. The following proposition is a consequence
of the above equality.

Proposition 1.2 Unitary matrices preserve the Hermitian inner product, i.e.,

(Qz,Qy) = (z,9)

for any unitary matrix@.

Proof. Indeed(Qz, Qy) = (z, Q7 Qy) = (=, y). O

In particular a unitary matrix preserves the 2-norm metre, it is isometric with
respect to the 2-norm.

The most commonly used vector norms in numerical linear algebra are special
cases of the Blder norms defined as follows fpr> 1

n 1/p
]l = <Z fcz'p> : 1.3)
i=1

It can be shown that these do indeed define normg forl. Note that the limit of
|lz||,, whenp tends to infinity exists and is equal to the maximum modulus of the
x;'s. This defines a norm denoted Iy|... The casep = 1, p = 2, andp = oo

lead to the most important norms in practice,

zlly = |z1] + 22| + - + |20
2]z = [Je1]* + |z2® + -+ + |zn|?

|z|loc = max |z;| .
1=1,..,n

]1/2
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A very important relation satisfied by the 2-norm is the so-called Cauchy-
Schwarz inequality:

(@, 9)] < [[=]2]lyll2-
This is a special case of thediler inequality:

@ 9)l < llzllpllylla,

for any pairp, ¢ such thatl /p + 1/¢ = 1 andp > 1.

1.5 Matrix Norms

For a general matrixl in C™*™ we define a special set of norms of matrices as
follows
[ Az|p

ma .
zeCn, x#0 HLCHq

HAHpq = (1.4)
We say that the normis||,,, are induced by the two nornjs||, and||.||,. These
satisfy the usual properties of norms, i.e.,

JA| >0 VA eC™" and ||A|=0 iff A=0;
laA| = |a||A], YA € C™", VYaeC;
A+ B| < [|A[l+IB]|, VA,B eC™" ™.

Again the most important cases are the ones associated with thepcases
1,2,00. The casey = pis of particular interest and the associated ndrfp,, is
simply denoted by;.||,.

A fundamental property of these norms is that

IABlp < [[Allpl|Bllp,

which is an immediate consequence of the definition (1.4). Matrix norms that
satisfy the above property are sometimes calledsistent. As a result of the
above inequality, for example, we have that for any square matrand for any
non-negative integek,

4%, < lAll%

which implies in particular that the matrid* converges to zero as goes to
infinity, if anyof its p-norms is less than 1.
The Frobenius norm of a matrix is defined by

1/2

1Allr = { DD lay? : (1.5)
j=1i=1

This can be viewed as the 2-norm of the column (or row) vect@¥'iri* consisting
of all the columns (resp. rows) of listed from1 ton (resp.1 to m). It can easily
be shown that this norm is also consistent, in spite of the fact that is not induced
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by a pair of vector norms, i.e., it is not derived from a formula of the form/ (1.4),
see Problem P-1.3. However, it does not satisfy some of the other properties of
thep-norms. For example, the Frobenius norm of the identity matrix is not unity.
To avoid these difficultiesiye will only use the term matrix norm for a norm that
is induced by two norms as in the definition (1.4). Thus, we will not consider the
Frobenius norm to be a proper matrix norm, according to our conventions, even
though it is consistent.

It can be shown that the norms of matrices defined above satisfy the following
equalities which provide alternative definitions that are easier to use in practice.

lAll: = jgggn; g 5 (1.6)
| Alloc = l:Hllaszl laijl (1.7)
e
1/2 1/2
A]ls = [p(AH 4)]'2 = [p(aat))* (1.8)

1/2

A p = [tr(AT 4))"% = [tr(AAT)] (1.9)

It will be shown in Section 5 that the eigenvalues4f A are nonnegative.
Their square roots are callaihgular valuesof A and are denoted by;,i =
1,...,n. Thus, relation (1.8) shows thitl ||, is equal tasy, the largest singular
value of A.

Example 1.1. From the above properties, it is clear that the spectral radius
p(A) is equal to the 2-norm of a matrix when the matrix is Hermitian. How-
ever, it is not a matrix norm in general. For example, the first property of norms is
not satisfied, since for
0 1
+=(00)

we havep(A) = 0 while A # 0. The triangle inequality is also not satisfied for
the pairA, B whereA is defined above anB = A7, Indeed,

p(A+ B)=1 while p(A)+ p(B)=0. O

1.6 Subspaces

A subspace o™ is a subset ofC™ that is also a complex vector space. The
set of all linear combinations of a set of vect®¥s= {a1, as, ...,a,} of C" is a
vector subspace called the linear spai-of

span{G} = span{ai,as,...,aq}

q
{z GCm|z:Zaiai; {a}tiz1,.., qE(Cq} .

i=1
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If the a;'s are linearly independent, then each vectospein{ G} admits a unique
expression as a linear combination of th&. The setG is then called a basis of
the subspacepan{G}.

Given two vector subspaceés and.Ss, their sumsS is a subspace defined as
the set of all vectors that are equal to the sum of a vect6l @ind a vector ofs.
The intersection of two subspaces is also a subspace. If the intersecfpiaod
S, is reduced td{0} then the sum of; andS; is called their direct sum and is
denoted byS = S, € S2. WhensS is equal toC™ then every vector of C” can
be decomposed in a unique way as the sum of an elemeaftS; and an element
x9 Of So. In this situation, we clearly havéim (S7) + dim (S2) = m. The
transformationP that mapse into z; is a linear transformation thatidempotent
(P?2 = P). ltis called aprojector, ontoS; alongs,.

Two important subspaces that are associated with a matoixC™ =™ are its
range, defined by

Ran(A) = {Ax |z € C"}, (1.10)

and itsnull spaceor kernetl
Null(A) ={x € C" | Az =0 }.

The range ofA, a subspace of™, is clearly equal to the lineaspan of its
columns. Thecolumn rankof a matrix is equal to the dimension of the range
of A, i.e., to the number of linearly independent columns. An important property
of matrices is that theolumn rankof a matrix is equal to itsow rank, the number

of linearly independent rows od. This common number is thank of A and it
clearly satisfies the inequality

rank(4) < min{m,n}. (1.11)

A matrix in C™*™ is of full rank when its rank is equal to the smallestrofand
m, i.e., when equality is achieved in (1.11).
A fundamental result of linear algebra is stated by the following relation

C™ = Ran(A) @ Null(AT) . (1.12)
The same result applied to the transposd gields:
C" = Ran(AT) @ Null(A). (1.13)

Taking the dimensions of both sides and recalling that (S; & S2) equals
dim (S;)+dim (S3) shows that dim(Rand”)) +dim(Null(A4)) = n. However,
since

dim (Ran(A”)) = dim (Ran(A)) = rank(A)

then |(1.13) leads to the following equality

rank(A) + dim(Null(A4)) = n. (1.14)
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The dimension of the null-space dfis often called thenullity or co-rankof A.
The above result is therefore often known as Renk+Nullity theoremwhich
states that the rank and nullity of a matrix add up to its number of columns.

A subspaceS is said to beinvariant under a (square) matrix whenever
AS C S. In particular, for any eigenvalug of A the subspac®ull(A — \I)
is invariant underd. This subspace, which consists of all the eigenvectord of
associated with\ (in addition to the zero-vector), is called teegenspacef A
associated withh.

1.7 Orthogonal Vectors and Subspaces
A set of vectors? = {aq,az,...,a,} is said to beorthogonalif
(ai,a;) =0 when i#j

Itis orthonormalif in addition every vector ofy has a 2-norm equal to unity. Ev-

ery subspace admits an orthonormal basis which is obtained by taking any basis
and “orthonormalizing” it. The orthonormalization can be achieved by an algo-
rithm referred to as the Gram-Schmidt orthogonalization process which we now
describe. Given a set of linearly independent vecfars zs, ..., z,}, we first
normalize the vectar, i.e., we divide it by its 2-norm, to obtain the scaled vec-

tor ¢;. Thenx, is orthogonalized against the vectgrby subtracting fromes a
multiple of ¢; to make the resulting vector orthogonalgo i.e.,

Ty < X2 — ($2,(I1)Q1~

The resulting vector is again normalized to yield the second vegtomhe i-th
step of the Gram-Schmidt process consists of orthogonalizing the wg&gainst
all previous vectors;.

ALGORITHM 1.1 Gram-Schmidt
1. Start: Computery; := ||x1||2. If 11 = 0 stop, else := x1/r11.
2. Loop: Forj =2,...,pdo:
(a) Compute;; := (x;,q;) fori=1,2,...,5—1,
~ j_l
(b) G:= Ty — erij%' ,

() rj5 = |ldll2 »
(d) Ifr;; = 0 then stop, elsg; := G/r;;.

Itis easy to prove that the above algorithm will not break down, i.er, gtkps
will be completed, if and only if the family of vectots;, z», ..., z), is linearly
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independent. From 2-(b) and 2-(c) itis clear that at every step of the algorithm the
following relation holds:

J
Tj = E Tijdi -
i=1

If we let X = [z1,22,...,2p], @ = [¢1,¢2, ..., qp], and if R denotes the x p
upper-triangular matrix whose nonzero elements are-{heefined in the algo-
rithm, then the above relation can be written as

X =QR. (1.15)

This is called the QR decomposition of thex p matrix X. Thus, from what was
said above the QR decomposition of a matrix exists whenever the column vectors
of X form a linearly independent set of vectors.

The above algorithm is the standard Gram-Schmidt process. There are other
formulations of the same algorithm which are mathematically equivalent but have
better numerical properties. The Modified Gram-Schmidt algorithm (MGSA) is
one such alternative.

ALGORITHM 1.2 Modified Gram-Schmidt
1. Start: definern = ||(L'1||2 If 1 = 0 Stop, elS@l = iL’l/T'll.
2. Loop: Forj =2,...,pdo:
(a) Definej := x;,
b) Fori=1,....j—1,do {4 "= (@)
(b) Fori J {q:qwqi
(c) Compute;; := ||d||2,
(d) Ifrj; = 0 then stop, elsg; := ¢/r;;.

A vector that is orthogonal to all the vectors of a subspéide said to be
orthogonal to that subspace. The set of all the vectors that are orthogshizl 0
vector subspace called thethogonal complementf S and denoted by-. The
spaceC” is the direct sum of5 and its orthogonal complement. The projector
onto.S along its orthogonal complement is calledathogonal projectoonto S.

If V= [v1,v9,...,v,] is an orthonormal matrix thew VvV = I, i.e.,V is or-
thogonal. Howeverl V# is not the identity matrix but represents the orthogonal
projector ontaspan{V'}, see Section 1 of Chapter 3 for details.

1.8 Canonical Forms of Matrices

In this section we will be concerned with the reduction of square matrices into
matrices that have simpler forms, such as diagonal or bidiagonal, or triangular. By
reduction we mean a transformation that preserves the eigenvalues of a matrix.
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Definition 1.2 Two matrices4 and B are said to be similar if there is a nonsin-
gular matrix X such that
A=XBX"!

The mapping3 — A is called a similarity transformation.

It is clear thatsimilarity is an equivalence relation. Similarity transformations
preserve the eigenvalues of matrix. An eigenveatgrof B is transformed into
the eigenvector, = Xup of A. In effect, a similarity transformation amounts
to representing the matri® in a different basis.

We now need to define some terminology.

1. An eigenvalue\ of A is said to havelgebraic multiplicity if it is a root
of multiplicity . of the characteristic polynomial.

2. If an eigenvalue is of algebraic multiplicity one it is said todsaple. A
nonsimple eigenvalue is said to briltiple.

3. An eigenvalue\ of A hasgeometric multiplicityy if the maximum num-
ber of independent eigenvectors associated with+t ig1 other words the
geometric multiplicityy is the dimension of the eigenspasell (A — A\I).

4. A matrix is said to balerogatoryif the geometric multiplicity of at least
one of its eigenvalues is larger than one.

5. An eigenvalue is said to Ismi-simplef its algebraic multiplicity is equal
to its geometric multiplicity. An eigenvalue that is not semi-simple is called
defective

We will often denote by\;, s, ..., Ay, (p < n), all thedistinct eigenvalues
of A. Itis a simple exercise to show that the characteristic polynomials of two
similar matrices are identical, see Exercise P-1.7. Therefore, the eigenvalues of
two similar matrices are equal and so are their algebraic multiplicities. Moreover
if v is an eigenvector o3 then X v is an eigenvector ofl and, conversely, i is
an eigenvector ofl then X ~1y is an eigenvector oB. As a result the number of
independent eigenvectors associated with a given eigenvalue is the same for two
similar matrices, i.e., their geometric multiplicity is also the same.

The possible desired forms are numerous but they all have the common goal
of attempting to simplify the original eigenvalue problem. Here are some possi-
bilities with comments as to their usefulness.

e Diagonal: the simplest and certainly most desirable choice but it is not
always achievable.

e Jordan: this is an upper bidiagonal matrix with ones or zeroes on the super
diagonal. Always possible but not numerically trustworthy.

e Upper triangular: in practice this is the most reasonable compromise as the
similarity from the original matrix to a triangular form can be chosen to be
isometric and therefore the transformation can be achieved via a sequence
of elementary unitary transformations which are numerically stable.
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1.8.1 Reduction to the Diagonal Form

The simplest form in which a matrix can be reduced is undoubtedly the diagonal
form but this reduction is, unfortunately, not always possible. A matrix that can
be reduced to the diagonal form is called diagonalizable. The following theorem
characterizes such matrices.

Theorem 1.1 A matrix of dimensiom is diagonalizable if and only if it has
linearly independent eigenvectors.

Proof. A matrix A is diagonalizable if and only if there exists a nonsingular matrix
X and a diagonal matri¥ such thatd = X DX ! or equivalentlyAX = XD,
where D is a diagonal matrix. This is equivalent to saying that there exist
linearly independent vectors — thecolumn-vectors ofX — such thatdz; = d;x;,

i.e., each of these column-vectors is an eigenvectat. of O

A matrix that is diagonalizable has only semi-simple eigéres. Conversely, if

all the eigenvalues of a matrix are semi-simple then there ex@sjenvectors of

the matrixA. It can be easily shown that these eigenvectors are linearly indepen-
dent, see Exercise F-1.1. As a result we have the following proposition.

Proposition 1.3 A matrix is diagonalizable if and only if all its eigenvalues are
semi-simple.

Since every simple eigenvalue is semi-simple, an immediate corollary of the
above result is that whea hasn distinct eigenvalues then it is diagonalizable.

1.8.2 The Jordan Canonical Form

From the theoretical viewpoint, one of the most important canonical forms of
matrices is the well-known Jordan form. In what follows, the main constructive
steps that lead to the Jordan canonical decomposition are outlined. For details, the
reader is referred to a standard book on matrix theory or linear algebra.

e For every integet and each eigenvalug it is true that
Null(A — A1) 5 Null(A — \I) .

e Because we are in a finite dimensional space the above property implies that
there is a first integes such that

Null(4 — A\ D)5+ = Null(4 — A\ D),

and in factNull(A — N, 1)t = Null(4 — \;1)% for all | > I;. The integer; is
called the index of\;.

e The subspac@/; = Null(A — \;I)% is invariant underd. Moreover, the space
C™ is the direct sum of the subspaces, i = 1,2, ..., p. Letm; = dim(M;).
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e In each invariant subspadd; there arey; independent eigenvectors, i.e., ele-
ments ofNull(A — A;I), with v; < m,. It turns out that this set of vectors can

be completed to form a basis 8f; by adding to it elements afull(A — X\;1)?,

then elements oNull(4 — X\;7)3, and so on. These elements are generated by
starting separately from each eigenveatoi.e., an element oNull(A — \; 1),

and then seeking an element that satigfies- A\;1)z; = u. Then, more generally

we construct; 1 by solving the equatiofA — \;T)z; 1 = z; when possible. The
vectorz; belongs taNull(A — \;1)**! and is called a principal vector (sometimes
generalized eigenvector). The process is continued until no more principal vectors
are found. There are at mdstprincipal vectors for each of theg eigenvectors.

e The final step is to represent the original matfixvith respect to the basis made
up of thep bases of the invariant subspacdéds defined in the previous step.

The matrix representatiosi of A in the new basis described above has the
block diagonal structure,

Ji
Ja

X 'AX =J =

Jp

where eacly; corresponds to the subspatg associated with the eigenvalig
Itis of sizem; and it has itself the following structure,

Ji = i with Jik = . .
Each of the blockg/;;, corresponds to a different eigenvector associated with the

eigenvalue\;. Its size is equal to the number of principal vectors found for the
eigenvector to which the block is associated and does not exceed

Theorem 1.2 Any matrixA can be reduced to a block diagonal matrix consisting
of p diagonal blocks, each associated with a distinct eigenvalue. Each diagonal
block numberi has itself a block diagonal structure consistingygfsubblocks,
wherevy; is the geometric multiplicity of the eigenvaldge Each of the subblocks,
referred to as a Jordan block, is an upper bidiagonal matrix of size not exceed-
ing I;, with the constanf\; on the diagonal and the constant one on the super
diagonal.

We refer to the-th diagonal blockj = 1,.. ., p as thei-th Jordan submatrix
(sometimes “Jordan Box”). The Jordan submatrix numitstarts in colump; =
mi + mo + -+ +m;_1 + 1. From the above form it is not difficult to see that
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M; = Null(A — \; 1)’ is merely the span of the columpis j; + 1,..., 541 — 1
of the matrixX. These vectors are all the eigenvectors and the principal vectors
associated with the eigenvalie
Since A and.J are similar matrices their characteristic polynomials are iden-
tical. Hence, it is clear that the algebraic multiplicity of an eigenvaluis equal
to the dimension of\/;:
i = m; =dim(M;) .

As a result,
i = i

BecauseC” is the direct sum of the subspackk,: = 1,...,p each vector
2 can be written in a unique way as

wherex; is a member of the subspagé;. The linear transformation defined by
P x— x;

is a projector ontal/; along the direct sum of the subspadds,j # . The
family of projectorsP;,i = 1, ..., p satisfies the following properties,

Ran(P;) = M; (1.16)

PP, =P;P, =0, ifi+j (1.17)
p

ZPZ. -7 (1.18)
i=1

In fact it is easy to see that the above three properties define a decomposition of
C™ into a direct sum of the images of the project&¥sn a unique way. More pre-
cisely, any family of projectors that satisfies the above three properties is uniquely
determined and is associated with the decompositidii'ahto the direct sum of

the images of thé’; 's.

It is helpful for the understanding of the Jordan canonical form to determine
the matrix representation of the projectdfs Consider the matrix/; which is
obtained from the Jordan matrix by replacing all the diagonal submatrices by zero
blocks except th¢?"* submatrix which is replaced by the identity matrix.

0

<
I
~

0

In other words if eacli-th Jordan submatrix starts at the column numbethen
the columns of/; will be zero columns except columpis . . . , j;+1 — 1 which are
the corresponding columns of the identity matrix. let= X.J, X 1. Thenitis
not difficult to verify thatP; is a projector and that,
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1. The range of?; is the span of columng;, . .. ,Jix1 — 1 of the matrix X.
This is the same subspaceds.

2. pif’j = Pjﬁi =0 wheneveri # j
3P+ Pyt By=1

According to our observation concerning the uniqueness of a family of projectors
that satisfy[(1.16) 1 (1.18) this implies that

Example 1.2. Let us assume that the eigenvalyds simple. Then,

P, = Xeie,LHXfl = uin

[

in which we have defined; = Xe; andw; = X He;. Itis easy to show that
u; and w; are right and left eigenvectors, respectively, associated Mitand
normalized so thaw 7 u; = 1. O

Consider now the matri); obtained from the Jordan form of by replac-
ing each Jordan submatrix by a zero matrix exceptittie submatrix which is
obtained by zeroing its diagonal elements, i.e.,

0

Ji =Nl

0

Define D; = XDZ-X‘}. Then it is a simple exercise to show by means of the
explicit expression for;, that

D; = (A= NI)P,. (1.19)

Moreover,Dfi = 0, i.e., D; is anilpotent matrixof index/;. We are now ready
to state the following important theorem which can be viewed as an alternative
mathematical formulation of Theorém 1.2 on Jordan forms.

Theorem 1.3 Every square matrixd admits the decomposition

A= i()‘lpl + D;) (1.20)

i=1

where the family of projectorsP; },—; .., satisfies the conditions (1.16), (1117),
and (1.18), and wher®; = (A — \;I)P; is a nilpotent operator of indek.
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Proof. From [1.19), we have

Summing up the above equalities foe 1,2, ..., p we get

AiPi:zp:,\P_A,_D
=1 i=1

The proof follows by substituting (1.18) into the left-hand-side. O

The projectorP; is called thespectral projectorassociated with the eigen-
value )\;. The linear operatoD; is called thenilpotentassociated with\;. The
decomposition (1.20) is referred to as the spectral decompositidn Aélditional
properties that are easy to prove from the various expressiaisasfd D; are the
following

PD; = D;P, = 6;;P; (1.22)
AP; = P;A = P,AP; = \;P; + D; (1.22)
Akp, = P,A* = PARP, =

Pi(\I + Dy)F = (\I + Dy)F P (1.23)
AP, =[x,y 2 —1)Bil¥jss s Yjin 1] (1.24)

whereB; is thei-th Jordan submatrix and where the columpsire the columns
of the matrixX —#.

Corollary 1.1 For any matrix norm|.||, the following relation holds

Jim |A*|VE = p(A) . (1.25)

Proof. The proof of this corollary is the subject of exercise[P-1.8. O
Another way of stating the above corollary is that there iscusace:; such that
A5 = (p(A) + ex)"

wherelimy_, o €, = 0.

1.8.3 The Schur Canonical Form

We will now show that any matrix is unitarily similar to an upper-triangular ma-
trix. The only result needed to prove the following theorem is that any vector of
2-norm one can be completed hy- 1 additional vectors to form an orthonormal
basis ofC".

Theorem 1.4 For any given matrixA there exists a unitary matrig) such that
Q" AQ = R is upper-triangular.
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Proof. The proof is by induction over the dimensian The result is trivial for

n = 1. Let us assume that it is true far— 1 and consider any matriA of sizen.
The matrix admits at least one eigenveatdhat is associated with an eigenvalue
A. We assume without loss of generality thiat|» = 1. We can complete the
vectoru into an orthonormal set, i.e., we can findswarx (n — 1) matrix V' such
that then x n matrixU = [u, V] is unitary. Then we havelU = [Au, AV] and
hence,

(1.26)

H H
UM AU = {‘%] D, AV] = (A u AV)

0 VHAV
We now use our induction hypothesis for te-1) x (n—1) matrix B = VHZ AV
there exists aiin — 1) x (n — 1) unitary matrix@; such thalQ? BQ, = R, is
upper-triangular. Let us define thex n matrix

. (1 0
Ql - (0 Ql)
and multiply both members df (1.26) 6y’ from the left and, from the right.

The resulting matrix is clearly upper triangular and this shows that the result is
true for A, with @ = QU which is a unitaryn x n matrix. O

A simpler proof that uses the Jordan canonical form and the €Rrdposition
is the subject of Exercise P-1.5. Since the maRiis triangular and similar to
A, its diagonal elements are equal to the eigenvalued ofdered in a certain
manner. In fact it is easy to extend the proof of the theorem to show that we can
obtain this factorization withany order we want for the eigenvalues. One might
ask the question as to which order might be best numerically but the answer to
the question goes beyond the scope of this book. Despite its simplicity, the above
theorem has far reaching consequences some of which will be examined in the
next section.

It is important to note that for an < n the subspace spanned by the first
columns of@ is invariant under. This is because from the Schur decomposition

we have, forl < j <k,
i=j
Agj = Z Tijqi -
=1
In fact, lettingQr = [¢1, 2, - - - , 1] and Ry, be the principal leading submatrix of
dimensionk of R, the above relation can be rewritten as

AQy = Qi Ry

which we refer to as the partial Schur decompositiotiofThe simplest case of
this decomposition is whel = 1, in which casey, is an eigenvector. The vectors
q; are usually referred to as Schur vectors. Note that the Schur vectors are not
unique and in fact they depend on the order chosen for the eigenvalues.

A slight variation on the Schur canonical form is the quasi Schur form, also
referred to as the real Schur form. Here, diagonal blocks ofXsize are allowed
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in the upper triangular matrik. The reason for this is to avoid complex arithmetic
when the original matrix is real. & x 2 block is associated with each complex
conjugate pair of eigenvalues of the matrix.

Example 1.3. Consider thel x 3 matrix

1 10 O
A= -1 3 1
-1 0 1

The matrixA has the pair of complex conjugate eigenvalues
2.4069.. + 14 x 3.2110..

and the real eigenvalue1863... The standard (complex) Schur form is given by
the pair of matrices

0.3381 — 0.8462¢ 0.3572 — 0.1071¢ 0.1749
V=1 0.3193 —0.0105¢ —0.2263 — 0.6786: —0.6214
0.1824 + 0.1852¢ —0.2659 — 0.5277¢ 0.7637

and

2.4069 + 3.2110¢  4.6073 — 4.7030¢ —2.3418 — 5.2330:
S = 0 2.4069 —3.2110¢ —2.0251 — 1.2016¢
0 0 0.1863

It is possible to avoid complex arithmetic by using the quasi-Schur form which
consists of the pair of matrices

—-0.9768 0.1236 0.1749
U=| -0.0121 0.7834 —-0.6214
0.2138 0.6091 0.7637

and
1.3129 —7.7033 6.0407
R = 1.4938 3.5008 —1.3870 O
0 0 0.1863

We would like to conclude this section by pointing out that8ulur and the
quasi Schur forms of a given matrix are in no way unique. In addition to the de-
pendence on the ordering of the eigenvalues, any colunih @dn be multiplied
by a complex sigre’’ and a new corresponding can be found. For the quasi
Schur form there are infinitely many ways of selecting 2he 2 blocks, corre-
sponding to applying arbitrary rotations to the columngassociated with these
blocks.
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1.9 Normal and Hermitian Matrices

In this section we look at the specific properties of normal matrices and Hermitian
matrices regarding among other things their spectra and some important optimal-
ity properties of their eigenvalues. The most common normal matrices that arise in
practice are Hermitian or skew-Hermitian. In fact, symmetric real matrices form
a large part of the matrices that arise in practical eigenvalue problems.

1.9.1 Normal Matrices

By definition a matrix is said to be normal if it satisfies the relation
AT A = AAT, (1.27)
An immediate property of normal matrices is stated in the following proposition.

Proposition 1.4 If a normal matrix is triangular then it is necessarily a diagonal
matrix.

Proof. Assume for example that is upper-triangular and normal and let us com-
pare the first diagonal element of the left hand side matrik of (1.27) with the cor-
responding element of the matrix on the right hand side. We obtain that

n
lana|* = lay; [,
j=1

which shows that the elements of the first row are zeros except for the diagonal
one. The same argument can now be used for the second row, the third row, and
so on to the last row, to show that; = 0 for i # ;. O

As a consequence of this we have the following important tesul

Theorem 1.5 A matrix is normal if and only if it is unitarily similar to a diagonal
matrix.

Proof. It is straightforward to verify that a matrix which is unitarily similar to a
diagonal matrix is normal. Let us now show that any normal matrig unitarily
similar to a diagonal matrix. Lett = QRQ* be the Schur canonical form of
where we recall thaf) is unitary andR is upper-triangular. By the normality of
A we have

QR"Q"QRQ" = QRQ"QR"Q"
or,

QR"RQ™ = QRR" QY

Upon multiplication by@* on the left andy on the right this leads to the equality
RHR = RRM which means thaR? is normal, and according to the previous
proposition this is only possible i® is diagonal. O
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Thus, any normal matrix is diagonalizable and admits an orthonormal basis of
eigenvectors, namely the column vectorgof

Clearly, Hermitian matrices are just a particular case of normal matrices.
Since a normal matrix satisfies the relatidn= QDQ*, with D diagonal and
Q unitary, the eigenvalues of are the diagonal entries @. Therefore, if these
entries are real it is clear that we will have” = A. This is restated in the
following corollary.

Corollary 1.2 A normal matrix whose eigenvalues are real is Hermitian.

As will be seen shortly the converse is also true, in that a Hermitian matrix has
real eigenvalues.
An eigenvalue\ of any matrix satisfies the relation

_ (Au,u)
(u, u)

wherew is an associated eigenvector. More generally one might consider the
complex scalars,

B (Azx, x)

defined for any nonzero vector ii"*. These ratios are referred to Rayleigh
guotientsand are important both from theoretical and practical purposes. The set
of all possible Rayleigh quotients asuns ovelC” is called thefield of valuesof
A. This set is clearly bounded since edglw)| is bounded by the the 2-norm of
Ajie.,|u(x)| < JJA|l; for all z.

If a matrix is normal then any vectarin C™ can be expressed as

n
Zfifh
i=1

where the vectorg; form an orthogonal basis of eigenvectors, and the expression
for u(x) becomes,

(1.28)

 (ne) _ S MGP
W@ =Ty T Sgar S M @)

where )
1 S
0<Bi==mrmz<1l, and » Bi=1
> [€kl? P

From a well-known characterization of convex hulls due to Hausdorff, (Haus-
dorff’s convex hull theorem) this means that the set of all possible Rayleigh quo-
tients ase runs over all ofC™ is equal to the convex hull of thg’s. This leads to

the following theorem.

Theorem 1.6 The field of values of a normal matrix is equal to the convex hull of
its spectrum.
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The question that arises next is whether or not this is also true for non-normal
matrices and the answer is no, i.e., the convex hull of the eigenvalues and the field
of values of a non-normal matrix are different in general, see Exercise P-1.10 for
an example. As a generic example, one can take any nhonsymmetric real matrix
that has real eigenvalues only; its field of values will contain imaginary values.
It has been shown (Hausdorff) that the field of values of a matrix is a convex
set. Since the eigenvalues are members of the field of values, their convex hull is
contained in the field of values. This is summarized in the following proposition.

Proposition 1.5 The field of values of an arbitrary matrix is a convex set which
contains the convex hull of its spectrum. It is equal to the convex hull of the
spectrum when the matrix in normal.

1.9.2 Hermitian Matrices
A first and important result on Hermitian matrices is the following.

Theorem 1.7 The eigenvalues of a Hermitian matrix are real, i£(A) C R.

Proof. Let A be an eigenvalue oft andu an associated eigenvector or 2-norm
unity. Then

A= (Au,u) = (u, Au) = (Au,u) = A O

Moreover, it is not difficult to see that if, in addition, the g is real then the
eigenvectors can be chosen to be real, see Exercise P-1.16. Since a Hermitian ma-
trix is normal an immediate consequence of Thearer 1.5 is the following result.

Theorem 1.8 Any Hermitian matrix is unitarily similar to a real diagonal matrix.

In particular a Hermitian matrix admits a set of orthonormal eigenvectors that
form a basis ofC".

In the proof of Theorem 116 we used the fact that the inner produotsu)
are real. More generally it is clear that any Hermitian matrix is such(that )
is real for any vectorr € C™. It turns out that the converse is also true, i.e., it
can be shown that ifAz, z) is real for all vectors: in C" then the matrixA is
Hermitian, see Problem P-1]14.

Eigenvalues of Hermitian matrices can be characterized by optimality prop-
erties of the Rayleigh quotients (1128). The best known of these is the Min-Max
principle. Let us order all the eigenvalues4in descending order:

A > Ae o > A

Here the eigenvalues are not necessarily distinct and they are repeated, each ac-
cording to its multiplicity. In what follows, we denote I#/a generic subspace of
C™. Then we have the following theorem.
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Theorem 1.9 (Min-Max theorem) The eigenvalues of a Hermitian mattikare
characterized by the relation

. (Az, )
Ak = . min max
s, dim(s)=n—k+1 @E€Sa#0 (x,1)

(1.30)

Proof. Let {¢; }i=1,...» be an orthonormal basis @f* consisting of eigenvectors
of A associated with\q, ..., \,, respectively. LefS; be the subspace spanned by
the firstk of these vectors and denote pyS) the maximum of( Az, x)/(z, )
over all nonzero vectors of a subspateSince the dimension &y, is k, a well-
known theorem of linear algebra shows that its intersection with any subspace
of dimensiom — k + 1 is not reduced t§0}, i.e., there is vectar in S S). For
thisz = Y, £q; we have
k 2

(Az, x) _ D i Mil&il >

(,2) Y16
so thatu(S) > Ag .

Consider on the other hand the particular subspaas dimensiom — &+ 1
which is spanned by, . . ., ¢,,. For each vector: in this subspace we have

(Az,z) _ S Ail& ] -
(2, ) Yiplal?  ~
so thatu(Sp) < Ak. In other words, as$ runs over alln — & + 1-dimensional

subspaceg(S) is always > )\, and there is at least one subsp&gefor which
1(So) < A which shows the result. O

Ak

This result is attributed to Courant and Fisher, and to Poead Weyl. It is
often referred to as Courant-Fisher min-max principle or theorem. As a particular
case, the largest eigenvaluedfatisfies

A
Alzmaxm.

(0 (1.31)

Actually, there are four different ways of rewriting the above characterization.
The second formulation is

A
A, =  max (Az, 2)

min 1.32
s, dim(s)=k z€Sa#0’ (z,z) (1.32)

and the two other ones can be obtained from the above two formulations by simply
relabeling the eigenvalues increasingly instead of decreasingly. Thus, with our
labeling of the eigenvalues in descending order, (1.32) tells us that the smallest
eigenvalue satisfies,

A, = min (A, z) )
220 (z,x)
with A, replaced by, if the eigenvalues are relabeled increasingly.
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In order for all the eigenvalues of a Hermitian matrix to be positive it is nec-
essary and sufficient that

(Az,z) >0, VzeC", z#£0.

Such a matrix is callegositive definite. A matrix that satisfiédz, ) > 0 for
any z is said to bepositive semi-definite. In particular the mate¥’ A is semi-
positive definite for any rectangular matrix, since

(A" Az, ) = (Az, Az) > 0 VY

Similarly, AA™ is also a Hermitian semi-positive definite matrix. The square
roots of the eigenvalues of A for a general rectangular matrikare called the
singular value®f A and are denoted by;. In Section 1.5 we have stated without
proof that the 2-norm of any matrid is equal to the largest singular valag of
A. This is now an obvious fact, because
AR = mox 1A2lE _ o, (A0d) (AT AnD)
a#0  ||z||3 w#0  (x,2) 270 (z,x)

which results from[(1.31).

Another characterization of eigenvalues, known as the Courant characteriza-
tion, is stated in the next theorem. In contrast with the min-max theorem this
property is recursive in nature.

Theorem 1.10 The eigenvalug; and the corresponding eigenvectgrof a Her-
mitian matrix are such that

A = (Agi,q1) _ A (Az, )
(91.q1) zeCma#0  (z,7)
and fork > 1:
)\k _ (AQk»Qk) _ max (A.T,SC) . (133)
(qka Qk) r#o,qfiib:...:qf_lm:O (ZC7 .'I})

In other words, the maximum of the Rayleigh quotient over a subspace that
is orthogonal to the first — 1 eigenvectors is equal to, and is achieved for the
eigenvectory;, associated with\;. The proof follows easily from the expansion
(1.29) of the Rayleigh quotient.

1.10 Nonnegative Matrices

A nonnegative matrix is a matrix whose entries are nonnegative,
(%% > 0.

Nonnegative matrices arise in many applications and play a crucial role in the the-
ory of matrices. They play for example a key role in the analysis of convergence of
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iterative methods for partial differential equations. They also arise in economics,
gueuing theory, chemical engineering, etc..

A matrix is said to be reducible if, there is a permutation maftiguch that
PAPT is block upper-triangular. An important result concerning nonnegative
matrices is the following theorem known as the Perron-Frobenius theorem.

Theorem 1.11 Let A be a realn x n nonnegative irreducible matrix. Then=

p(A), the spectral radius ofi, is a simple eigenvalue of. Moreover, there exists
an eigenvector with positive elements associated with this eigenvalue.

PROBLEMS

P-1.1 Show that two eigenvectors associated with two distinct eigenvalues are linearly
independent. More generally show that a family of eigenvectors associated with distinct
eigenvalues forms a linearly independent family.

P-1.2 Show thatifA is any eigenvalue of the matrixB then it is also an eigenvalue of the
matrix BA. Start with the particular case whe#feand B are square ané is nonsingular
then consider the more general case whéy®& may be singular or even rectangular (but
such thatd B and BA are square).

P-1.3 Show that the Frobenius norm is consistent. Can this norm be associated to two
vector norms vid (1/4)? What is the Frobenius norm of a diagonal matrix? What is the
p-norm of a diagonal matrix (for any)?

P-1.4 Find the Jordan canonical form of the matrix:

1 2 —4
A=10 1 2
0 0 2

Same question for the matrix obtained by replacing the elemgrity 1.

P-1.5 Give an alternative proof of Theordm 1.4 on the Schur form by starting from the
Jordan canonical form. [Hint: writdd = X .JX ! and use the QR decomposition &f]

P-1.6 Show from the definition of determinants used in Section (1.2) that the characteris-
tic polynomial is a polynomial of degreefor ann x n matrix.

P-1.7 Show that the characteristic polynomials of two similar matrices are equal.
P-1.8 Show that

lim | A% = p(a),

k—o0
for any matrix norm. [Hint: use the Jordan canonical form or Theorem 1.3]
P-1.9 Let X be a nonsingular matrix and, for any matrix noth, define||Al|x =
||[AX]||. Show that this is indeed a matrix norm. Is this matrix norm consistent? Similar
questions for| X A|| and||Y AX || whereY is also a nonsingular matrix. These norms are

not, in general, associated with any vector norms, i.e., they can't be defined by a formula
of the form|[(1.4). Why? What about the particular ciss|’ = | X AX ~1||?
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P-1.10 Find the field of values of the matrix

(01
= o)
and verify that it is not equal to the convex hull of its eigenvalues.

P-1.11 Show that any matrix can be written as the sum of a Hermitian and a skew-
Hermitian matrix (or the sum of a symmetric and a skew-symmetric matrix).

P-1.12 Show that for a skew-Hermitian matri& we have
Re(Sz,z) =0 foranyxz € C".

P-1.13 Given an arbitrary matrixS, show that if(Sz,z) = 0 for all « in C™ then we
must have
(Sy,z) + (Sz,y) =0 Vy,z e C".

[Hint: expand(S(y + z),y + 2) 1.

P-1.14 Using the result of the previous two problems, show thétlit, x) is real for all
x in C", then A must be Hermitian. Would this result be true if we were to replace the
assumption by(Az, ) is real for all real x? Explain.

P-1.15 The definition of a positive definite matrix is th@fx, =) be real and positive for
all real vectorse. Show that this is equivalent to requiring that the Hermitian part pf
namely%(A + A™), be (Hermitian) positive definite.

P-1.16 Let A be a real symmetric matrix andan eigenvalue ofl. Show that ifu is an
eigenvector associated withthen so isi. As a result, prove that for any eigenvalue of a
real symmetric matrix, there is an associated eigenvector which is real.

P-1.17 Show that a Hessenberg mattk such thath;+1,; # 0,5 = 1,2,...,n — 1
cannot be derogatory.

NOTES AND REFERENCES A few textbooks can be consulted for additional reading on the material

of this Chapter. Since the classic volumes by Golub and Van Loan [77] and Stewart [198] mentioned
in the first edition of this book a few more texts have been added to the literature. These include
Demmel [44], Trefethen and Bau [213], Datta [40], and the introductory text by Gilbert Strang [208].
Details on matrix eigenvalue problems can be found in Gantmacher’s book [69] and Wilkinson [222].
Stewart and Sun’s book [205] devotes a separate chapter to matrix norms and contains a wealth of
information. Some of the terminology we use is borrowed from Chatelin [22, 23] and Kato [105].
For a good overview of the linear algebra aspects of matrix theory and a complete proof of Jordan’s
canonical form Halmos’ book [86] is highly recommended. |






Chapter 2

SPARSE MATRICES

The eigenvalue problems that arise in practice often involve very large matrices. The
meaning of ‘large’ is relative and it is changing rapidly with the progress of computer
technology. A matrix of size a few tens of thousands can be considered large if one
is working on a workstation, while, similarly, a matrix whose size is in the hundreds
of millions can be considered large if one is using a high-performance computer. E
Fortunately, many of these matrices are also sparse, i.e., they have very few nonzeros.

Again, it is not clear how ‘few’ nonzeros a matrix must have before it can be called
sparse. A commonly used definition due to Wilkinson is to say that a matrix is sparse
whenever it is possible to take advantage of the number and location of its nonzero
entries. By this definition a tridiagonal matrix is sparse, but so would also be a
triangular matrix, which may not be as convincing. It is probably best to leave this

notion somewhat vague, since the decision as to whether or not a matrix should be
considered sparse is a practical one that is ultimately made by the user.

2.1 Introduction

The natural idea of taking advantage of the zeros of a matrix and their location
has been exploited for a long time. In the simplest situation, such as for banded or
tridiagonal matrices, special techniques are straightforward to develop. However,
the notion of exploiting sparsity for general sparse matrices, i.e., sparse matrices
with irregular structure, has become popular only after the 1960’s. The main issue,
and the first one to be addressed by sparse matrix technology, is to devise direct
solution methods for linear systems, that are economical both in terms of storage
and computational effort. These sparse direct solvers allow to handle very large
problems that could not be tackled by the usual ‘dense’ solvers. We will briefly
discuss the solution of large sparse linear systems in Section 2.4 of this Chapter.
There are basically two broad types of sparse matrisgsicturedand un-

structured. A structured sparse matrix is one whose nonzero entries, or square
blocks of nonzero entries, form a regular pattern, often along a small number of

1In support of this observation is the fact that in the first edition of this book, the numbers | used
were ‘a few hundreds’ and 'in the millions’, respectively

29
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diagonals. A matrix with irregularly located entries is said to be irregularly struc-

tured. The best example of a regularly structured matrix is that of a matrix that
consists only of a few diagonals. Figlre 2.2 shows a small irregularly structured
sparse matrix associated with the finite element grid problem shown in Figlire 2.1.

Figure 2.1: A finite element grid model

Although the difference between the two types of matrices may not matter
that much for direct solvers, it may be important for eigenvalue methods or iter-
ative methods for solving linear systems. In these methods, one of the essential
operations are matrix by vector products. The performance of these operations
on supercomputers can differ significantly from one data structure to another. For
example, diagonal storage schemes are ideal for vector machines, whereas more
general schemes, may suffer on such machines because of the need to use indirect
addressing.

In the next section we will discuss some of the storage schemes used for
sparse matrices. Then we will see how some of the simplest matrix operations
with sparse matrices can be performed. We will then give an overview of sparse
linear system solution methods. The last two sections discuss test matrices and a
set of tools for working with sparse matrices called SPARSKIT.

2.2 Storage Schemes

In order to take advantage of the large number of zero elements special schemes
are required to store sparse matrices. Clearly, the main goal is to represent only the
nonzero elements, and be able at the same time to perform the commonly needed
matrix operations. In the following we will denote by: the total number of
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Figure 2.2: Sparse matrix associated with the finite element grid of Figure 2.1

nonzero elements. We describe only the most popular schemes but additional

details can be found in the book by Duff, Erisman, and Reid [52].

The simplest storage scheme for sparse matrices is the so-called coordinate
format. The data structure consists of three arrays: a real array containing all the
real (or complex) values of the nonzero elementd of any order, an integer array
containing their row indices and a second integer array containing their column

indices. All three arrays are of lengffiz. Thus the matrix

1. 0. 0. 2. 0.
3. 4. 0. 5. 0.
A= 6. 0. 7. 8 9

0. 0. 10. 11. oO.

0. 0. 0. 0. 12.
will be represented (for example) by
AA =12, 9. 7. 5 1. 2. 11. 3. 1(
JR =5 3 3 2 1 1 4 2 4
JC =/ 5 5 3 4 1 4 4 1

2.1)

In the above example we have, on purpose, listed the elenmeaitsarbitrary
order. In fact it would have been more natural to list the elements by row or
columns. If we listed the elements row-wise, we would notice that the aitay
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contains redundant information, and may be replaced by an array that points to the
beginning of each row instead. This would entail nonnegligible savings in storage.
The new data structure consists of three arrays with the following functions.

e Areal arrayAA contains the real values; stored row by row, from row 1
ton. The length ofdA is N z.

e An integer arrayJ A contains the column indices of the elemeafs as
stored in the arrayl A. The length of/ A is Nz.

e An integer arrayl A contains the pointers to the beginning of each row in
the arraysA A andJ A. Thus, the content afA(¢) is the position in arrays
AA and JA where thei-th row starts. The length of A is n + 1 with
IA(n + 1) containing the numbefA(1) + Nz.i.e., the address id and
J A of the beginning of a fictitious row + 1.

For example, the above matrix could be stored as follows.

AA =11 2. 3. 4 5 6. 7. 8 9. 10. 11. 12
JAA=]1 4 1 2 4 1 3 4 5 3 4 5
A =1 3 6 10 12 13

This format is probably the most commonly used to store géspease ma-
trices. We will refer to it as th€ompressed Sparse R¢BSR) format. An advan-
tage of this scheme over the coordinate scheme is that it is often more amenable
to perform typical computations. On the other hand the coordinate scheme is at-
tractive because of its simplicity and its flexibility. For this reason it is used as the
‘entry’ format in software packages such as the Harwell library.

There are a number of variations to the Compressed Sparse Row format. The
most obvious variation is to store the columns instead of the rows. The corre-
sponding scheme will be called tif@ompressed Sparse Colunf@SC) scheme
Another common variation exploits the fact that the diagonal elements of many
matrices are usually all nonzero and/or that they are accessed more often than the
rest of the elements. As a result they can be stored separately. In fact, what we
refer to as théviodified Sparse RoWSR) format, consists of only two arrays: a
real arrayAA and an integer array A. The firstn positions inAA contain the
diagonal elements of the matrix, in order. The positios 1 of the arrayAA is
not used, or may sometimes be used to carry some other information concerning
the matrix. Starting at position + 2,the nonzero elements ofA,excluding its
diagonal elements, are stored row-wise. Corresponding to each eleiréhy
the integet/ A(k) is the column index of the elemed{ k) in the matrixAA. The
n + 1 first positions of/ A contain the pointer to the beginning of each rowdid
andJA. Thus, for the above example the two arrays will be as follows.
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AA =11 4 7. 11. 12. * 2. 3. 5 6. 8 9. 10
JA =7 8 10 13 14 14 4 1 4 1 4 5 3

The star denotes an unused location. Notice fvtn) = JA(n + 1) = 14,
indicating that the last row, is a zero row, once the diagonal element has been
removed.

There are a number of applications that lead to regularly structured matrices.
Among these matrices one can distinguish two different types: block matrices,
and diagonally structured matrices. Here we discuss only diagonally structured
matrices which are matrices whose nonzero elements are located along a small
number of diagonals. To store such matrices we may store the diagonals in a
rectangular arraypT AG(1 : n,1 : Nd) whereNd is the number of diagonals.

We also need to know the offsets of each of the diagonals with respect to the main
diagonal. These will be stored inan arl@ F'F (1 : Nd). Thus, in positior(i, j)
of the arrayDI AG is located the element ;, ;orr(;) Of the original matrix, i.e.,

DIAG(i,j) < ; i1iofi(j)-

The order in which the diagonals are stored in the columr3AG is unimpor-
tant in general. If many more operations are performed with the main diagonal
there may be a slight advantage in storing it in the first column. Note also that all
the diagonals except the main diagonal have fewer thatements, so there are
positions inDI AG that will not be used.

For example the following matrix which has three diagonals

1. 0. 2. 0. 0.
3. 4. 0. 5 0.

A=1| o0 6 7. 0 8 (2.2)
0. 0. 9. 10. 0.
0. 0. 0. 11. 12.

will be represented the two arrays

1 2
3. 4 5

DIAG=| 6. 7. 8. IOFF = -1 0 2|
9. 10. *
11 12, %

A more general scheme that has been popular on vector madhitiesso-
called Ellpack-Itpack format. The assumption in this scheme is that we have at
most Nd nonzero elements per row, wheh€ is small. Then two rectangular
arrays of dimensiom x Nd each are required, one real and one integer. The
first, COEFis similar to DI AG and contains the nonzero elements4Af We
can store the nonzero elements of each row of the matrix in a row of the array
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COEF(1 : n,1: Nd) completing the row by zeros if necessary. Together with
COEF we need to store an integer artd¢ OEF'(1 : n, 1 : Nd) which contains
the column positions of each entry (WOEF. Thus, for the above matrix, we
would have,

1. 2. 0. 1 3 1
3. 4. 5. 1 2 4
COEF=| 6. 7. 8. JCOEF=2 3 5
9. 10. O. 3 4 4
11 12. 0. 4 5 5

Note that in the abovd COEF' array we have put a column number equal
to the row number, for the zero elements that have been added to pad the rows
of DIAG that correspond to shorter rows in the matdx This is somewhat
arbitrary, and in fact any integer betwegérandn would be acceptable, except
that there may be good reasons for not putting the same integers too often, for
performance considerations.

2.3 Basic Sparse Matrix Operations

One of the most important operations required in many of the algorithms for com-
puting eigenvalues of sparse matrices is the matrix-by-vector product. We do not
intend to show how these are performed for each of the storage schemes consid-
ered earlier, but only for a few important ones.

The following Fortran 8-X segment shows the main loop of the matrix by
vector operation for matrices stored in the Compressed Sparse Row stored format.

DO I=1, N

K1 = IA(I)

K2 = IA(I+1)-1

Y(I) = DOTPRODUCT (A(K1:K2),X(JA(K1:K2)))
ENDDO

Notice that each iteration of the loop computes a different component of the
resulting vector. This has the obvious advantage that each of these iterations can
be performed independently. If the matrix is stored column-wise, then we would
use the following code instead.

DO J=1, N

K1 = TA(D)

K2 = TA(J+1)-1

Y(JA(K1:K2)) = Y(JA(K1:K2))+X(J)*A(K1:K2)
ENDDO

In each iteration of the loop a multiple of theth column is added to the re-
sult, which is assumed to have been set initially to zero. Notice now that the outer
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loop is no longer parallelizable. Barring the use of a different data structure, the
only alternative left to improve parallelization is to attempt to split the vector op-
eration in each inner loop, which has few operations, in general. The point of this
comparison is that we may have to change data structures to improve performance
when dealing with supercomputers.

We now consider the matrix-vector product in diagonal storage.

DO J=1, NDIAG
JOFF = IOFF(J)
DO I=1, N
Y(I) = Y(I) + DIAG(I,J)*X(JOFF+I)
ENDDO
ENDDO

Here, each of the diagonals is multiplied by the veatand the result added
to the vectory. It is again assumed that the vectphas been filled with zero
elements before the start of the loop. From the point of view of parallelization
and/or vectorization the above code is probably the one that has the most to offer.
On the other hand, its drawback is that it is not general enough.

Another important ‘kernel’ in sparse matrix computations is that of solving a
lower or upper-triangular system. The following segment shows a simple routine
for solving a unit lower-triangular system.

X(1) = Y(1)
DO K =2, N

K1 = IAL(K)

k2 = TAL(K+1)-1

X(K)=Y (K) -DOTPRODUCT (AL (K1:K2) ,X(JAL(K1:K2)))
ENDDO

2.4 Sparse Direct Solution Methods

Solution methods for large sparse linear systems of equations are important in
eigenvalue calculations mainly because they are needed in the context of the shift-
and-invert techniques, described in Chapter 4. In these techniques the matrix that
is used in the iteration process(id — o1)~! or (A — ¢B)~ !B for the general-
ized eigenvalue problem. In this section we give a brief overview of sparse matrix
techniques for solving linear systems. The difficulty here is that we must deal
with problems that are not only complex, since complex shifts are likely to occur,
but also indefinite. There are two broad classes of methods that are commonly
used: direct and iterative. Direct methods are more commonly used in the con-
text of shift-and-invert techniques because of their robustness when dealing with
indefinite problems.

Most direct methods for sparse linear systems perform an LU factorization of
the original matrix and try to reduce cost by minimizing fill-ins, i.e., non-zero ele-
ments introduced during the elimination process in positions which were initially
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zeros. Typical codes in this category include MA28, see reference [50], from the
Harwell library and the Yale Sparse Matrix Package (YSMP), see reference [192].
For a detailed view of sparse matrix techniques we refer to the book by Duff,
Erisman, and Reid [52].

Currently, the most popular iterative methods are the preconditioned conju-
gate gradient type techniques. In these techniques an approximate factorization
A = LU + F of the original matrix is obtained and then the conjugate gradient
method is applied to a preconditioned system, a form of whi¢ghisL Az =
U~'L~1'b. The conjugate gradient method is a projection method related to the
Lanczos algorithm, which will be described in Chapter 4. One difficulty with
conjugate gradient-type methods is that they are designed for matrices that are
positive real, i.e., matrices whose symmetric parts are positive definite, and as a
result they will perform well for the types of problems that will arise in the context
of shift-and-invert.

2.5 Test Problems

When developing algorithms for sparse matrix computations it is desirable to be
able to use test matrices that are well documented and often used by other re-
searchers. There are many different ways in which these test matrices can be
useful but their most common use is for comparison purposes.

Two different ways of providing data sets consisting of large sparse matrices
for test purposes have been used in the past. The first one is to collect sparse
matrices in a well-specificed format, from various applications. This approach has
is used in the well-known Harwell-Boeing collection of test matrices. The second
approach is to collect subroutines or programs that generate such matrices. This
approach is taken in the SPARSKIT package which we briefly describe in the next
section.

In the course of the book we will often use two test problems in the examples.
These are described in detail next. While these two examples are far from being
representative of all the problems that occur they have the advantage of being easy
to reproduce. They have also been extensively used in the literature.

2.5.1 Random Walk Problem

The first test problem is issued from a Markov model of a random walk on a
triangular grid. It was proposed by G. W. Stewart [201] and has been used in
several papers for testing eigenvalue algorithms. The problem models a random
walk on a(k + 1) x (k + 1) triangular grid as is shown in Figure 2.3.

We label by(i, j) the node of the grid with coordinatésh, jh) whereh is
the grid spacing, foi,j = 0,1, ...k. A particle moves randomly on the grid by
jumping from a nodéi, ;) into either of its (at most 4) neighbors. The probability
of jumping from node(i, j) to either nodgi — 1, ) or node(i,j — 1) (down
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i=6
j=5
j=4
71=3
j=2
j=1
7=0

Figure 2.3: Random walk on a triangular grid

transition) is given by

]

pd(i,j) = —=

this probability being doubled when eitheor j is equal to zero. The probability
of jumping from nod€, j) to either nodé:+1, j) or node(i, j+1) (up transition)
is given by

. 1 .
pu(i, j) = 5 — pd(i, 7).

Note that there cannot be an up transition when; = k, i.e., for nodes on the
oblique boundary of the grid. This is reflected by the fact that in this situation
pu(i,j) = 0.

The problem is to compute the steady state probability distribution of the
chain, i.e., the probabilities that the particle be located in each grid cell after a
very long period of time. We number the nodes from the bottom up and from left
to right, i.e., in the order,

(0,0), (0,1), ..., (0,&); (1,0, (1, 1), .. (1,k — 1); ... (K, 0)

The matrixP of transition probabilities is the matrix whose generic elemegnt
is the probability that the particle jumps from ndd® nodeg. This is a stochastic
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Figure 2.4: Sparsity pattern of the matrix Mark(15).

matrix, i.e., its elements are nonnegative and the sum of elements in the same row
is equal to one. The vectdi, 1, ....,1)7 is an eigenvector of associated with

the eigenvalue unity. As is known the steady state probability distribution vector
is the appropriately scaled eigenvector of the transpogde a$sociated with the
eigenvalue one. Note that the number of different statégfist- 1)(k + 2), which

is the dimension of the matrix. We will denote by Mark(k+1) the corresponding
matrix. Figurg 2.4 shows the sparsity pattern of Mark(15) which is a matrix of
dimensionn = 120 with nz = 420 nonzero elements.

2.5.2 Chemical Reactions

The second test example, models concentration waves in reaction and transport
interaction of some chemical solutions in a tubular reactor. The concentrations
x(7, 2),y(7, 2) of two reacting and diffusing components, whére< z < 1
represents a coordinate along the tube, arid the time, are modeled by the



SPARSE MATRICES 39

system:
ox D, 0%z
9 - 1292 + f(z, ), (2.3)
0 D, 9?
873 = L%aj‘g +9(z,y), (2.4)

with the initial condition
x(0,2) = z0(2), y(0,2) =yo(z), Vze [0,1],
and the Dirichlet boundary conditions:
2(0,7)=z(l,7) =%

y(O,T) = y(la T) =Y.

The linear stability of the above system is traditionally studied around the
steady state solution obtained by setting the partial derivativesaafly with re-
spect to time to be zero. More precisely, the stability of the system is the same as
that of the Jacobian of (2.3)/- (2.4) evaluated at the steady state solution. In many
problems one is primarily interested in the existence of limit cycles, or equiv-
alently the existence of periodic solutionsto (2.8), (2.4). This translates into the
problem of determining whether the Jacobian of|(2.3), (2.4) evaluated at the steady
state solution admits a pair of purely imaginary eigenvalues.

We consider in particular the so-called Brusselator wave model in which

flx,y) = A= (B+ 1)z +a?y
g(z,y) = Br — z%y.

Then, the above system admits the trivial stationary solutien A, y = B/A.
A stable periodic solution to the system exists if the eigenvalues of largest real
parts of the Jacobian of the right-hand side[of [(2.3), (2.4) is exactly zero. To
verify this numerically, we first need to discretize the equations with respect to
the variablez and compute the eigenvalues with largest real parts of the resulting
discrete Jacobian.

For this example, the exact eigenvalues are known and the problem is ana-
lytically solvable. The following set of parameters have been commonly used in
previous articles,

1
D, =0.008, Dy = 3D, =0.004,
A=2 B=545.

The bifurcation parameter i6. For smallL the Jacobian has only eigenvalues
with negative real parts. At ~ 0.51302 a purely imaginary eigenvalue appears.
We discretize the interva0, 1] usingn + 1 points, and define the mesh size

h = 1/n. The discrete vector is of the for(ﬁ;) wherez andy aren-dimensional
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vectors. Denoting byf;, and g, the corresponding discretized functiofisand
g,the Jacobian is @ x 2 block matrix in which the diagonal blockd, 1) and
(2,2) are the matrices

—Zz —921 IR I
2 12 tridiag {1,—2,1} +

and ( )
1Dy _ 9gn(2,y)
272 tridiag {1, -2,1} +

respectively, while the blockd, 2) and(2,1) are

Ofn(z,y) and gn(z,y)
dy Ox
respectively. Note that because the steady state solution is a constant with respect
to the variablez,the Jacobians of eithéf, or g5, with respect to either or y are
scaled identity matrices. We denote Aythe resulting2n x 2n Jacobian matrix.
The matrixA has the following structure

_(aT Bl
A= ('y[ §T> ’
In whichT = tridiag {1, -2, 1},and«,(,y, andé are scalars. The exact eigen-

values ofA are readily computable, since there exists a quadratic relation between
the eigenvalues of the matrix and those of the classical difference maffix

2.5.3 The Harwell-Boeing Collection

This large collection of test matrices has been gathered over several years by |I.
Duff (Harwell) and R. Grimes and J. Lewis (Boeing) [53]. The number of ma-
trices in the collection at the time of this writing is 292. The matrices have been
contributed by researchers and engineers in many different areas. The sizes of the
matrices vary from very small, such as counter example matrices, to very large.
One drawback of the collection is that it contains fiean-Hermitianeigenvalue
problems. Many of the eigenvalue problems in the collection are from structural
engineering, which are generalized eigenvalue problems. One the other hand the
collection provides a data structure which constitutes an excellent medium of ex-
changing matrices.

The matrices are stored as ASCII files with a very specific format consisting
of a 4 or 5 line header and then the data containing the matrix stored in CSC
format together with any right-hand sides, initial guesses, or exact solutions.

The collection is available for public distribution from the authors.

2.6 SPARSKIT

SPARSKIT is a package aimed at providing subroutines and utilities for working
with general sparse matrices. Its purpose is not as much to solve particular prob-
lems involving sparse matrices (linear systems, eigenvalue problems) but rather
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to make available the little tools to manipulate and performs simple operations
with sparse matrices. For example there are tools for exchanging data structures,
e.g., passing from the Compressed Sparse Row format to the diagonal format and
vice versa. There are various tools for extracting submatrices or performing other
similar manipulations. SPARSKIT also provides matrix generation subroutines as
well as basic linear algebra routines for sparse matrices (such as addition, multi-
plication, etc...).

A short description of the contents of SPARSKIT follows. The package is
divided up in six modules, each having a different function. To refer to these
six parts we will use the names of the subdirectories where they are held in the
package in its current version.

FORMATS This module contains essentially two sets of routines. The first
set contained in the file formats.f consists of the routines needed to translate data
structures. Translations from the basic Compressed Sparse Row format to any
of the other formats supported is provided together with a routine for the reverse
transformation. This way one can translate from any of the data structures sup-
ported to any other one with two transformation at most. The formats currently
supported are the following.

DNS Dense format

BND Linpack Banded format

CSR Compressed Sparse Row format

CSC Compressed Sparse Column format

COO Coordinate format

ELL Ellpack-Itpack generalized diagonal format
DIA Diagonal format

BSR Block Sparse Row format

MSR Modified Compressed Sparse Row format
SSK Symmetric Skyline format

NSK Nonsymmetric Skyline format

JAD The Jagged Diagonal scheme

The second set of routines contains a number of routines, currently 27, called
‘unary’, to perform simple manipulation functions on sparse matrices, such as
extracting a particular diagonal or permuting a matrix, or yet for filtering out small
elements. For reasons of space we cannot list these routines here.
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BLASSM This module contains a number of routines for doing basic linear
algebra with sparse matrices. It is comprised of essentially two sets of routines.
Basically, the first one consists of matrix-matrix operations (e.g., multiplication
of matrices) and the second consists of matrix-vector operations. The first set
allows to perform the following operations with sparse matrices, wheig, C
are sparse matriced) is a diagonal matrix, and is a scalar.C = AB,C =
A+BC=A+0BC=A+BT C=A+0oBT A:=A+ol,C=A+D.

The second set contains various routines for performing matrix by vector
products and solving sparse triangular linear systems in different storage formats.

INOUT This module consists of routines to read and write matrices in the
Harwell-Boeing format. For more information on this format and the Harwell-
Boeing collection see the reference [53]. It also provides routines for plotting the
pattern of the matrix or simply dumping it in a nice format.

INFO There is currently only one subroutine in this module. Its purpose is to
provide as many statistics as possible on a matrix with little cost. About 33 lines
of information are written. For example, the code analyzes diagonal dominance
of the matrix (row and column), its degree of symmetry (structural as well as
numerical), its block structure, its diagonal structure, etc,...

MATGEN The set of routines in this module allows one to generate test matri-
ces. For now there are generators for 5 different types of matrices.

1. Five-point and seven point matrices on rectangular regions discretizing a
general elliptic partial differential equation.

2. Same as above but provides block matrices (several degrees of freedom per
grid point in the PDE).

3. Finite elements matrices for the heat condition problem, using various do-
mains (including user provided ones).

4. Test matrices from the paper by Z. Zlatev, K. Schaumburg, and J. Was-
niewski, [228].

5. Markov chain matrices arising from a random walk on a triangular grid. See
Section 2.5.1 for details.

UNSUPP As is suggested by its name this module contains varimsip-
ported software tools that are not necessarily portable or that do not fit in any
of the previous modules. For example software for viewing matrix patterns on
some workstations will be found here. For now UNSUPP contains subroutines
for visualizing matrices and a preconditioned GMRES package (with a ‘robust’
preconditioner based on Incomplete LU factorization with controlled fill-in).
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2.7 The New Sparse Matrix Repositories

The Harwell-Boeing collection project started in the 1980s [53]. As time went by,

matrices of this collection became too small relative to the capabilities of modern

computers. As a result several collections were added. The best known of these

in the sparse matrix computation communities are the matrix market located in
http://math.nist.gov/MatrixMarket

and the Florida collection:
http://wuw.cise.ufl.edu/research/sparse/matrices/

In addition, the old Harwell-Boeing format which was geared toward efficient
utilization from fortran 77, became unnecessarily rigid. This format was devel-
oped to save memory but with todays capabilities it is not worth it to avoid the
coordinate format to save a space. Recall that for square matrices that the require-
ments for these two schemes ia as followst (1xfloat + 2*int) forthe COO
format versusizx (1*float + 1*int) + n*int for the CSC/CSC format. In-
stead one can store matrix data in a file and an information header of arbitrary
length can be added. Separate files can be used for the right-hand sides and solu
tions. This is the essence of the Matrix Market format (MM). The first line of the
file header if of the form (for example)

%%MatrixMarket matrix coordinate real general
which specifies the format, the class of storage used (here coordinate), the type of
data (real) and the type of storage (general, meaning symmetry is not exploited).

These new storage schemes made it necessary to develop additional tools to
deal with them. For example, the site
http://bebop.cs.berkeley.edu/smc/
offers a package named BeBop for converting matrices between various formats.

2.8 Sparse Matrices in Matlab

Matlab’™ is a commercial interactive programming Iangunghich was devel-

oped initially as an interactive version to the Linpack[46] and Eispack [195] pack-
ages, now both replaced by LAPACK. GNU Octévés a rather similar product
based on a GNU-community effort, which is also publically available (under the
GPL license). Matlab became more common for performing general computa-
tions. As its use began to spread in the scientific computing community, there was
a need to provide support for sparse matrices. Starting in the mid 1990’s this sup-
port became available. GNU Octave has also added support for sparse matrices in
recent years.

It is possible to generate sparse matrices, solve sparse linear systems, and
compute eigenvalues of large sparse matrices with Matlab or Octave. The follow-
ing descriptions is restricted to Matlab but Octave can be invoked in essentially an
identical way. Matlab scripts can be invoked to implement functions. For exam-
ple, the following few lines of code will generate the sparse matrix related to the

2Seelhttp://www.mathworks.com/
3Seehttp://www.gnu.org/software/octave/
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Markov Chain example seen in Section 2.5.1.

function [A] = mark(m)
%% [A]l = mark(m)
%% generates a Markov chain matrix for a random walk
%% on a triangular ggrid --
%% The matrix is sparse -- and of size n= mx(m+1)/2
Jofy= ==
ix = 0;
cst = 0.5/(m-1) ;
n = (mx(m+1))/2;
A = sparse(n,n) ;
Yofy=——————————————————— sweep y coordinates;
for i=1:m
jmax = m-i+1;
) S sweep x coordinates;
for j=1:jmax,
ix = ix + 1;
if (j<jmax)
pd = cstx(i+j-1) ;

Yofh—————m—— - north move
jx = ix + 1;
jx = ix + 1;
A(ix,jx) = pd;
if (4 == 1)
A(ix,jx) = A(ix,jx)+pd;
end
Yofy==mmm east move

jx = ix + jmax;
A(ix,jx) = pd;

if (j = 1)
A(ix,jx) = A(ix,jx)+pd;
end
end
Yoth=——— = mm— e —— south move
pu = 0.5 - cst*x(i+j-3) ;
if ( j>1)
jx = ix-1;
A(ix,jx) = pu;
end
Yoth=——————————————————— west move
if (1> 1)

jx = ix - jmax - 1 ;
A(ix,jx) = pu;
end
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end

Once Matlab is launched in a directory where this script is available, then we
can issue the following commands for example

>> A = mark(15);
>> size(A)
ans =
120 120
>> spy(A);

The lines starting with>> are commands typed in anads are responses (if any)
from Matlab. The commansgpy (A) generated the plot used in Figlire 2.4.

Matlab enables one to compute eigenvalues of full matrices witheilge
command. In the test shown above the matrice is sparseg@) will generate
an error. Instead the matrix must first converted to dense format:

>> eig(full(A))
ans =
-1.0000
1.0000
0.9042
0.9714
0.8571
-0.9042
-0.9714
-0.8571

Only the first 8 eigenvalues are shown but the command generated 120 numbers,
all 120 eigenvalies. What if the matrix is too large to be converted to dense format
first? Then one can use tkegs command which computes a few eigenvalues
using some of the methods which will be covered later in this book. Specifically
the ARPACK package [118] is invoked.

PROBLEMS

P-2.1 Write a FORTRAN code segment to perform the matrix-vector product for matrices
stored in Ellpack-Itpack format.

P-2.2 Write a small subroutine to perform the following operations on a sparse matrix in
coordinate format, diagonal format, and in CSR format: a) count the number on nonzero
elements in the main diagonal; b) extract the diagonal whose offgefigich may be
negative); ¢) add a nonzero element in positign ) of the matrix (assume that this position
may contain a zero or a nonzero element); d) add a given diagonal to the matrix. What is
the most convenient storage scheme for each of these operations?
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P-2.3 Generate explicitly the matrixlark(4). Verify that it is a stochastic matrix. Verify
that 1 and -1 are eigenvalues.

NOTES AND REFERENCES Two good sources of reading on sparse matrix computations are the
books by George and Liu [71] and by Duff, Erisman, and Reid [52]. Also of interest are [140] and
and the early survey by Duff [49]. A notable recent addition to these is the volume by Davis [43],
which deals with sparse direct solution methods and contains a wealth of hepful details for dealing with
sparse matrices.

For applications related to eigenvalue problems, see [37] and [13]. For details on Markov Chain
modeling see [106, 191, 206].

SPARSKIT [180] is now more than 20 years old. It is written in FORTRAN-77 and as such is
somewhat outdated. However, the many routines available therein remain useful, judging from the
requests | receive. |
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PERTURBATION THEORY AND
ERROR ANALYSIS

This chapter introduces some elementary spectral theory for linear operators on
finite dimensional spaces as well as some elements of perturbation analysis. The
main question that perturbation theory addresses is: how does an eigenvalue and
its associated eigenvectors, spectral projector, etc.., vary when the original matrix
undergoes a small perturbation. This information is important both for theoretical
and practical purposes. The spectral theory introduced in this chapter is the main
tool used to extend what is known about spectra of matrices to general operators
on infinite dimensional spaces. However, it has also some consequences in analyzing
the behavior of eigenvalues and eigenvectors of matrices. The material discussed in
this chapter is probably the most theoretical of the book. Fortunately, most of it
is independent of the rest and may be skipped in a first reading. The notions of
condition numbers and some of the results concerning error bounds are crucial in
understanding the difficulties that eigenvalue routines may encounter.

3.1 Projectors and their Properties

A projector P is a linear transformation fror™ to itself which is idempotent,
i.e., such that
P?=P.

WhenP is a projector then so i — P) and we hav&Null(P) = Ran(I — P).

The two subspaceésull(P) andRan(P) have only the element zero in common.
This is because if a vectaris in Ran(P) thenPz = z and if itis also inNull(P)

then P2 = 0 so thatz = 0 and the intersection of the two subspaces reduces to
{0}. Moreover, every element @" can be written as = Px + (I — P)x. Asa
result the spac€™ can be decomposed as the direct sum

C"™ = Null(P) @ Ran(P).
Conversely, every pair of subspacksand S that form a direct sum of™

define a unique projector such tHain(P) = M andNull(P) = S. The cor-
responding transformatioR is the linear mapping that maps any elemeruf

47
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C™ into the component; wherez; is the M-component in the unique decom-
positionx = x; + x5 associated with the direct sum. In fact, this association is
unique in that a projector is uniquely determined by its null space and its range,
two subspaces that form a direct suniif.

3.1.1 Orthogonal Projectors

An important particular case is when the subspgethe orthogonal complement
of M.,i.e., when
Null(P) = Ran(P)*.

In this case the projecta? is said to be th@rthogonal projectoronto M. Since
Ran(P) andNull(P) from a direct sum of" the decomposition = Pz + (I —
P)zx is unique and the vectdPz is uniquely defined by the set of equations

PreM and (I —-P)zlM (3.1)
or equivalently,

PreM and ((I—-P)z,y)=0 VYye M.

Proposition 3.1 A projector is orthogonal if and only if it is Hermitian.

Proof. As a consequence of the equality

(Px,y) = (z,Py) Va,Vy (3.2)

we conclude that
Null(P) = Ran(P)* (3.3)
Null(P) = Ran(P#)* . (3.4)

By definition an orthogonal projector is one for whidhull(P) = Ran(P)>.
Therefore, by[(3.3), if? is Hermitian then it is orthogonal.

To show that the converse is true we first note tRé&t is also a projector
since(P)2 = (P%)H = PH_ We then observe that # is orthogonal then (3.3)
implies thatNull(P) = Null(P) while (3.4) implies thaRan(P) = Ran(PH).
Since P¥ is projector this implies thaP = P¥ because a projector is uniquely
determined by its range and its null space. |

Given any unitary n x m matrix V" whose columns form an orthonormal
basis of M = Ran(P),we can represen® by the matrixP = VV#. Indeed,
in addition to being idempotent, the linear mapping associated with this matrix
satisfies the characterization given above, i.e.,

VVHge e M and (I-VVH)z € M*.
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It is important to note that this representation of the orthogonal projéttemot
unique. In fact any orthonormal basiswill give a different representation @f in

the above form. As a consequence for any two orthogonal B4sé&% of M, we
must havel; Vi = V, VT an equality which can also be verified independently,
see Exercise P{3.2.

From the above representation it is clear that witeis an orthogonal pro-
jector then we have{ Px||2 < ||z||2 for any z. As a result the maximum of
[|Pz||2/]|x||2 for all z in C™ does not exceed one. On the other hand the value
one is reached for any elementldan(P) and therefore,

[Pz =1

for any orthogonal projectaP.
Recall that the acute angle between two nonzero vectdr$ @ defined by

cosf(x,y) = @yl 0<0(z,y) <

 llllzllyll

We define the acute angle between a vector and a subSpEscthe smallest acute
angle made betweenand all vectorg of S,

0ol

O(x,S) = min O(z,y) . (3.5)

yeSs
An optimality property of orthogonal projectors is the following.

Theorem 3.1 Let P be an orthogonal projector onto the subspateThen given
any vectorz in C™ we have,

min ||z — yl[2 = [z — Pxl2, (3.6)
yeS

or, equivalently,
0(x,S) = 0(x, Px) . (3.7)

Proof. Lety any vector ofS and consider the square of its distance freme
have,

lz = yl3 = llz = P+ (Pz = y)l5 = |z - Pll3 + |(Pz - y)II3 ,

because — Pz is orthogonal te to which Pz —y belongs. Thereforélz—y||2 >

|z — Pz| for all y in S and this establishes the first result by noticing that the
minimum is reached foy = Px. The second equality is a simple reformulation
of the first. |

It is sometimes important to be able to measure distancesbatiwo sub-
spaces. IfP; represents the orthogonal projector oi,for i = 1,2,a natural
measure of the distance betwekh and M, is provided by theigapdefined by:

w(My, M) = max{ max |z — Piz|2, max |z — P217|2}~

llzll2=1 llzll2=1
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We can also redefine(M;, M,) as
w(My, Ma) = max{|[(I — P1) P22, [[(I — P2) P12}
and it can even be shown that

w(My, Ms) = |[P1 = Py (3.8)

3.1.2 Oblique Projectors

A projector that is not orthogonal is said to be oblique. It is sometimes useful to
have a definition of oblique projectors that resembles that of orthogonal projectors,
i.e., a definition similar ta (3.1). If we call the subspace that is the orthogonal
complement taS = Null(P),it is clear thatL will have the same dimension as
M. Moreover, to say thatl — P)x belongs toNull(P) is equivalent to saying
that it is in the orthogonal complement bf Therefore, from the definitions seen
at the beginning of Section 1, the projecfércan be characterized by the defining
equation

PreM and (I—P)x L L. (3.9)

We say thatP is a projector ontadl/ and orthogonal td. or along the orthogonal
complement of_. This is illustrated in Figure 311.

Px e M, x—Px 1 M
Qr € M, x—Qx L L

Y
Qu ¥ Pz

Figure 3.1: Orthogonal and oblique projectétand Q.

Matrix representations of oblique projectors require two bases: a Wasis
[v1,...,v,] Of the subspac@/ = Ran(P) and the otheiV = [wy, ..., w,,] for
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the subspacé., the orthogonal complement ofull(P). We will say that these
two bases arbiorthogonal if

(vi,wj) = (51’]' (310)
Given any pair of biorthogonal bas&sWW the projectorP can be represented by
P=vw# (3.11)

In contrast with orthogonal projectors, the normfois larger than one in general.

It can in fact be arbitrarily large, which implies that the normgf @ .for two
oblique projectorg® and@, will not, in general, be a good measure of the distance
between the two subspacRsn(P) andRan(Q). On the other hand, it may give
an idea on the difference between their rank as is stated in the next theorem.

Theorem 3.2 Let||.|| be any matrix norm, and assume that two project®rand
Q are such thaf| P — Q|| < 1then

rank(P) = rank(Q) (3.12)

Proof. First let us show thatank(Q) < rank(P). Given a basigx;};=1,.. 4 Of
Ran(Q) we consider the family of vector§ = {Px;};=1,. 4 in Ran(P) and
show that it is linearly independent. Assume that

q
Z OéiPl‘i =0.
i=1

Then the vectoy = >°7 | oz is such thatPy = 0 and thereforé@ — P)y =
Qy =y and[|(Q — P)y[| = [|ly|. Since||Q — P|| < 1 this implies thaty = 0. As
a result the familyG is linearly independent and sank(P) > ¢ = rank(Q). It
can be shown similarly thatnk(P) < rank(Q).

The above theorem indicates that no nornef  can be less than one if the two
subspaces have different dimensions. Moreover, if we have a family of projectors
P(t) that depends continuously a@rthen the rank ofP(¢) remains constant. In
addition, an immediate corollary is that if the gap between two subspaces is less
than one then they must have the same dimension.

3.1.3 Resolvent and Spectral Projector

For any given complex not in the spectrum of a matrix we define the resolvent
operator ofA at z as the linear transformation

R(A,z) = (A—zI)"t. (3.13)

The notationR(z) is often used instead dt(A, z) if there is no ambiguity. This
notion can be defined for operators on infinite dimensional spaces in which case
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the spectrum is defined as the set of all complex scalars such that the inverse of
(A — zI) does not exist, see reference [22, 105] for details.
The resolvent regarded as a functiorz@dmits singularities at the eigenval-
ues ofA. Away from any eigenvalue the resolvei(z) is analytic with respect to
z. Indeed, we can write for anyaround an element, not equal to an eigenvalue,

R(z)=(A-zD)"" = ((A=z0l) = (2 —20)D)""
—  R(20)(I — (2 — 20) R(0)) "

The term(I—(z—2z0) R(20)) ! can be expanded into the Neuman series whenever
the spectral radius ofz — zg)R(zo) is less than unity. Therefore, the Taylor
expansion ofR(z) in the open diskz — zo| < 1/p(R(z,)) exists and takes the
form,

R(z) = (2 — 20)F R(z0)" . (3.14)
k=0

It is important to determine the nature of the singularityRgt) at the eigen-
values);,i = 1,...,p. By a simple application of Cramer’s rule it is easy to see
that these singularities are not essential. In other words, the Laurent expansion of
R(z)

—+oo
R(z)= Y (2= \)*Cy
k=—o0

around each polg; has only a finite number of negative powers. Thdé;) is a
meromorphic function.

The resolvent satisfies the following immediate properties.

First resolvent equality:
R(z1) — R(22) = (21 — 22) R(21) R(22) (3.15)
Second resolvent equality:
R(A1,2) — R(As,2) = R(A1,2)(Ay — A1)R(As, 2) (3.16)

In what follows we will need to integrate the resolvent over Jordan curves
in the complex plane. A Jordan curve is a simple closed curve that is piecewise
smooth and the integration will always be counter clockwise unless otherwise
stated. There is not much difference between integrating complex valued func-
tions with values inC or in C**". In fact such integrals can be defined over
functions taking their values in Banach spaces in the same way.

Considerany Jordan curvd’; that encloses the eigenvalug and no other
eigenvalue ofd,and let

T 2mi

-1
P, /1‘ R(z)dz (3.17)

The above integral is often referred to as the Taylor-Dunford integral.
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3.1.4 Relations with the Jordan form
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The purpose of this subsection is to show that the operataiefined by|[(3.17)
is identical with the spectral projector defined in Chapter 1 by using the Jordan

canonical form.

Theorem 3.3 The linear transformation®;, i = 1,2, ..., p, associated with the

distinct eigenvalues;,i = 1,.. ., p, are such that

(1) P? = P, i.e., eachP; is a projector.
QPP =P;P,=01if i#j.
@i P=1
Proof. (1) LetI" andI” two curves enclosing; with I enclosingl’. Then
(2in)*P? = / R(2)R(2")dzdz'
I

//;z () nesa

because of the first resolvent equality. We observe that

d dz'
/ ,Z =0 and /Z = 2im,
re —Zz e —Z

/ F/Z—z ://R(Z/)</Fz,d_zz)dz’:o
and,
/1“/1"/ le%(j)zdzldz = /FR(Z) (/r/ Z,dZ/Z)dz = QiW/FR(Z)dz

so that
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from which we getP? = P,.
(2) The proof is similar to (1) and is left as an exercise.
(3) Consider

SinceR(z) has no poles outside of theJordan curves, we can replace the sum
of the integrals by an integral over any curve that contains all of the eigenvalues
of A. If we choose this curve to be a cirdéof radiusr and center the origin, we

get
-1

Making the change of variablés= 1/~ we find that

L[ a—amn <_dt> _ il/;(m_])lcit

2 Jor 2 2im

whereC”_ (resp.C’, ) is the circle of center the origin, raditgr run clock-wise
(resp. counter-clockwise). Moreover, becauseust be larger thap(A) we have
p(tA) < 1and the inverse of — t A is expandable into its Neuman series, i.e., the
series

oo

I—tA)7h =) (tA

k=0

converges and therefore,

tk lAk
227r cry [Z

by the residue theorem. O

The above theorem shows that the projectBrsatisfy the same properties
as those of the spectral projector defined in the previous chapter, using the Jordan
canonical form. However, to show that these projectors are identical we still need
to prove that they have the same range. Note that sihemd R(z) commute
we get by integration thatl P, = P; A and this implies that the range &f is
invariant underA. We must show that this invariant subspace is the invariant
subspacél/; associated with the eigenvaligas defined in Chapter 1. The next
lemma establishes the desired result.

Lemma 3.1 Let M; = Ran(P;) and letM; = Null(A — ;1) be the invariant
subspace associated with the eigenvalye Then we havél; = M; for i =
1,2,....p
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Proof. We first prove thatM; C M;. This follows from the fact that when
x € Null(A — \; 1) we can expand(z)z as follows:

R(z)x = (A—z)"'2
= [(A=NI)—(z =M\ '

1 _ -1
= 72_)\‘ [I*(Z*)\z) 1(A7)\LI)} T
—1 Li
- 5 S e=A)T(A=- NIz
Z— A £
7=0

The integral of this over’; is simply —2i7x by the residue theorem, hence the
result. R
We now show thaflZ; C M;. From

(z—=XN)R(z) = —T+4+ (A= NI)R(2) (3.18)
it is easy to see that
—1 (z = Xi)R(2)dz = ;1(/1 —Ni) / R(z)dz = (A= NI)P;
2w Jr ‘ 2im U

and more generally,

—1

. —1
g G- ARG = (A=A /FR(z)dz

= (A= NDFP;. (3.19)

Notice that the term in the left-hand side of (3.19) is the coefficient_; of the
Laurent expansion d®(z) which has no essential singularities. Therefore, there is
some integek after which all the left-hand sides o6f (3]19) vanish. This proves that
for everyx = Pz in Mi,there exists somefor which (A — \;1)*z = 0,k > 1.
It follows thatz belongs ta)M;. |

This finally establishes that the projectdtsare identical with those defined
with the Jordan canonical form and seen in Chapter 1. Each projBcterasso-
ciated with an eigenvaluk;. However, it is important to note that more generally
one can define a projector associated with a group of eigenvalues, which will be
the sum of the individual projectors associated with the different eigenvalues. This
can also be defined by an integral similafto (3.17) whgisea curve that encloses
all the eigenvalues of the group and no other ones. Note that the raRktafs
defined is simply the sum of the algebraic multiplicities of the eigenvalue. In other
words, the dimension of the range of suck avould be the sum of the algebraic
multiplicities of the distinct eigenvalues enclosedlhy

3.1.5 Linear Perturbations of A
In this section we consider the family of matrices defined by

A(t) = A+ tH
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wheret belongs to the complex plane. We are interested in the behavior of the
eigenelements aofl(¢) whent varies around the origin. Consider first the ‘param-
eterized’ resolvent,

R(t,2) = (A+tH — 2I)~".

Noting thatR(,z) = R(z)(I + tR(z)H) ! itis clear that if the spectral radius
of tR(z)H is less than one theR(¢, z) will be analytic with respect to. More
precisely,

Proposition 3.2 The resolvenk(¢, z) is analytic with respect toin the open disk
t| < p~ ' (HR(2)).

We wish to show by integration over a Jordan cufvéhat a similar result
holds for the spectral projectdt(¢),i.e., thatP(¢) is analytic fort small enough.
The result would be true if the resolveR({t, ) were analytic with respect to
for eachz onT';. To ensure this we must require that

[t] < inf p~H(R(2)H)) .

The question that arises next is whether or not the disk af'sildlefined above is
empty. The answer is no as the following proof shows. We have

p(R(z)H) < |[R()H| < [[R()[|H]-

The function|| R(z)]| is continuous with respect tofor z € T" and therefore it
reaches its maximum at some poigtof the closed curvé and we obtain

p(R(z)H) < [[R(2)H| < [[R(z0)[H] = & .

Hence,
1r€11£ p NR(z)H)) > kL.

Theorem 3.4 LetT" be a Jordan curve around one or a few eigenvalued ahd
let

_ -1
pa = inf[p(R(2)H)]™" .

Thenp,>0 and the spectral projector
—1

PO =5 |

R(t, z)dz

is analytic in the diskt| < p,.

We have already proved thag >0. The rest of the proof is straightforward.
As an immediate corollary of Theorém 8.4, we know that the rank @} will
stay constant as long astays in the diskt| < p,.

Corollary 3.1 The numberm of eigenvalues ol (¢), counted with their algebraic
multiplicities, located inside the cunig is constant provided that| < p,.
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In fact the condition on is only a sufficient condition and it may be too restrictive
since the real condition required is that) be continuous with respect to

While individual eigenvalues may not have an analytic behavior, their average
is usually analytic. Consider the average

At) == ()
i=1

of the eigenvalues\ (t), A2(t), ..., A\ (t) of A(t) that are insidd” where we
assume that the eigenvalues are counted with their multiplicities Biigtbe a
matrix representation of the restriction 4ft) to the invariant subspadel (¢) =

Ran(P(t)). Note that sincé\/(t) is invariant underd(t) then B(¢) is the matrix
representation of the rank transformation

A ary = AV P#) ey = P)AD) |10y = PO AR) P ()10

and we have
;\(t);%tr[B(t)} = %tr[A(t)P(t)\M(tﬂ
. %tr[A(t)P(t)] (3.20)

The last equality in the above equation is due to the fact that foramoy in M (¢)
we haveP(t)z = 0 and therefore the extension df(t) P(¢) to the whole space
can only bring zero eigenvalues in addition to the eigenvaly@$,: = 1,...,m.

Theorem 3.5The linear  transformation A(t)P(t) and its
weighted trace\(t) are analytic in the diskz| < p,.

Proof. That A(t) P(t) is analytic is a consequence of the previous theorem. That

A(t) is analytic, comes from the equivalent expression (3.20) and the fact that the
trace of an operataK (¢) that is analytic with respect tois analytic. O

Therefore, a simple eigenvalugt) of A(t) not only stays simple around a
neighborhood of = 0 but it is also analytic with respect toMoreover, the vector
u;(t) = P;(t)u; is an eigenvector ofi(t) associated with this simple eigenvalue,
with u; = wu;(0) being an eigenvector ol associated with the eigenvalue.
Clearly, the eigenvectar;(¢) is analytic with respect to the variable However,
the situation is more complex for the case of a multiple eigenvalue. If an eigen-
value is of multiplicitym then after a small perturbation, it will split into at most
m distinct small branche$;(t). These branches taken individually are not ana-
lytic in general. On the other hand, thairithmetic averages analytic. For this
reason it is critical, in practice, to try to recognize groups of eigenvalues that are
likely to originate from the splitting of a perturbed multiple eigenvalue.
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Example 3.1. Thatan individual branch of the branches of eigenvalues(t)
is not analytic can be easily illustrated by the example

()

The matrixA(t) has the eigenvaluesy/t which degenerate into the double eigen-
value0 ast — 0. The individual eigenvalues are not analytic but their average
remains constant and equal to zero. O

In the above example each of the individual eigenvalues le=hiiike the square
root oft around the origin. One may wonder whether this type of behavior can be
generalized. The answer is stated in the next proposition.

Proposition 3.3 Any eigenvalue\;(¢) of A(t) inside the Jordan curvE satisfies
IXi(t) = Xl = O (Jt]'/")

wherel; is the index of\;.

Proof. Let f(2) = (z — \;)%. We have seen earlier (proof of Lemma|3.1) that

f(A)P; = 0. For an eigenvectar(t) of norm unity associated with the eigenvalue
Ai(t) we have

FAM)P@ut) = FA®))u(t) = (A(t) — Ml) u(t)
() — M) liult) .

Taking the norms of both members of the above equation and using the fact that
f(A)P; = 0 we get

Xi(t) — Al 1F(A@®) P@)u(®)]

< FA@) PO = [IF(A@))P () = F(A) Pl -
Sincef(A) = f(A(0)),P;, = P(0) andP(t), f(A(t)) are analytic the right-hand-
side in the above inequality 3(¢) and therefore

INilt) = Ail" = O (It])

N

which shows the result. O

Example 3.2. A standard illustration of the above result is provided by taking
A to be a Jordan block anl to be the rank one matrik = e,el:

0 1
0 1
A= 0 1
0 1

0 1 0
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The matrix A has nonzero elements only in positiofis: + 1) where they are
equal to one. The matrikl has its elements equal to zero except for the element
in position(n, 1) which is equal to one. Far= 0 the matrixA + t H admits only

the eigenvalue. = 0. The characteristic polynomial of + tH is equal to

pi(z) =det(A+tH — 2I) = (—1)" (2" — 1)

2ijm

and its roots are\;(t) = t'/"e™%" j = 1,...,n. Thus, ifn = 20 then for a
perturbation om of the order ofl0~1%, a reasonable number if double precision
arithmetic is used, the eigenvalue will be perturbed by as muo6hi a8. . O

3.2 A-Posteriori Error Bounds

In this section we consider the problem of predicting the error made on an eigen-
value/eigenvector pair from some a posteriori knowledge on their approximations.

The simplest criterion used to determine the accuracy of an approximate eigenpair
\, @, is to compute the norm of the so called residual vector

r = At — \i.

The aim is to derive error bounds that relate some normtgpically its 2-norm,

to the errors on the eigenpair. Such error bounds are referred to a posteriori er-
ror bounds. Such bounds may help determine how accurate the approximations
provided by some algorithm may be. This information can in turn be helpful in
choosing a stopping criterion in iterative algorithms, in order to ensure that the
answer delivered by the numerical method is within a desired tolerance.

3.2.1 General Error Bounds

In the non-Hermitian case there does not exist any ‘a posteriori’ error bounds in

the strict sense of the definition. The error bounds that exist are in general weaker
and not as easy to use as those known in the Hermitian case. The first error
bound which we consider is known as the Bauer-Fike theorem. We recall that the
condition number of a matriX relative to thep-norm is defined by ond,, (X)) =

1 [ 12X -

Theorem 3.6 (Bauer-Fike) Let\, @ be an approximate eigenpair dfwith resid-
ual vectorr = A% — A\, whered is of 2-norm unity. Moreover, assume that the
matrix A is diagonalizable and leX be the matrix that transforms it into diagonal
form. Then, there exists an eigenvaluef A such that

IA = X < Condy(X)||7]|2 -
Proof. If A € A(A) the result is true. Assume thatis not an eigenvalue. From

A = XDX ! whereD is the diagonal of eigenvalues and since we assume that
A ¢ A(A), we can write

i=A-A)"tr=XD-X)"'X"1r
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and hence

1 = || X(D—=X)"'X" 1y,
X2 | X [2[[(D = AD) 7|2 |72 - (3.21)

IN

The matrix(D — XI)~! is a diagonal matrix and as a result its 2-norm is the
maximum of the absolute values of its diagonal entries. Therefore,

1 < Condy(X)||r[ls max [N — A
NiEA(A)

from which the result follows. O

In case the matrix is not diagonalizable then the previousdtrean be gener-
alized as follows.

Theorem 3.7 Let \, @ an approximate eigenpair with residual vectoe= Aw —
A, wherew has unit 2-norm. LetX be the matrix that transformsa into its
Jordan canonical formA = X.JX 1. Then, there exists an eigenvalief A
such that _
A=Al
THA =X+ A=A
wherel is the index of\.

< Conda(X)||r||2

Proof. The proof starts as in the previous case but here the diagonal matsix
replaced by the Jordan matrik Because the matrik/ — ;\I) is block diagonal

its 2-norm is the maximum of the 2-norms of each block (a consequence of the
alternative formulation for 2-norms seen in Chapter 1). For each of these blocks
we have

(Jz — ;\I)_l = ((/\z — S\)I + E)_l

whereF is the nilpotent matrix having ones in positiofis: + 1) and zeros else-
where. Therefore,

li
(Ji = A)™'=> (A = N (=E)!
j=1
and as a result, setting = |\; — | and noting thaf E||, = 1,we get
lifl

(i =AD M2 < Y = ATNBIET = D67 = 670> 6l
J=1 Jj=1 J=0

The analogue of (3.21) is

1 < Conda(X)[(J — L)~ ||2[|7]|2- (3.22)
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Since,
l;i—1
Y7\—1 _ -1 l J
I =ADTH > = max (/i =ADTH 2 < max o7 S o
7=0
we get
5
i ————— 3 < Condy(X
,nin Siigl [ S nda (X)||r]l2
which is essentially the desired result. O

Corollary 3.2 (Kahan, Parlett, and Jiang, 1980). Under the same assumptions
as those of theorem 3.7, there exists an eigenvaloeA such that

A=A

m < Conda(X)|[rl2

wherel is the index of\.
Proof. Follows immediately from the previous theorem and the inequality,

}:yf;1+5 O

7=0

For an alternative proof see [101]. Unfortunately, the bauafithe type
shown in the previous two theorems are not practical because of the presence of
the condition number oX. The second result even requires the knowledge of
the index of);,which is not numerically viable. The situation is much improved
in the particular case wheré is Hermitian because in this caSend,(X) = 1.

This is taken up next.

3.2.2 The Hermitian Case

In the Hermitian case, Theorem 3.6 leads to the following corollary.

Corollary 3.3 Let), @ be an approximate eigenpair of a Hermitian matriwith
|lull2 = 1 and letr be the corresponding residual vector. Then there exists an
eigenvalue ofd such that }

A=Al < 7]z (3.23)

This is a remarkable result because it constitutes a simple yet general error
bound. On the other hand it is not sharp as the next a posteriori error bound, due
to Kato and Temple [104, 210], shows. We start by proving a lemma that will
be used to prove Kato-Temple's theorem. In the next results it is assumed that the
approximate eigenvalukis the Rayleigh quotient of the approximate eigenvector.
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Lemma 3.2 Let u be an approximate eigenvector of norm unity/ofnd A=
(Aa,w). Let(a, B) be an interval that contains and no eigenvalue ol. Then

B=NA=a) < |73

Proof. This lemma uses the observation that the residual vedtorthogonal to
4. Then we have

((A—al)a, (A - pl)u)
=((A- )\I)u + A —al)i, (A= X))+ (X — pI)a)
= |Irl3 + (A = al)(A = BI),

because of the orthogonality property mentioned above. On the other hand, one
can expand: in the orthogonal eigenbasis dfas

i =& uy + Soup + -+ Ly

to transform the left hand side of the expression into
(A~ al)a, (A~ BD)a 2]@ (A =)\ = B) .

Each term in the above sum is nonnegative because of the assumptiarandn
3. Thereforgl|r||3 + (8 — A\)(A — ) > 0 which is the desired resullt. O

Theorem 3.8 (Kato and Temple [104, 210]) Letu be an approximate eigenvec-
tor of norm unity ofA,and A = (A4, @). Assume that we know an interval, b)
that contains\ and one and only one eigenvalyef A. Then

[V V)

7]

2
—a b—

%
o

Proof. Let A be the closest eigenvalue ¥o In the case wher# is located at left
of A then takex = A andg = b in the lemma to get

0< -\ < M
- T b— A

In the opposite case wheke> \,usea = a andj3 = ) to get

0<a—i<drle

—a

IN
>

This completes the proof. |

A simplification of Kato-Temple’s theorem consists of usingaaticular in-
terval that is symmetric about the approximatigras is stated in the next corol-
lary.
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Corollary 3.4 Leta be an approximate eigenvector of norm unityAénd A =
(Aa, @). Let\ be the eigenvalue closesticaandd the distance from to the rest
of the spectrum, i.e.,

§ =min{|\; — A, A\ # AL

Then, )
13

A= <
|\_5

(3.24)

Proof. This is a particular case of the previous theorem with- A —4and
b=M\+0. O

It is also possible to show a similar result for the angle betwthe exact and
approximate eigenvectors.

Theorem 3.9 Let be an approximate eigenvector of norm unityloh = (Aa,a)
andr = (A — X)a. Let) be the eigenvalue closestcandé the distance from
) to the rest of the spectrum, i.6.,= min;{|\; — \|, \; # \}. Then, ifu is an

eigenvector ofd associated with\ we have

sinf(a,u) < ”%”2 (3.25)

Proof. Let us write the approximate eigenvectoast = u cos 6 + z sin 6 where
z is a vector orthogonal ta. We have

(A= X)a = cosf (A—A)u+sind (A— )z
= cosf A\ — A)u+sinf (A—X)z .
The two vectors on the right hand side are orthogonal to each other because,
(u, (A= X)z) = (A= Au,z) = (A= N)(u,2) =0.
Therefore,
7|2 = ||(A — A)i||? = sin 0 ||(A — X)z||2 + cos? 0 |A — A%

Hence, -
sin® 0 || (A — AD)z[[5 < [|r]l3 -

The proof follows by observing that sineés orthogonal ta: then|| (A=XI)z|2is
larger than the smallest eigenvaluebf A\ restricted to the subspace orthogonal
to u,which is precisely. O

Although the above bounds for the Hermitian case are shaypatigestill not
computable sincé involves a distance from the ‘next closest’ eigenvaluedof
to A which is not readily available. In order to be able to use these bounds in
practical situations one must provide a lower bound for the distanGme might
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simply approximatel by A — X; where \; is some approximation to the next
closest eigenvalue td. The result would no longer be an actual upper bound on
the error but rather an ‘estimate’ of the error. This may not be safe however. To
ensure that the computed error bound used is rigorous it is preferable to exploit
the simpler inequality provided by Corollary 3.3 in order to find a lower bound for
the distance,for example

S=[A=)\] > \(: = A) + (A —}j)|
= A=A = A = A
> A= N[ =gl

where||r;||2 is the residual norm associated with the eigenvalye Now the
above lower bound af is computable. In order for the resulting error bound to
have a meaning|r;|l> must be small enough to ensure that there are no other
potential eigenvalues,, that might be closer ta than is\;. The above error
bounds when used cautiously can be quite useful.

Example 3.3. Let

1.0 2.0
20 1.0 20
A= 20 1.0 2.0
20 1.0 20
20 1.0

The eigenvalues oft are{3, —1,1,1 — 2v/3,1 + 2V/3}
An eigenvector associated with the eigenvalue 3 is

-0.5

-0.5

u = 0.0
0.5

0.5

Consider the vector
—0.49

-0.5

U= 0.0
0.5

0.5

The Rayleigh quotient of with respect tad is A\ = 2.9998... The closest eigen-
value isA = 3.0 and the corresponding actual erroRi82 x 10~*. The residual
norm is found to be R

[[(A = Al)ul|2 ~ 0.0284 .

The distance here is

0 =12.9998 — 4.464101...| ~ 1.46643 .
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So the error bound for the eigenval2®998 found is

(0.0284..)3
1.4643

For the eigenvector, the angle between the exact and approximate eigenvector
is such thatos§ = 0.999962,giving an anglef ~ 0.0087 and the sine of the
angle is approximatelyin § ~ 0.0087. The error as estimated by (3.9) is

0.0284

inf < —— ~0.01
sinf < 14643 0.01939

~ 5.5177 x 1074

which is about twice as large as the actual error. |

We now consider a slightly more realistic situation. There iastances in
which the off-diagonal elements of a matrix are small. Then the diagonal elements
can be considered approximations to the eigenvalugsasfd the question is how
good an accuracy can one expect? We illustrate this with an example.

Example 3.4. Let

1.00 0.0055  0.10 0.10  0.00

0.0055 2.00 -0.05 0.00 -0.10

A= 0.10 -0.05  3.00 0.10 0.0
0.10 0.00  0.10 4.00  0.00

0.00 —-0.10  0.05 0.00  5.00

The eigenvalues oft rounded to 6 digits are
A(A) ={0.99195,1.99443, 2.99507, 4.01386, 5.00466} .

A natural question is how accurate is each of the diagonal elementsasfan
approximate eigenvalue? We assume that we know nothing about the exact spec-
trum. We can take as approximate eigenvectorseflse i = 1,--- ,5 and the
corresponding residual norms are

0.141528 ;0.1119386 ; 0.1581139 ;0.1414214 ;0.1118034

respectively. The simplest residual bouind (3.23) tells us that

A —1.0] <0.141528; |A —2.0| < 0.111939;
A —3.0] <0.158114; |\ —4.0] < 0.141421; .
A —5.0] < 0.111803.

The intervals defined above are all disjoint. As a result, we can get a reasonable
idea of¢; the distance of each of the approximations from the eigenvalues not in
the interval. For example,

81 = Jars — Ao| > |1 — (2.0 — 0.1119386)| ~ 0.88806
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and
52 = min{‘QQQ —)\3\,\@2 —)\1|}
> min{|2.0 — (3.0 — 0.15811)], 2.0 — (1.0 + 0.14153)|}
= 0.8419...

We find similarlyds > 0.8585,64 > 0.8419, andds > 0.8586.
We now get from the bounds (3.24) the following inequalities,

A —1.0] <0.0226; |A—2.0] < 0.0149;
A —3.0] <0.0201; |X—4.0] < 0.0238;
A —5.0] < 0.0146.

whereas the actual errors are

A — 1.0] &~ 0.0080; |\ — 2.0 ~ 0.0056; |\ — 3.0 ~ 0.0049;
A — 4.0 ~ 0.0139; |\ — 5.0 ~ 0.0047.

3.2.3 The Kahan-Parlett-Jiang Theorem

We now return to the general non-Hermitian case. The results seen for the Her-
mitian case in the previous section can be very useful in practical situations. For
example they can help develop efficient stopping criteria in iterative algorithms.
In contrast, those seen in Section 3.2.1 for the general non-Hermitian case are not
too easy to exploit in practice. The question that one might ask is whether or not
any residual bounds can be established that will provide information similar to
that provided in the Hermitian case. There does not seem to exist any such result
in the literature. A result established by Kahan, Parlett and Jiang [101], which we
now discuss, seems to be the best compromise between generality and sharpness.
However, the theorem is of a different type. It does not guarantee the existence
of, say, an eigenvalue in a given interval whose size depends on the residual norm.
It only gives us the size of the smallest perturbation that must be applied to the
original data (the matrix), in order to transform the approximate eigenpair into an
exact one (for the perturbed problem).

To explain the nature of the theorem we begin with a very simple result which
can be regarded as a one-sided version of the one proved by Kahan, Parlett, and
Jiang in that it only considers the right eigenvalue — eigenvector pair instead of the
eigen-triplet consisting of the eigenvalue and the right and left eigenvectors.

Proposition 3.4 Let a square matrixd and a unit vectoru be given. For any
scalar~ define the residual vector,

r = Au — yu,
andlet€ = {E: (A— E)u =~u}. Then

min || Elz = [|rlz . (3-26)
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Proof. From the assumptions we see that eatis in £ if and only if it satisfies
the equality
Eu=r. (3.27)

Sincelju||2 = 1 the above equation implies that for any such
IE]l2 = [Irl2,

which in turn implies that
min || El|s > ) .
Eeﬂgl IE][2 > [|I7]l2 (3.28)

Now consider the matrix, = ru” which is a member of since it satisfies
(3.27). The 2-norm of?, is such that

HEOH% = a'mag;{ruHurH} = Umaw{”"H} = H7“||§

As a result the minimum in the left hand side[of (3.28) is reachedfer £, and
the value of the minimum is equal {@||-. O

We now state a simple version of the Kahan-Parlett-Jiang¢nedl01].

Theorem 3.10 (Kahan, Parlett, and Jiang)Let a square matrix4 and two unit
vectorsu, w with (u,w) # 0 be given. For any scalary define the residual
vectors,

r=Au—~yu s=A%w — Fw

andletf = {E : (A — E)u = vyu; (A — E)%w = w}. Then
min [| Bllz = max {[[72, [ls[l2} - (3.29)
Proof. We proceed in the same way as for the proof of the simpler result of the

previous proposition. The two conditions that a maftixnust satisfy in order to
belong to€ translate into

Eu=r and Efw=s. (3.30)
By the same argument used in the proof of Proposition 3.4 any Eigdtisfies
[Ellz = [[rllz and [[Ell2 = [Is]2- (3.31)

which proves the inequality

i > . .
min||E]l2 > max{|rll, s]l2} (3.32)
We now define,
6 = stu=wlr (3.33)
r = r—O0w
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and consider the particular set of matrices of the form
EB) = ruf +ws — 6 wu — g xy™ (3.34)

where is a parameter. It is easy to verify that these matrices satisfy the con-
straints|(3.30) for any.

We distinguish two different cases depending on whetlsds is larger or
smaller tharj|r||2. When||s||2>||7||2 we rewriteE(3) in the form

E(B) = x(u—By)" +ws" (3.35)
and select? in such a way that
sf(u—py)=0 (3.36)

which leads to 5
B= s
I3 = [0]?
We note that the above expression is not valid wheéf = ||, which occurs
only wheny = 0. In this situationE(3) = ru for any 3, and the following
special treatment is necessary. As in the proof of the previous propoEitien=

|7|l2. On the other hand we have
Isll2 = 18] = Jw™r| < 72

which shows thainax{||7|2, [|s|ll2} = ||r|l2 and establishes the result that the
minimum in the theorem is reached fBY3) in this very special case.

Going back to the general case whge§> # |d|, with the above choice gf
the two vectors: andw in the range off(3) as defined by (3.35) are orthogonal
and similarly, the vectors — By ands are also orthogonal. In this situation the
norm of £(j3) is equal to [See problem P-2.14]:

IE(B)]|2 = max{||s]lz. |lz[|2 ]| — 5 yll2}.
Because of the orthogonality efandw,we have
)13 = lIr[l3 — 18] -

Similarly, exploiting the orthogonality of the pair, y,and using the definition of
0 we get

1+ lyl3
1+ 31513 — 161°]

EH
513 - IoP

lu— B yll3

The above results yield

13 = |2
|E(B)]2 = max {lsn%, sz =L _ e

2
Islz — 131



PERTURBATION THEORY 69

This shows from[(3.32) that the equality (3.29) is satisfied for the case when
[[sll2>]7[l2-

To prove the result for the cade||»<||r||2,we proceed in the same manner,
writing this time E(5) as

EB) = rufl + (aw -0 x)yH

and choosing3 such thatu’ (w — 3 ) = 0. A special treatment will also be
necessary for the case whélrg|> = |6| which only occurs wher = 0. O

The actual result proved by Kahan, Parlett and Jiang is @aberat block
version of the above theorem and includes results with other norms, such as the
Frobenius norm.

Example 3.5. Consider the matrix,

1.0 2.1
19 1.0 21
A= 19 1.0 21
1.9 1.0 21
1.9 1.0

which is obtained by perturbing the symmetric tridiagonal matrix of Example 3.3.

Consider the pair
—0.5

—-0.5

v=30, wv= 0.0
0.5

0.5

Then we have
[rll2 = (A —~T)ullz =~ 0.1414,

which tells us, using the one-sided result (Proposition 3.4), that we need to perturb
A by a matrixE of norm0.1414 to make the paity, v an exact eigenpair od.
Consider now as defined above and

w=a (0.6,0.6,0.0,0.4,0.4)"

wherea is chosen to normalize to so that its 2-norm is unity. Then, still with
~ = 3,we find
[7]l2 ~ 0.1414, ||s||2 ~ 0.5004 .

As aresult of the theorem, we now need a perturbatievhose 2-norm is roughly
0.5004 to make the triplety, v, w an exact eigentriplet off,a much stricter re-
guirement than with the one-sided result. |

The outcome of the above example was to be expected. If one défthof
right approximate eigen-pair, for example the left gairv), is a poor approxima-
tion, then it will take a larger perturbation ohito make the triplety, v, w exact,
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than it would to make the pair, u exact. Whether one needs to use the one-sided
or the two-sided result depends on whether one is interested in the left and right
eigenvectors simultaneously or in the right (or left) eigenvector only.

3.3 Conditioning of Eigen-problems

When solving a linear systemdx = b,an important question that arises is how
sensitive is the solution: to small variations of the initial data, namely to the
matrix A and the right-hand side A measure of this sensitivity is called the
condition number ofd defined by

Cond(4) = [lA[|] A"

relative to some norm.

For the eigenvalue problem we raise a similar question but we must now
define similar measures for the eigenvalues as well as for the eigenvectors and the
invariant subspaces.

3.3.1 Conditioning of Eigenvalues

Let us assume that is a simple eigenvalue and consider the family of matrices
A(t) = A+ tE. We know from the previous sections that there exists a branch
of eigenvalues\(¢) of A(t) that is analytic with respect tg whent belongs to a
small enough disk centered at the origin. It is natural to call conditioning of the
eigenvalue\ of A relative to the perturbatiof’ the modulus of the derivative of
A(t) at the origint = 0. Let us write

A)u(t) = Mt)u(?) (3.37)

and take the inner product of both members with a left eigenvectdrA associ-
ated with\ to get
(A + tByu(t), w) = A(t)(u(t), w)

or,

A@) (u(t),w) = (Au(t),w)+ t(Eu(t),w)
= (u(t), AHw) + t(Eu(t),w)
= AMu(t),w) + t(Eu(t),w).

Hence,

Alt) —
t
and therefore by taking the limit at= 0,

A ult), w) = (Bu(t),w)

N(0) = ((b;u;U U)))
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Here we should recall that the left and right eigenvectors associated with a simple
eigenvalue cannot be orthogonal to each other. The actual conditioning of an
eigenvalue, given a perturbation “in the directionfs the modulus of the above
guantity. In practical situations, one often does not know the actual perturbation
E but only its magnitude, e.g., as measured by some matrix fj@rm Using the
Cauchy-Schwarz inequality and the 2-norm, we can derive the following upper
bound,

o) < 1Bl g lulelwls

[(u, w) | (u, w)

In other words the actual condition number of the eigenvaliebounded from
above by the norm of’ divided by the cosine of the acute angle between the left
and the right eigenvectors associated witlHence the following definition.

Definition 3.1 The condition number of a simple eigenvaluef an arbitrary
matrix A is defined by
1

Cond()\) = m

in whichu andw are the right and left eigenvectors, respectively, associated with
A

Example 3.6. Consider the matrix

—149 —50 —154
A= 537 180 546
=27 -9 =25

The eigenvalues of are{1, 2, 3}. The right and left eigenvectors dfassociated
with the eigenvalue\; = 1 are approximately

0.3162 0.6810
w=| —09487 | and w=| 0.2253 (3.38)
0.0 0.6967

and the corresponding condition number is approximately
Cond(A;) ~ 603.64

A perturbation of order 0.01 may cause perturbations of magnitude up to 6.
Perturbinga; to —149.01 yields the spectrum:

{0.2287, 3.2878,2.4735}. 0O

For Hermitian, or more generally normal, matrices every &ngigenvalue
is well-conditioned, sinc€ond(\) = 1. On the other hand the condition number
of a non-normal matrix can be excessively high, in fact arbitrarily high.
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Example 3.7. As an example simply consider the matrix

N -1
o —1
. (3.39)
~1
An

with A\; = 0and)\; = 1/(: — 1) for i > 1. A right eigenvector associated with
the eigenvalue\; is the vectore;. A left eigenvector is the vectar whose i-th
componentis equal to — 1)! fori = 1,...,n. Alittle calculation shows that the
condition number of\; satisfies

(n—1)! < Cond(A1) < (n—1)! V/n.

Thus, this example shows that the condition number can be quite large even for
modestly sized matrices. O

An important comment should be made concerning the abovemgarmhe
eigenvalues ofd are explicitly known in terms of the diagonal entries of the ma-
trix, whenever the structure of stays the same. One may wonder whether it is
sensible to discuss the concept of condition number in such cases. For example, if
we perturb the (1,1) entry by 0.1 we know exactly that the eigenvajusill be
perturbed likewise. Is the notion of condition number useless in such situations?
The answer is no. First, the argument is only true if perturbations are applied in
specific positions of the matrix, namely its upper triangular part. If perturbations
take place elsewhere then some or all of the eigenvalues of the perturbed matrix
may not be explicitly known. Second, one can think of applying an orthogonal
similarity transformation tod. If @ is orthogonal then the eigenvalues of the ma-
trix B = Q¥ AQ have the same condition number as those of the original matrix
A,(see Problem P{3.15). The resulting mafiixnay be dense and the dependence
of its eigenvalues with respect to its entries is no longer explicit.

3.3.2 Conditioning of Eigenvectors

To properly define the condition number of an eigenvector we need to use the no-
tion of reduced resolvent. Although the resolvent oper@t¢r) has a singularity

at an eigenvalug it can still be defined on the restriction to the invariant subspace
Null(P). More precisely, consider the restriction of the mappig A1 to the
subspacél — P)C™ = Null(P),whereP is the spectral projector associated with
the eigenvalue.. This mapping is invertible becauserifs an element oNull(P)
then(A — M)z = 0,i.e.,z is in Null(A — AT) which is included imRan(P) and

this is only possible whem = 0. We will call reduced resolvent atthe inverse

of this linear mapping and we will denote it () . Thus,

SO = [(A=AD) Nunp)| o
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The reduced resolvent satisfies the relation,
SNA =Xz =SNA-X)I-Plz=(I—-P)xz YV (3.40)

which can be viewed as an alternative definitiorb¢f).
We now consider a simple eigenvalieof a matrix A with an associated
eigenvectou:, and write that a paik(t), u(t) is an eigenpair of the matri + ¢t E,

(A4 tE)u(t) = Mt)u(t) . (3.41)
SubtractingAu = Au from both sides we have,
A(u(t) —u) + tEu(t) = Mt)u(t) — Au = Mu(t) — u) + (A(t) — Nu(t)

or,
(A — MD)(u(t) — u) + tEu(t) = (A() — Nu(t) .

We then multiply both sides by the projectbr P to obtain

(I—P)YA—A)(u(t)—u) + t(I—P)Eu(t)
= (A(t) =N = P)u(t)
(At) = N = P)(u(t) —u)

The last equality holds becaug§e— P)u = 0 sincew is in Ran(P). Hence,

(A=XD(I — P)(u(t) —u) =
(I = P)[=tEu(t) + (A(t) — A)(u(t) — v)].

We now multiply both sides b (\) and use/ (3.40) to get

(I = P)(u(t) —u) =
S(A(I = P) [—tBu(t) + (At) — \(u(t) —u)]  (3.42)

In the above development we have not scal&d in any way. We now do so by
requiring that its projection onto the eigenvectobe exactlyu,i.e., Pu(t) = u
for all t. With this scaling, we have

(I—=P)(u(t) —u) =u(t) —u.
As a result, equality (3.42) becomes
u(t) —u = SO\) [—t(I — P)Eu(t) + (A(t) — A)(u(t) — u),]
from which we finally get, after dividing by and taking the limit,
W'(0) = —S(\)(I — P)Eu. (3.43)

Using the same argument as before, we arrive at the following general definition
of the condition number of an eigenvector.
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Definition 3.2 The condition number of an eigenvectaassociated with an eigen-
value\ of an arbitrary matrixA is defined by

Cond(u) = [|SN)(I — P)||2. (3.44)
in which S(\) is the reduced resolvent of at A.

In the case where the matrikis Hermitian it is easy to verify that the condi-
tion number simplifies to the following

1
= dist]y AA) — (V]

Cond(u) (3.45)

In the general non-Hermitian case, it is difficult to assess the sizewd(u).

To better understand the nature of the oper&for) (I — P), consider its spec-
tral expansion in the particular case wherés diagonalizable and the eigenvalue
A; of interest is simple.

S -P) =) 5 ! .

P

<
—_

<
N

Since we can write each projector as a sum of outer product matfges:
ey ukw,f where the left and right eigenvectarg andw,, are normalized such
that(u;,w;) = 1,the expression (2.9) can be rewritten as

n n H
1 wi Buy
Y - i 1Y 7
J J
J#i J#i

which is the standard expression developed in Wilkinson's book [222].

What the above expression reveals is that when eigenvalues get close to one
another then the eigenvectors are not too well defined. This is predictable since
a multiple eigenvalue has typically several independent eigenvectors associated

with it, and we can rotate the eigenvector arbitrarily in the eigenspace while keep-
ing it an eigenvector ofA. As an eigenvalue gets close to being multiple, the

condition number for its associated eigenvector deteriorates. In fact one question

that follows naturally is whether or not one can define the notion of condition

number for eigenvectors associated with multiple eigenvalues. The above obser-

vation suggests that a more realistic alternative is to try to analyze the sensitivity
of the invariant subspace. This is taken up in the next section.

Example 3.8. Consider the matrix seen in example 3.6

—149 =50 —154
A= 537 180 546
-2T -9 =25
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The matrix is diagonalizable since it has three distinct eigenvalues and

1 0 0
A=Xx [0 2 o | X *.
0 0 3

One way to compute the reduced resolvent associated\yith 1 is to replace in
the above equality the diagonal matfixby the ‘inverse’ ofD — \; I obtained by
inverting the nonzero entri¢g, 2) and(3, 3) and placing a zero in entiit, 1) ,i.e.,

00 0 —1185 —39.5 —122.5
SM)=X[ 01 0 | XxX*t= 316.5 105.5 3255
00 1 135 45 145

We find that the 2-norm ofl S(A1)]2 is ||S(A1)]l2 = 498.27. Thus, a pertur-
bation of order 0.01 may cause changes of magnitude up to 4.98 on the eigen-
vector. This turns out to be a pessimistic overestimate. If we pedyrirom
—149.00 to —149.01 the eigenvecton; associated with\; is perturbed from

u = (=1/3,1,0)T to @, = (-0.3170,1,-0.0174)T. A clue as to why we

have a poor estimate is provided by looking at the norm¥ @ind.X —*.

[ X2 =1.709 and | X2 = 754.100,

which reveals that the eigenvectors are poorly conditioned. O

3.3.3 Conditioning of Invariant Subspaces

Often one is interested in the invariant subspace rather than the individual eigen-
vectors associated with a given eigenvalue. In these situations the condition num-
ber for eigenvectors as defined before is not sufficient. We would like to have an
idea on how the whole subspace behaves under a given perturbation.

We start with the simple case where the multiplicity of the eigenvalue under
consideration is one, and we define some notation. Referring to (3.4Q(det
be the orthogonal projector onto the invariant subspace associated with the sim-
ple eigenvalue\(t) andQ(0) = @ be the orthogonal projector onto the invariant
subspace ofd associated with\. The orthogonal projecto) onto the invari-
ant subspace associated whklnas different properties from those of the spectral
projector. For examplel and@ do not commute. All we can say is that

AQ = QAQ or (I-Q)AQ =0,
leading to
(I-Q)A=(I-Q)A(I-Q) (3.46)
I-QA-A)=(I-Q)A-M)I-Q)

Note that the linear operatd¥d — A1) when restricted to the range 6f— Q is
invertible. This is because {fA — A\I)x = 0 thenz belongs toRan(Q) whose
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intersection witlRan (7 — Q) is reduced td0}. We denote bys* (\) the inverse
of (A — \I) restricted toRan(I — Q). Note that although botH()\) and.S™())
are inverses of A — \I) restricted to complements dfull(A — AI),these inverses
are quite different.

Starting from([(3.41), we subtrast: from each side to get,

(A= Xu(t) = —tEu(t) + (A(t) — Nu(t).
Now multiply both sides by the orthogonal projecior @,
(I — Q)(A = ADu(t) = —t(I — Q)Bu(t) + (A() = (I — Q)u(t).
to obtain from([(3.46),

(I —Q)(A—AI)(I - Q) —Q)u(t)
= —t(I — Q)Eu(t) + (\(t) — \)(I — Q)u(t).

Therefore,

(I = Q)u(t) = ST(N) [-t(I — Q)Eu(t) + (A(t) = NI — Q)u(t)]-

We now write the vectou(t) asu(t) = Q(t)x for an arbitrary vectot,

(I-QRMx = ST\ [t - QEQ(t)z+
(A(t) = NI = Q)Q(t)«].

The above equation yields an estimate of the norrtVof Q)Q(t), which is the
sine of the angle between the invariant subspades- Ran(Q) and M (t) =

Ran(Q(t)).

Proposition 3.5 Assume thah is a simple eigenvalue of. When the matrixd

is perturbed by the matrixF then the sine of the angle between the invariant
subspaced/ and M (t) of A and A + ¢F associated with the eigenvalugsand
A(t) is approximately,

sin 0(M, M (t)) = [t][|ST(N)(I — Q) EQ®)|
the approximation being of second order with respect to

Thus, we can define the condition number for invariant subspaces as being the
(spectral) norm o5+ ().

The more interesting situation is when the invariant subspace is associated
with a multiple eigenvalue. What was just done for one-dimensional invariant
subspaces can be generalized to multiple-dimensional invariant subspaces. The
notion of condition numbers here will require some knowledge about generalized
solutions to Sylvester’s equations. A Sylvester equation is a matrix equation of
the form

AX - XR=B, (3.47)



PERTURBATION THEORY 77

whereAisn x n,X andB aren x r andR is r x r. The important observation
which we would like to exploit is that (3.47) is nothing but a linear system of
equations with » unknowns. It can be shown that the mappXig— AX — X R
is invertible under the simple condition that the spectral @nd R have no point
in common.

We now proceed in a similar manner as for simple eigenvalues and write,

AU =UR
(A+tEYU(t) = U(t)R(2),

in whichU andU (¢t) aren x r unitary matrices and® and R(t) arer x r upper
triangular. Subtracting/(¢) R from the second equation we obtain

AU(t) = U(t)R = —tEU(t) + U(t)(R(t) — R).
Multiplying both sides byl — @ and using again the relatidn (3.46),
(I -QAI -QU(t) - (I -QU(HR
= (I - Q)[-tEU(t) + U(t)(R(t) - R)).
Observe that the operator
X - (I-Q)A(I - Q)X - XR,

is invertible because the eigenvalues(6f— Q)A(I — @) and those ofR form
disjoint sets. Therefore, we can define its inverse which we<a{l\), and we
have

(I =Q)U(t) =S\ [((I - Q)EU(t) + (I = Q)U(t)(R(t) — R)] .

As a result, up to lower order terms, the sine of the angle between the two sub-
spaces i#|||ST(A\)(I —Q)EU(t)|,aresult that constitutes a direct generalization
of the previous theorem.

3.4 Localization Theorems

In some situations one wishes to have a rough idea of where the eigenvalues lie
in the complex plane, by directly exploiting some knowledge on the entries of the
matrix A. We already know a simple localization result that uses any matrix norm,
since we have

il <[4l
i.e., any eigenvalue belongs to the disc centered at the origin and of fadljus
A more precise localization result is provided by Gerschgorin’s theorem.

Theorem 3.11 (Gerschgorin [78]) Any eigenvalue\ of a matrix A is located in
one of the closed discs of the complex plane centere¢g) and having the radius

j=n

> aij] -

j=1
Gt
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In other words,

j=n
VA €A(A), Ti suchthat [\ —a;l < la|. (3.48)

Jj=1
J#i

Proof. The proof is by contradiction. Assume thiat (3.48) does not hold. Then
there is an eigenvalukesuch that fori = 1,2, ..., n we have

j=n

‘)\ — (L““ > Z |aij| . (349)
Jj=1,5#i

We can writeA — \I = D — A + H,whereD = diag {a;} and H is the
matrix obtained fron¥ by replacing its diagonal elements by zeros. Sibce A
is invertible we have

A=N=(D-X)I+(D-X)""H). (3.50)

The elements in row of the matrixC' = (D — A\I)~'H arec;; = a;;/(a; — A)
for j # i andc;; = 0, and so the sum of their moduli are less than unity by (3.49).
Hence

p((D = \I)""H) < | (D = AI) "' H] | < 1

and as a result the matrixt- C = (I + (D — AI)~'H) is nonsingular. Therefore,
from (3.50)(A — AT) would also be nonsingular which is a contradiction. I

Since the result also holds for the transposel afe can formulate a version
of the theorem based on column sums instead of row sums,

VA€ A4), Fj suchthat [A—ay] <D layl. (3.51)
iz

The discs defined in the theorem are called Gerschgorin discs. TheneGae
schgorin discs and their union contains the spectruml.ofThe above results
can be especially useful when the matrix is almost diagonal, as is often the case
when an algorithm is used to diagonalize a matrix and the process is nearing con-
vergence. However, in order to better exploit the theorem, we need to show the
following additional result.

Theorem 3.12. Suppose that there are Gerschgorin discs whose unighis
disjoint from all other discs. Thef contains exactlyn eigenvalues, (counted
with their multiplicities).
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Proof. Let A(t) = D + tH where0 < t < 1, andD, H are defined in the proof

of Gerschgorin’s theorem. Initially whenh = 0 all eigenvalues ofd(¢) are at

the discs of radiu§,centered at;;. By a continuity argument, asincreases to

1, the branches of eigenvaluggt) will stay in their respective discs as long as
these discs stay disjoint. This is because the image of the connected interval [0,1]
by A;(t) must be connected. More generally, if the uniomobf the discs are
disjoint from the other discs, the unidt{t) of the corresponding discs &asaries,

will containm eigenvalues. O

An important particular case is that when one disc is disjfworh the others then
it must contain exactly one eigenvalue.

There are other ways of estimating the errongfregarded as an eigenvalue
of A. For example, if we take as approximate eigenvector the i-th column of
the identity matrix we get the following result from a direct application of Kato-
Temple's theorem in the Hermitian case.

Proposition 3.6 Leti be any integer between 1 ancand let) be the eigenvalue
of A closest tau;;,and i the next closest eigenvaluedg. Then if we calk; the
2-norm of thgn — 1)-vector obtained from the— th column ofA by deleting the

entrya;; we have

€2

|)\7 GJZ'Z‘| S — .
I — ail

Proof. The proof is a direct application of Kato-Temple’s theorem. |

Thus, in the Hermitian case, the Gerschgorin bounds aregttiti general
since the error is of the order of the square of the vector of the off-diagonal el-
ements in a row (or column), whereas Gerschgorin’s result will provide an error
estimate of the same order as the 1-norm of the same vector (in the ideal situation
when the discs are disjoint). However, we note that the isolated application of
the above proposition in practice may not be too useful since we may not have an
estimate of u — a;;|. A simpler, though less powerful, bound|s — a;;| < ;.
These types of results are quite different in nature from those of Gerschgorin’s
theorem. They simply tell us how accurate an approximation a diagonal element
can be when regarded as an approximate eigenvalue. It is an isolated result and
does not tell us anything on the other eigenvalues. Gerschgorin’s result on the
other hand is a global result, in that it tells whatkethe eigenvalues are located,
as a group. This distinction between the two types of results, namely the (local)
a-posteriori error bounds on the one hand, and the global localizations results such
as Gerschgorin’s theorem on the other, is often misunderstood.

3.5 Pseudo-eigenvalues

As was seen in earlier sections, eigenvalues can be very sensitive to perturbations
for non-normal matrices. Roughly speeking pseudo-eigenvalues are sets of eigen-
values of all perturbed matrices within a radius of the original matrix. These sets
can be very large when the eigenvalue is ill-conditioned.
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One can define the spectrum of a matfixas the set of valuesfor which the
resolventR(z) has infinite 2-norm. The formal definition of the pseudo-spectrum
is derived from this by using a parameter

Definition 3.3 Let A € C™*". For € > 0 thee-pseudospectrum of is the set
A(A)={z€C||R(2)|2>¢ '} (3.52)

Note that one can also say (A) = {z € C | [|R(2)||2] " < €}. Therefore, re-
calling that for a given matrix3, we have(||B~!||2) ™! = 0., (B), the smallest
singular value of3, we can restate the above definition as

Ac(A) = {2 € C | omin(A — 2I) < €. (3.53)

There is an interesting connection with perturbation theory via Proposition 3.4.
First, it is easy to see that

zeA(A) iff TJv e C|[(A—z) "ty >e tand|jv)s =1. (3.54)
If we define the vector = (A — zI)~'v then clearly,

A—zI)t
ICA = 2Dtz _ ol
[1#]l2 1]l

Settingw = t/||t||2, we arrive at this characterization of the pseudo-spectrum:

zeA(A) iff Jw e C"|(A—-zlw|z2 < eand||w|]z = 1. (3.55)

The following proposition summarizes the above equivalences and adds one more.

Proposition 3.7 The following five properties are equivalent:

() ze A(A).

(i) omin(A—2I) <e.

(iii) There exist a unit vector such that|(A — zI)~1v|j; > 71,
(iv) There exist a unit vectar such thatl| (A — zI)w||2 < e.

(v) There exista matri¥, with || E'||s < e such that: is an eigenvalue ol — E.
Proof. For the equivalences of (i), (i), (iii), and (iv) see equatidns (3.53-3.55). To
show that (iv)« (v) we invoke Proposition 3.4 with = (A — 21 )w. If (iv) holds
then the proposition implies that there is a matibwith ||E|ls = ||r| < e and
z € A(A—E). If (v) holds then there is a unit vectarsuch that A— E)w = zw.

Hence,(A — z)w = Ew and|[(A — zDw|l2 = ||Bw|l2 < ||E|2]|w]2 < €
showing that (iv) holds. |
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Pseudo-spectra are useful to analytansientbehavior of operators when
the usualasymptoticanalysis fails. Consider for example the powers of a given
non-normal matr>xG. Sequences of the form;, = G*w, are commonly studied
when considering so-called stationary iterative methods for solving linear sytems.
As is well-known these methods amount to an iteration of the form

Thy1 = Gz + f, (356)

starting with some initial guess,. The above is a fixed point iteration which
attempts to reach the fixed point for which = Gz, + f. The error||xx — x.|2
at thek-th step, satisfies:

ok — @ullz = G (@x — 20)ll2 < [G*llallzr — wollo.  (357)

As a result the scheme will converge whefftz) < 1. We have seen in Chapter
1 (Corollary 1.1) that for any matrix norfiG*||'/* tends top(G), so we may
infer that asymptotically, the above error behaves llikg — z.||2 ~ p(G)*||z) —
xoll2. While this a reasonable assumption, in practice what is often obversed is
a long stage of big increases of the norm of the error before it finally reaches the
‘asymptotic’ phase where it declines steadily to zero. Such a behavior is only
characteristic of non-normal matrices. For normal matrigg§||, cannot stray
too far away from its approximationG)*.

In other words, while the spectral radius gives a good idea odslygenptotic
behavior ofG*, the spectrum of does not help analyze itsansientbehavior.

This can be understood if one considers the powet afsing the Taylor-

Dunford integral:
1 <&
k_ - k
=55 jE:1 /rj R(z)z"dz (3.58)

where the Jordan curves around each distinct eigenvalue- , A, were defined
at the end of Sectian 3.1.3. In the normal ca3g;) can be expanded into a sum
of terms of the form

_1)\j—Z

and the above expression will simply integrate@s = A?Pj. In the non-
normal case, the situation is more complicated because the expansibwidf
now involve a nilpotent, see Theorem|[1.3 in Chapter 1. WrifihgzI = ) () —

zI)P; + D, itis possible to expani(z):

G2y Z S D (358)
Nz \ &= ) '

J

Due to the nilpotence of the operatdﬁ;f, each inner sum is limited to the power
l; — 1 wherel; is the index of\ ;. Substituting[(3.59) into the integral (3.58), and
writing

k

=N+ (= Z( )/\" (2= A"

m=0
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one arrives at the following expression:

min(k,l;—1) k!

kE_ M Nkl p i
G _Z; l u(kil)!xj P;D!. (3.60)
j= =0

If the dominant eigenvalue i§, then clearly the dominating term will be the one
corresponding té = 0 in the sum associated with= 1. This term isA¥P;. In

other words asomptically, the sum will behave IieP; . However, it is clear that

the intermediate terms, i.e., those of the first few powers, can grow to become very
large, due to binomial coefficient, as well as the nilpotajt This behavior is
typically indicated by large pseudo-spectra. Indeed, the expansion (3.59) suggests
that||R(z)||2 can be large when is in a big region surrounding, in the highly
non-normal case.

PROBLEMS

P-3.1 If P is a projector ontal/ along S then P™ is a projector ontaS* along M.
[Hint: see proof of Propositian 3.1].

P-3.2 Show that for two orthogonal basgs, V- of the same subspadéd of C" we have
ViVifle = VaVif'z Va.

P-3.3 What are the eigenvalues of a projector? What about its eigenvectors?

P-3.4 Let P be aprojector an®f’ = [v1, vz, - -, vn] abasis oRan(P). Why does there
always exist a basi¥’ = w1, ws, - - - ,wy,] of L = Null(P)* such that the two sets form
a biorthogonal basis? In general given two subspa¢eand.S of the same dimensiom,
is there always a biorthogonal pair W such thafi” is a basis of\/ andWW a basis 0fS?

P-3.5 Let P be a projector} = [v1,v2,- - ,vn,] @ basis oRan(P), andU a matrix the
columns of which form a basis @full(P). Show that the systeril, V forms a basis of
C". What is the matrix representation Bfwith respect to this basis?

P-3.6 Show that if two projector$’ and P, commute then their produét = P P; is a
projector. What are the range and null spac8f

P-3.7 Consider the matrix seen in Example[3.6. We perturb the tggmo —25.01. Give
an estimate in the changes of the eigenvalues of the matrix. Use any FORTRAN library or
interactive tool to compute the eigenvectors/ eigenvalues of the perturbed matrix.

P-3.8 Let

0(X,Y)=  max dist(u,Y).
@ € X,|lzlla=1

Show that
w(Ml,Mg) = max{&(Ml,Mg),é(Mg,Ml)} .

P-3.9 Given two subspaces8/ and .S with two orthogonal base¥” and W show that
the singular values oF TV are between zero and one. The canonical angles between
M and S are defined as the acutes angles whose cosines are the singularoyalees
cos0; = o;(VFW). The angles are labeled in descending order. Show that this definition
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does not depend on the order of the pair S (in other words that the singular values of
WHV are identical with those of 7 ).

P-3.10 Show that the largest canonical angle between two subspaces (see previous prob-
lem) is /2 iff the intersection of\/ and the orthogonal of is not reduced tg0}.

P-3.11 Let P, P, be two orthogonal projectors with rang#&$, and M, respectively of

the same dimensiom < n/2 and letV;,: = 1,2 be an orthogonal basis éf;,: = 1, 2.
Assuming at first that the the columns of the sys{ém V%] are linearly independent what

is the matrix representation of the projec®r — P> with respect to the basis obtained

by completingVi, V4 into a basis ofC"? Deduce that the eigenvalues Bf — P> are

=+ sin 0;,where thed;’s are the canonical angles betwe&kh and M, as defined in the
previous problems. How can one generalize this result to the case where the columns of
[Vi, V2] are not linearly independent?

P-3.12 Use the previous result to show that
w(Mi, M) = sin Opqs

wheref,.... is the largest canonical angle between the two subspaces.
P-3.13 Prove the second equality in equatipn (3.33) of the proof of Theorem 3.10.

P-3.14 Let E = zp™ + yq¢™ wherez L y andp L ¢. What is the 2-norm of? [Hint:
ComputeE E and then find the singular values bf]

P-3.15 Show that the condition number of a simple eigenvalud a matrix A does not
change ifA is transformed by an orthogonal similarity transformation. Is this true for any
similarity transformation? What can be said of the condition number of the corresponding
eigenvector?

P-3.16 Consider the matrix obtained from that of example 3.7 in which the elements
above the diagonal are replaced-by, wherea is a constant. Find bounds similar to those
in Example 3.7 for the condition number of the eigenvalyef this matrix.

P-3.17 Under the same assumptions as those of Theorem 3.6, establish the improved error

Ir]l3 — €

sinf(a,u) < 2o

in whiche = |A — A|. [Hint: Follow proof of theorerh 3.6]

NOTES AND REFERENCES Some of the material in this chapter is based on [105] and [22]. A broader
and more detailed view of perturbation analysis for matrix problems is the recent book by Stewart
and Sun([205]. The treatment of the equivalence between the projectors as defined from the Jordan
canonical form and the one defined from the Dunford integral does not seem to have been discussed
earlier in the literature. The results of Section 3.2.3 are simpler versions of those found in [101],
which should be consulted for more detail. The notion of condition number for eigenvalue problems
is discussed in detail in Wilkinson [222] who seems to be at the origin of the notion of condition
numbers for eigenvalues and eigenvectors. The notion of pseudo-spectra and pseudo-eigenvalues has
been known for some time in the Russian litterature, see for example, references in the book by S.
Godunov [76], where they are termegectral portraits They were promoted as a tool to replace

the common spectra in practical applications in a number of papers by Trefethen au co-workers, see
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e.g.,[211} 212, 214]. Kato in his seminal treatise [105], also refers to pseudo-eigenvalues and pseudo-
eigenvectors but these are defined only in the context of sequences of opetatofie pairwy., zx

such that(Ax — zil)ukll2 = eg, with lime;, = 0 is termed a sequence of pseudo-eigenvalue /
pseudo-eigenvector pair. |
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THE TOOLS OF SPECTRAL
APPROXIMATION

Many of the algorithms used to approximate spectra of large matrices consist of a
blend of a few basic mathematical or algorithmic tools, such as projection methods,
Chebyshev acceleration, deflation, shift-and-invert strategies, to name just a few. We
have grouped together these tools and techniques in this chapter. We start with some
background on well-known procedures based on single vector iterations. These have
historically provided the starting point of many of the more powerful methods. Once
an eigenvalue-eigenvector pair is computed by one of the single vector iterations, it
is often desired to extract another pair. This is done with the help of a standard
technique known as deflation which we discuss in some detail. Finally, we will present
the common projection techniques which constitute perhaps the most important of
the basic techniques used in approximating eigenvalues and eigenvectors.

4.1 Single Vector lterations

One of the oldest techniques for solving eigenvalue problems is the so-called
power method. Simply described this method consists of generating the sequence
of vectorsA*v, wherew, is some nonzero initial vector. A few variants of the
power method have been developed which consist of iterating with a few sim-
ple functions ofA. These methods involve a single sequence of vectors and we
describe some of them in this section.

4.1.1 The Power Method

The simplest of the single vector iteration techniques consists of generating the
sequence of vectord*v, wherev, is some nonzero initial vector. This se-
guence of vectors when normalized appropriately, and under reasonably mild con-
ditions, converges to a dominant eigenvector, i.e., an eigenvector associated with
the eigenvalue of largest modulus. The most commonly used normalization is to
ensure that the largest component of the current iterate is equal to one. This yields
the following algorithm.

85
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ALGORITHM 4.1 (The Power Method.)

e 1. Start: Choose a nonzero initial vectos.
e 2. lterate:fork = 1,2, ... until convergence, compute

1
v = —Avp_1
ay
where«y, is a component of the vectotv,_, which has the maximum
modulus.

The following theorem establishes a convergence result for the above algo-
rithm.

Theorem 4.1 Assume that there is one and only one eigenvaluef A of largest
modulus and that; is semi-simple. Then either the initial vectgrhas no com-
ponent in the invariant subspace associated withor the sequence of vectors
generated by Algorithm 4.1 converges to an eigenvector associatec wihd
aj converges to\;.

Proof. Clearly, v, is nothing but the vectod*v, normalized by a certain scalar
&y, in such a way that its largest component is unity. Let us decompose the initial
vectorvg as

P
Vo = Z PiUO (41)
i=1

where theP;’s are the spectral projectors associated with the distinct eigenvalues
Xi,i = 1,...,p. Recall from|(1.23) of Chapter 1, thatP, = P;(\;P;, + D;)
where D; is a nilpotent of indexX;, and more generally, by induction we have
AP, = Pi(\;P; + D;)*. As a result we obtain,

— oTkAk Z Py = zp: A* Py = o zp: Py(\I + Dy)Fv

i=1 i=1 i=1

Hence, noting thab, = 0 because\, is semi-simple,

p

vp = P;(\P; + D;)
- vo + ZP AiP; + Di)*v
- éék- 1 0 0
AT k
= 2L P+ Z —k(AiPz- + Dy)* Py . (4.2)
Qaf o )\1

The spectral radius of each operatdrP;+D;)/ A1 is less than one sind&; /\1| <
1 and therefore, it&-th power will converge to zero. IP,vy = 0 the theorem is
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true. Assume thaP vy # 0. Then it follows immediately from (4.2) that, con-
verges taP; vy hormalized so that its largest component is one. Ghatonverges
to the eigenvalug\; is an immediate consequence of the relation | = ajvy
and the fact the sequence of vectogonverges. |

The proof suggests that the convergence factor of the meshgiden by

PD = M
A1

where )\, is the second largest eigenvalue in modulus. This ratio represents the
spectral radius of the linear operatéer restricted to the subspace that excludes
the invariant subspace associated with the dominant eigenvalue. It is a common
situation that the eigenvalues and )\, are very close from one another. As a
result convergence may be extremely slow.

Example 4.1. Consider the Markov Chain matrix Mark(10) which has been
described in Chapter 2. This is a matrix of size= 55 which has two dominant
eigenvalues of equal modulus namely= 1 and\ = —1. Asiis to be expected the
power method applied directly té does not converge. To obtain convergence we
can for example consider the matfix A whose eigenvalues are thosed$hifted

to the right by one. The eigenvalue= 1 is then transformed into the eigenvalue

A = 2 which now becomes the (only) dominant eigenvalue. The algorithm then
converges and the convergence history is shown in Table 4.1. In the first column
of the table we show the iteration number. The results are shown only every 20
steps and at the very last step when convergence has taken place. The second
column shows the 2-norm of the difference between two successive iterates, i.e.,
||zi+1 — z;]|2 at terationi, while the third column shows the residual nojhz —
w(x)z||2, in which u(z) is the Rayleigh quotient of andx is normalized to have

a 2-norm unity. The algorithm is stopped as soon at the 2-norm of the difference
between two successive iterates becomes lessethanl0~7. Finally, the last
column shows the corresponding eigenvalue estimates. Note that what is shown is
simply the coefficienty;, shifted by—1 to get an approximation to the eigenvalue

of Mark(10) instead ofMark(10) 4+ I. The initial vector in the iteration is the
vectorzy = (1,1,...,1)7T. O

If the eigenvalue is multiple, but semi-simple, then the athm provides
only one eigenvalue and a corresponding eigenvector. A more serious difficulty
is that the algorithm will not converge if the dominant eigenvalue is complex and
the original matrix as well as the initial vector are real. This is because for real
matrices the complex eigenvalues come in complex pairs and as result there will
be (at least) two distinct eigenvalues that will have the largest modulus in the
spectrum. Then the theorem will not guarantee convergence. There are remedies
to all these difficulties and some of these will be examined later.
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Iteration | Norm of diff. | Res. norm| Eigenvalue
20 0.639D-01| 0.276D-01| 1.02591636
40 0.129D-01| 0.513D-02| 1.00680780
60 0.192D-02| 0.808D-03| 1.00102145
80 0.280D-03| 0.121D-03| 1.00014720
100 0.400D-04| 0.174D-04| 1.00002078
120 0.562D-05| 0.247D-05| 1.00000289
140 0.781D-06| 0.344D-06| 1.00000040
161 0.973D-07| 0.430D-07| 1.00000005

Table 4.1: Power iteration witd = Mark(10) + I.

4.1.2 The Shifted Power Method

In Exampl€ 4.1 we have been lead to use the power method not on the original
matrix but on theshiftedmatrix A + I. One observation is that we could also
have iterated with a matrix of the forf(c) = A + oI for any positivesr and the
choices = 1 is a rather arbitrary choice. There are better choices of the shift as
is suggested by the following example.

Example 4.2. Consider the same matrix as in the previous example, in which
the shifto is replaced by = 0.1. The new convergence history is shown in

Tablg 4.1, and indicates a much faster convergence than before. |
Iteration | Norm of diff. | Res. Norm| Eigenvalue
20 0.273D-01| 0.794D-02| 1.00524001
40 0.729D-03| 0.210D-03| 1.00016755
60 0.183D-04| 0.509D-05| 1.00000446
80 0.437D-06| 0.118D-06| 1.00000011
88 0.971D-07| 0.261D-07| 1.00000002

Table 4.1 Power iteration on A = Mark(10) + 0.1 x I.

More generally, when the eigenvalues are real it is not too difficult to find
the optimal value ob, i.e., the shift that maximizes the asymptotic convergence
rate, see Problem P-4.5. The scalarare calledshifts of origin. The important
property that is used is that shifting does not alter the eigenvectors and that it does
change the eigenvalues in a simple known way, it shifts them. by

4.1.3

The inverse power method, or inverse iteration, consists simply of iterating with
the matrixA~—! instead of the original matrix. In other words, the general iterate

Inverse lteration
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vy, is defined by

Vg = LA_l’l)k,l . 4.3)
oy

Fortunately it is not necessary to compute the matri¥ explicitly as this could
be rather expensive for large problems. Instead, all that is needed is to carry out
the LU factorization ofA prior to starting the vector iteration itself. Subsequently,
one must solve an upper and lower triangular system at each step. Thewector
will now converge to the eigenvector associated with the dominant eigenvalue of
A=, Since the eigenvalues of and A~! are the inverses of each other while
their eigenvectors are identical, the iterates will converges to the eigenvector of
A associated with the eigenvalue of smallest modulus. This may or may not be
what is desired but in practice the method is often combined with shifts of origin.
Indeed, a more common problem in practice is to compute the eigenvaldie of
that is closest to a certain scalarand the corresponding eigenvector. This is
achieved by iterating with the matrixd — o7)~*. Often,o is referred to as the
shift. The corresponding algorithm is as follows.

ALGORITHM 4.2 : Inverse Power Method

1. Start: Compute the LU decompositioh— oI = LU and choose an initial
vectorvg.

2. lterate: fork = 1,2, ..., until convergence compute

1 1
vp=—(A—-ol) oy = —U L7y (4.4)
Qg Qg
whereay, is a component of the vect¢rd — oI)~v,_; which has the
maximum modulus.

Note that each of the computationsyof= L~!v,,_; and therv = U 'y can
be performed by a forward and a backward triangular system solve, each of which
costs onlyO(n?/2) operations when the matrix is dense. The factorization in step
1is much more expensive whether the matrix is dense or sparse.

If A1 is the eigenvalue closest tothen the eigenvalue of largest modulus
of (A — oI)~! will be 1/(\; — o) and soa;, will converge to this value. An
important consideration that makes Algorithm/4.2 quite attractive is its potentially
high convergence rate. Nj is the eigenvalue ofl closest to the shiit and )\, is
the next closet one then the convergence factor is given by

o |)\1—0'|

~ e ol (4-5)

PI
which indicates that the convergence can be very fasti§f much closer to the
desired eigenvalug; than it is toX,.

From the above observations, one can think of changing thesshiftasion-
ally into a value that is known to be a better approximation;othan the previous
o. For example, one can replace occasionallyy the estimated eigenvalue df
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that is derived from the information that. converges td /(A — o), i.e., we can
take 1

Onew = Oold T 047
k

Strategies of this sort are often referred to as shift-and-invert techniques.

Another possibility, which may be very efficient in the Hermitian case, is to
take the new shift to be the Rayleigh quotient of the latest approximate eigenvector
vi. One must remember however, that the LU factorization is expensive so it is
desirable to keep such shift changes to a minimum. At one extreme where the
shift is never changed, we obtain the simple inverse power method represented by
Algorithm|4.2. At the other extreme, one can also change the shift at every step.
The algorithm corresponding to this case is called Rayleigh Quotient Iteration
(RQI) and has been extensively studied for Hermitian matrices.

ALGORITHM 4.3 Rayleigh Quotient Iteration

1. Start: Choose an initial vectar, such that|vy||2 = 1.

2. lterate: fork = 1,2, ..., until convergence compute
or = (Avk_1,vk-1),
1 _
v = —(A—orl) tog_y,
Qg

whereay, is chosen so that the 2-norm of the veatgiis one.

It is known that this process is globally convergent for Hermitian matrices, in
the sense that; converges and the vectoy, either converges to an eigenvector
or alternates between two eigenvectors. Moreover, in the firsticasenverges
cubically towards an eigenvalue, see Parlett [148]. In the case wheszillates,
between two eigenvectors, thef converges towards the mid-point of the corre-
sponding eigenvalues. In the non-Hermitian case, the convergence can be at most
guadratic and there are no known global convergence results except in the normal
case. This algorithm is not much used in practice despite these nice properties,
because of the high cost of the frequent factorizations.

4.2 Deflation Techniques

Suppose that we have computed the eigenvaluef largest modulus and its cor-
responding eigenvectar; by some simple algorithm, say algorithm (A), which
always delivers the eigenvalue of largest modulus of the input matrix, along with
an eigenvector. For example, algorithm (A) can simply be one of the single vector
iterations described in the previous section. It is assumed that the vgcter
normalized so thafu, ||» = 1. The problem is to compute the next eigenvalye

of A. An old technique for achieving this is what is commonly called a deflation
procedure. Typically, a rank one modification is applied to the original matrix so
as to displace the eigenvalue, while keeping all other eigenvalues unchanged.
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The rank one modification is chosen so that the eigenvajueecomes the one
with largest modulus of the modified matrix and therefore, algorithm (A) can now
be applied to the new matrix to extract the pait us.

4.2.1 Wielandt Deflation with One Vector

In the general procedure known as Wielandt’s deflation only the knowledge of the
right eigenvector is required. The deflated matrix is of the form

A1 = A-— aulvH (46)

wherewv is an arbitrary vector such thatu; = 1, ando is an appropriate shift.
It can be shown that the eigenvaluesAyf are the same as those 4fexcept for
the eigenvalue\; which is transformed into the eigenvalde — o.

Theorem 4.2 (Wielandt) The spectrum afl; as defined by (4.6) is given by
A(Al) = {)\1 — 0, )\2, )\3, ey )‘p} .

Proof. Fori # 1 the left eigenvectors ofl satisfy
(AH - 5”“{{)% = A\jw;

becausew; is orthogonal tau;. On the other hand far = 1, we haveAd u, =
()\1 — J)ul. l:[

The above proof reveals that the left eigenvectoss. . ., w, are preserved
by the deflation process. Similarly, the right eigenvectors preserved. It is also
important to see what becomes of the other right eigenvectors. Foi eaelseek
a right eigenvector ofl; in the form ofa; = u; — v;u;. We have,

A, = (A-— aulvH)(ui — Yiuy)
= Nw — [vid + oo — ovlug. 4.7)

Taking~y; = 0 shows, as is already indicated by the proposition, that any eigen-
vector associated with the eigenvalueremains an eigenvector df;, associated
with the eigenvalueé\; — o. Fori # 1, itis possible to select; so that the vector

u; IS an eigenvector afi; associated with the eigenvalig,

’UH’LLZ'

i) = 77 n— )/

Observe that the above expression is not defined when the denominator vanishes.
However, it is known in this case that the eigenvalye= \; — o is already an
eigenvalue ofd4, i.e., the eigenvalug; — o becomes multiple, and we only know
one eigenvector namety; .

There are infinitely many different ways of choosing the vectddne of the
most common choices is to take= w; the left eigenvector. This is referred to as

(4.8)
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Hotelling’s deflation. It has the advantage of . preserving both the left and right
eigenvectors ofd as is seen from the fact that = 0 in this situation. Another
simple choice is to take = u;. In the next section we will consider these different
possibilities and try to make a rational choice between them.

Example 4.3. As a test we consider again the matrix Mark(10) seen is Exam-
ple(4.1. Foru; we use the vector computed from the shifted power method with
shift 0.1. If we takev to be a random vector ang, to be a random vector, then
the algorithm converges in 135 steps and yielgdss 0.93715016. The stopping
criterion is identical with the one used in Examplel4.1. If we take- u; or
v=(1,1,...,1)T, then the algorithm converges in 127 steps. O

4.2.2 Optimality in Wieldant’s Deflation

An interesting question that we wish to answer is: among all the possible choices
of v, which one is likely to yield the best possible condition number for the next
eigenvalue\, to be computed? This is certainly a desirable goal in practice. We
will distinguish the eigenvalues and eigenvectors associated with the magtrix
from those ofA by denoting them with a tilde. The condition number of the next
eigenvalue\, to be computed is, by definition,

Cont(5 = Ll

whereii,, w, are the right and left eigenvectors 4f associated with the eigen-
value \,. From what we have seen before, we know that= wy while uy =
uz — y2(v)u; whereys(v) is given by|(4.8). Assuming thdltos||2 = 1 we get,

luz — v2(v)u1ll2

Cond(\2) = (a2 ws)|

(4.9)

where we have used the fact thfat , w2) = 0. It is then clear from (4.9) that the
condition number of\5 is minimized whenever

Y2 (v) = uuy = cos O(uy, us) . (4.10)

Substituting this result in (4.8) we obtain the equivalent condition

AL — A
vuy = (1— ! 2) uluy (4.11)
ag

to which we add the normalization condition,
vuy = 1. (4.12)

There are still infinitely many vectors that satisfy the above two conditions.
However, we can seek a vectowhich is spanned by two specific vectors. There
are two natural possibilities; we can either take the span of u;,w) or in the
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span of(u1,us). The second choice does not seem natural since the eigenvector
uy IS not assumed to be known; it is precisely what we are trying to compute.
However, it will illustrate an interesting point, namely that the chaice- u;
may be nearly optimal in realistic situations. Thus, we will now consider the case
v € span{uy,us}. The other interesting case, namely: span{uy,ws }, is left
as an exercise, see Exercise[P-4.3.

We can writev asv = auy + Sz in which z is obtained by orthonormalizing
uy againstuy, i.e.,z = 2/||2|l2, 2 = uz — ufusu,. From (4.12) we immediately
geta = 1 and from|(4.11) we obtain

_)\1 — )\2 U{JUQ

8=

o 2Hoys
which leads to the expression for the optimal

A1 — A2

Uopt = U1 — cotan 0(uy,u9)z . (4.13)
We also get that ~
Cond(A2) = Cond(A2) sin O(uy, uz) . (4.14)

Interestingly enough, whef\, — A1) is small with respect te- or whend is close
to /2, the choicev = u, is nearly optimal.

This particular choice has an interesting additional propétfyreserves the
Schur vectors.

Proposition 4.1 Let u; be an eigenvector oft of norm 1, associated with the
eigenvalue\; and letd; = A — ouyuil. Then the eigenvalues df, are \; =

A1 —oand); = \;,j =2,3...,n. Moreover, the Schur vectors associated with
Aj,7 =1,2,3...,n are identical with those of.

Proof. Let AU = U R be the Schur factorization of, whereR is upper triangular
andU is orthonormal. Then we have

AU = [A = cuu U = UR — ouell = U[R — gejel’].

The result follows immediately. O

Example 4.4. We take again as a test example the malfixrk(10) seen is
Example 4.1 and Example 4.3. We use the approximate eigenvegtamsd vy

as computed from Example 4.3. We then compute the left eigenvéstasing
again the power method on the deflated and transposed mdtrix ocuf’v. This
is done fpur times: first with = w; = (1,1, ...,1)7, thenv = uy,

U= (17 _1a 17 _17 17 LR (_l)n)Tv

and finallyv = a random vector. The condition numbers obtained for the second
eigenvalue for each of these choices are shown in Table 4.2. See Problem P-4.7
for additional facts concerning this example.
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v ‘ Cond(A2)
w1 1.85153958
Uy 1.85153958

(1,-1,...)T | 9.87049400
Random 2.27251031

Table 4.2 Condition numbers of the second eigenvalue for dif-
ferent v’s.

As is observed here the best condition numbers are obtained for the first two
choices. Note that the vectot, 1,...,1) is a left eigenvector associated with
the eigenvalue\;. Surprisingly, these best two condition numbers are equal. In
fact computing the inner product of andu, we find that it is zero, a result that
is probably due to the symmetries in the physical problem. The relation (4.14)
indicates that in this situation the two condition numbers are equal to the condition
number for the undeflated matrix. O

4.2.3 Deflation with Several Vectors.

Letqgi, ¢, . .. q; be asetof Schur vectors associated with the eigenvalues, . . . A;.
We denote by ; the matrix of column vectorg, -, . . . g;. Thus,

Q] = [q17QQ7"'7qj]

is an orthonormal matrix whose columns form a basis of the eigenspace associ-
ated with the eigenvalues;, Az, ... ;. We do not assume here that these eigen-
values are real, so the matiiX; may be complex. An immediate generalization

of Proposition 4.1 is the following.

Proposition 4.2 Let>; be thej x j diagonal matrix
Ej = dlag (0'1, T2, ... O'j),

and@; ann x j orthogonal matrix consisting of the Schur vectorslaissociated
with A, ..., A;. Then the eigenvalues of the matrix

Aj = A — QJZJQJH,
are\; = \; — o, fori < j and \; = \; for i>4. Moreover, its associated Schur
vectors are identical with those df.
Proof. Let AU = U R be the Schur factorization of. We have
AU = [A-Q;5;QY U =UR - Q;%;EY,
whereE; = [e1, ez, .. .€;]. Hence
A;U = U[R - E;%;E/]

and the result follows. |



TOOLS OF SPECTRALAPPROXIMATION 95

Clearly, it is not necessary tha; be a diagonal matrix. We can for example
select it to be a triangular matrix. However, it is not clear how to select the non-
diagonal entries in such a situation. An alternative technique for deflating with
several Schur vectors is described in Exercisd P-4.6.

4.2.4 Partial Schur Decomposition.

It is interesting to observe that the preservation of the Schur vectors is analogous
to the preservation of the eigenvectors under Hotelling’s deflation in the Hermitian
case. The previous proposition suggests a simple incremental deflation procedure
consisting of building the matrig); one column at a time. Thus, at thih step,
once the eigenvectar;, of A; is computed by the appropriate algorithm (A) we
can orthonormalize it against all previoyss to get the next Schur vectas
which will be appended tg; to form the new deflation matri; . Itis a simple
exercise to show that the vecigy,; thus computed is a Schur vector associated
with the eigenvalue\;; and therefore at every stage of the process we have the
desired decomposition

AQ; = Q;Ry, (4.15)

whereR; is somej x j upper triangular matrix.
More precisely we may consider the following algorithm, in which the suc-
cessive shiftg; are chosen so that for example= \;.

ALGORITHM 4.4 Schur Wielandt Deflation
Fori=0,1,2,...,5 —1do:

1. DefineA; = A;—1 — o,_1qi—1q, (initially define A, = A) and compute
the dominant eigenvalug of A; and the corresponding eigenveciQr

2. Orthonormalizei; againstyy, qs, . . . , q;—1 to get the vectog; .

With the above implementation, we may have to perform most of the compu-
tation in complex arithmetic even whehis real. Fortunately, when the matrik
is real, this can be avoided. In this case the Schur form is traditionally replaced
by the quasi-Schur form, in which one still seeks for the factorization (4.2) but
simply requires that the matrik;, be quasi-triangular, i.e. one allows frx 2
diagonal blocks. In practice, X;; is complex, most algorithms do not compute
the complex eigenvectay;; directly but rather deliver its real and imaginary
partsyr, yr separately. Thus, the two eigenvectggs+ iy; associated with the
complex pair of conjugate eigenvaluks, 1, Aj > = A; 41 are obtained at once.

Thinking in terms of bases of the invariant subspace instead of eigenvectors,
we observe that the real and imaginary parts of the eigenvector generate the same
subspace as the two conjugate eigenvectors and therefore we can work with these
two real vectors instead of the (complex) eigenvectors. Hence if a complex pair
occurs, all we have to do is orthogonalize the two vecigrg/; against all previ-
ousg;’s and pursue the algorithm in the same way. The only difference is that the
size of(); increases by two instead of just one in these instances.
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4.2.5 Practical Deflation Procedures

To summarize, among all the possible deflation procedures we can use to compute
the next pair\s, uo, the following ones are the most useful in practice.

1. v = wy the left eigenvector. This has the disadvantage of requiring the left
and right eigenvector. On the other hand both right and left eigenvectors of
A; are preserved.

2. v = u; which is often nearly optimal and preserves the Schur vectors.

3. Use a block of Schur vectors instead of a single vector.

From the point of view of the implementation an important consideration is
that we never need to form the mateily explicitly. This is important because in
generalA; will be a full matrix. In many algorithms for eigenvalue calculations,
the only operation that is required is an operation of the fgoree= A,x. This
operation can be performed as follows:

1. Compute the vectay := Az;
2. Compute the scalar= o v «;
3. Computey :=y —t uy.

The above procedure requires only that the vecigrandv be kept in memory
along with the matrixA. It is possible to deflatel; again intoA, , and then into
Aj etc. At each step of the process we have

H

P -

Ai = Ai—l — O'ﬂﬂ}

Here one only needs to save the vectorandv,; along with the matrix4. How-

ever, one should be careful about the usage of deflation in general. It should not
be used to compute more than a few eigenvalues and eigenvcectors. This is espe-
cially true in the non Hermitian case because of the fact that the magnixill
accumulate errors from all previous computations and this could be disastrous if
the currently computed eigenvalue is poorly conditioned.

4.3 General Projection Methods

Most eigenvalue algorithms employ in one way or another a projection technique.
The projection process can be the body of the method itself or it might simply
be used within a more complex algorithm to enhance its efficiency. A simple
illustration of the necessity of resorting to a projection technique is when one uses
the power method in the situation when the dominant eigenvalue is complex but
the matrixA is real. Although the usual sequencg; = a;Az; wherea; is a
normalizing factor, does not converge a simple analysis shows that the subspace
spanned by the last two iterates, ;, z; will contain converging approximations
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to the complex pair of eigenvectors. A simple projection technique onto those
vectors will extract the desired eigenvalues and eigenvectors, see Exerdise P-4.2
for details.

A projection method consists of approximating the exact eigenvectby
a vectora belonging to some subspakeéreferred to as the subspace of approx-
imants or the right subspace, by imposing the so-called Petrov-Galerkin method
that the residual vector af be orthogonal to some subspafereferred to as
the left subspace. There are two broad classes of projection methods: orthogonal
projection methods and oblique projection methods. In an orthogonal projection
technique the subspagkis the same ak’. In an oblique projection methofd is
different from/C and can be totally unrelated to it.

Not surprisingly, if no vector of the subspaéecomes close to the exact
eigenvecton, then it is impossible to get a good approximati@omo v from K
and therefore the approximation obtained by any projection process bagéd on
will be poor. If, on the other hand, there is some vectoKiwhich is at a small
distancee from u then the question is: what accuracy can we expect to obtain?
The purpose of this section is to try to answer this question.

4.3.1 Orthogonal Projection Methods

Let A be amn xn complex matrix andC be anm-dimensional subspace &f*. As

a notational convention we will denote by the same symbthe matrix and the
linear application inC™ that it represents. We consider the eigenvalue problem:
find v belonging toC™ and A belonging taC such that

Au = Au. (4.16)

An orthogonal projection technique onto the subspéicgeeks an approxi-
mate eigenpail,  to the above problem, with in C and in K, such that the
following Galerkin condition is satisfied:

Ai— i LK, (4.17)
or, equivalently, ~
(Aa — Mu,v) = 0, YveK. (4.18)
Assume that some orthonormal basis, v, . .., v, } of K is available and
denote byV the matrix with column vectors,, vo, ..., v,,. Then we can solve

the approximate problem numerically by translating it into this basis. Letting
= Vy, (4.19)
equation[(4.19) becomes
(AVy—S\Vy,vj) =0, j=1,....m
Thereforey and\ must satisfy

By = \y (4.20)
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with

B, = VHAV.
If we denote byA,,, the linear transformation of rank defined byA,, = P, AP,
then we observe that the restriction of this operator to the subspaseepre-
sented by the matrix3,, with respect to the basig. The following is a pro-

cedure for computing numerically the Galerkin approximations to the eigenval-
ues/eigenvectors of known as the Rayleigh-Ritz procedure.

ALGORITHM 4.5 Rayleigh-Ritz Procedure:

1. Compute an orthonormal badis; };—,
[Ul, V2,. .. ,’Um].

2. ComputeB,, = VI AV;

m Of the subspack. LetV =

.

3. Compute the eigenvalues &, and select thé: desired ones\;,i =
1,2,...,k, wherek < m.

4. Compute the eigenvectoysi = 1, ..., k, of B, associated With;, i =
1,...,k, and the corresponding approximate eigenvectors,af; = Vy;,
i=1,... k.

The above process only requires basic linear algebra computations. The numeri-
cal solution of then x m eigenvalue problem in steps 3 and 4 can be treated by
standard library subroutines such as those in EISPACK. Another important note
is that in step 4 one can replace eigenvectors by Schur vectors to get approximate
Schur vectors:; instead of approximate eigenvectors. Schur vegipesin be ob-
tained in a numerically stable way and, in general, eigenvectors are more sensitive
to rounding errors than are Schur vectors.

We can reformulate orthogonal projection methods in terms of projection op-
erators as follows. Definin@,. to be the orthogonal projector onto the subspace
KC, then the Galerkin condition (4.17) can be rewritten as

Po(Ai— i) =0, €C,ack

or, ~ ~
P Ai=Xi, \eC,aek. (4.21)

Note that we have replaced the original problem (4.16) by an eigenvalue problem
for the linear transformatio® A which is from to K. Another formulation
of the above equation is

P AP =i, \eC, iecC" (4.22)
which involves the natural extension

Ay, =P AP,
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of the linear operaton;,, = P, A to the whole space. In addition to the eigen-
values and eigenvectors af , A, has zero as a trivial eigenvalue with every
vector of the orthogonal complement/6f being an eigenvector. Equatidn (4.21)
will be referred to as the Galerkin approximate problem.

The following proposition examines what happens in the particular case when
the subspack is invariant underA.

Proposition 4.3 If K is invariant underA then every approximate eigenvalue /
(right) eigenvector pair obtained from the orthogonal projection method d&hto
is exact.

Proof. An approximate eigenpalr, @ is defined by
P (Al — \i) =

whered is a nonzero vector il and\ € C. If K is invariant underd then A
belongs taC and thereforé?, Aw = Aw. Then the above equation becomes

Ai—Ai=0,
showing that the paik, @ is exact. O

An important quantity for the convergence properties of getpn methods
is the distancé|(I — P, )ull» of the exact eigenvectar, supposed of norm 1,
from the subspack. This quantity plays a key role in the analysis of projection
methods. First, itis clear that the eigenvect@annot be well approximated from
Kif ||(I — P, )ul2 is not small because we have

@ —ullz > [[(I =P )ull.

The fundamental quantitly(/ — P, )u||» can also be interpreted as the sine of
the acute angle between the eigenveeatand the subspade€. It is also the gap
between the spadé and the linear span of. The following theorem establishes
an upper bound for the residual norm of #weacteigenpair with respect to the
approximate operatot,,,, using this angle.

Theorem 4.3 Lety = ||P.A(I — P, )|2- Then the residual norms of the pairs
A, P.uand A, u for the linear operatorA,,, satisfy respectively

[(Am = ADPeull2 < yI(1 = P )ull2 (4.23)
|(Ap, — ADull2 < VA2 +42 (T —Pe)ull2 . (4.24)
Proof. For the first inequality we use the definition 4f,, to get
[(Am = A)Peullz = [Pe(A=A)(u— (I —Pc)u)lz
= [[Pc(A=ADT = Pe)ull

P
= NPc(A=ADI =P)I = P)ull2
MU =Pe)ullz -

IN
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As for the second inequality we simply notice that
(A = Au = (A = ADPeu+ (A — AT —Pu
= (An—A)P.u—AI —Pu.

Using the previous inequality and the fact that the two vectors on the right hand
side are orthogonal to each other we get

1(Am = ADull3 = [[(Am = ADPull3 + AP = Pe)ull3
(7 + AP = P )ull3

IN

which completes the proof. |

Note thaty is bounded from above byA|>. A good approximation can
therefore be achieved by the projection method in case the dist@heeP,. )ul|-
is small, provided the approximate eigenproblem is well conditioned. Unfortu-
nately, in contrast with the Hermitian case the fact that the residual norm is small
does not in any way guarantee that the eigenpair is accurate, because of potential
difficulties related to the conditioning of the eigenvalue.

If we translate the inequality (4.23) into matrix form by expressing everything
in an orthonormal basi¥ of K, we would writeP,. = VV# and immediately
obtain

I(VEAV = ANV ully < A|(1~ VV Tl ),

which shows that can be considered as an approximate eigenvaluéjfor=
VH AV with residual of the order ofl — P,.)u. If we scale the vectoV # u to
make it of 2-norm unity, and denote the result{fpywe can rewrite the above
equality as

[T = Py )ull2
[P ull2

The above inequality gives a more explicit relation between the residual norm and
the angle between and the subspadé.

||(VHAV—)\I)yu||2 <~ = v tanf(u, K).

4.3.2 The Hermitian Case

The approximate eigenvalues computed from orthogonal projection methods in
the particular case where the matrixs Hermitian, satisfy strong optimality prop-
erties which follow from the Min-Max principle and the Courant characterization
seen in Chapter 1. These properties follow by observing {Hatz, ) is the
same agAx, x) whenz runs in the subspadé. Thus, if we label the eigenvalues
decreasingly, i.eA; > Ao > ... > \,, we have

A = max (P. AP x,x) C ax (P Az, P )
€K, z#£0 (x,x) €, z#0 (LE,I’)
(4z,)

4.25
ek a0 (z,x) (4.25)
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This is becaus® _x = « for any element iriC. Similarly, we can show that

A\, = min (Ax,x)-
we,a#0 (z,x)

More generally, we have the following result.

Proposition 4.4 Thei—th largest approximate eigenvalue of a Hermitian matrix
A, obtained from an orthogonal projection
method onto a subspaég satisfies,

< A
A; = max  min ( x,x). (4.26)
SCK  =zeSa#0 (x,x)
dim(S)=1
As an immediate consequence we obtain the following corollary.
Corollary 4.1 Fori =1,2,...,m the following inequality holds
i >N 4.27)
Proof. This is because,
5\1- = max min (Az, ) < max min (Az, ) =\ .
SCK  zeSa#0 (x,x) scct  zeSa#0 (z,x)
dim(S)=1 dim(S)=1
O

A similar argument based on the Courant characterizatiantse® the fol-
lowing theorem.

Theorem 4.4 The approximate eigenvalue and the corresponding eigenvector
u; are such that

5\1 _ ("L{ullul) —  max (AI’,CC) )
(U1,01)  z€Ka#0 (x,x)
and fori > 1:
5, = Al max (Az, z) (4.28)
(U, @;) 2€K,x7#0, (z,2)
ale=..=all jz=0

One may suspect that the general bounds seen earlier for non-Hermitian ma-
trices may be improved for the Hermitian case. This is indeed the case. We begin
by proving the following lemma.

Lemma 4.1 Let A be a Hermitian matrix and: an eigenvector ofl associated
with the eigenvalué\. Then the Rayleigh quotiept = 4 (P, u) satisfies the
inequality

I — P}c)uH% )

IK¢
A—p < A=\ (4.29)
| <1 I [P ull3
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Proof. From the equality
(A= XDPu=(A=-XN)u—(IT—=Pu)=—(A=X)IT—-P.)u
and the fact thatl is Hermitian we get,

(A= A)Pou,Pou)
PruPou) |

(A- A —Pyu, (I - Po)u)
(PICU7 ,P)Cu)

A—pl = |

The result follows from a direct application of the Cauchy-Schwarz inequality
O

Assuming as usual that the eigenvalues are labeled deaybasind letting
w1 = pa(Pouy), we can get from (4.25) that

I =Py Jua 3

0 A =X A - < A= Nl =5
K 2

A similar result can be shown for the smallest eigenvalue. We can extend this
inequality to the other eigenvalues at the price of a little complication in the equa-
tions. In what follows we will denote b@i the sum of the spectral projectors
associated with the approximate eigenvalNgs\s, ..., \;_1. For any given vec-

tor z, (I — Q;)z will be the vector obtained by orthogonalizingagainst the
firsti — 1 approximate eigenvectors. We consider a candidate vector of the form
(I- Qi)Pnui in an attempt to use an argument similar to the one for the largest
eigenvalue. This is a vector obtained by projectingonto the subspack and

then stripping it off its components in the filist- 1 approximate eigenvectors.

Lemma 4.2 LetQ; be the sum of the spectral projectors associated with the ap-
proximate eigenvalues,, Ao, ..., \;_1 and defineu; = pa(z;), where
_ (I — QZ)P,C’L%

(I — Qi) Pruill2

%

Then

1Qiwill3 + (T — P )uall3 .

INi — il <A =N |2 -
(I — Qi)Pruill3

(4.30)

Proof. To simplify notation we sett = 1/||(I — Q;)P,u;||2. Then we write,
and proceed as in the previous case to get,

INi — gl = [((A = NiD)zi, :))| = [((A = NI) (i — aug), (25 — aw;))]
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Applying the Cauchy-Schwarz inequality to the above equation, we get
Ni = il = A = NI |[2]|2s — auglf3
We can rewrite|z; — au;||3 as
o —auil3 = o®|(I - C:Qi)PKUi —uil3 )
= (I - Qi)(Peui — ui) — Qiuill3 -

Using the orthogonality of the two vectors inside the norm bars, this equality
becomes

s = awill3 = o (I = Q) (Pews — wa)llf + 1Qiusll3)
< a? (I = Poyusl3 + 1 Quuil3)
This establishes the desired result. O

The vectorz; has been constructed in such a way that it is orthogonal to all previ-
ous approximate eigenvectars, . . ., u; 1. We can therefore exploit the Courant
characterization (4.28) to prove the following result.

Theorem 4.5 Let Q; be the sum of the spectral projectors associated with the
approximate elgenvalu@sl >\2,... 2\1 1. Then the error between the i-th exact
and approximate eigenvalues and )\; is such that

. Daugl|2+ |11 — 112
0< A~ A < 4 a1l H T2 Pl
10— QPoul3

Proof. By (4.28) and the fact that; belongs tokC and is orthogonal to the first
1 — 1 approximate eigenvectors we immediately get

(4.31)

0<Ni—XNi <N — s
The result follows from the previous lemma. O

We point out that the above result is valid for= 1, provided we defin€); = 0.
The quantitie$ Q,u; |- represent the cosines of the acute angle betweand the
span of the previous approximate eigenvectors. In the ideal situation this should
be zero. In addition, we should mention that the error bound is semi-a-priori, since
it will require the knowledge of previous eigenvectors in order to get an idea of
the quantityl| Q;u]|2.

We now turn our attention to the eigenvectors.

Theorem 4.6 Lety = ||P.A(I — P, )l2, and consider any eigenvalueof A
with associated eigenvectar Let\ be the approximate eigenvalue closeshto
and ¢ the distance betweenand the set of approximate eigenvalues other than
\. Then there exists an approximate eigenveatassociated with such that

sin [0(u, w)] < 4/1+ 5—2 sin [0 (u, K)] (4.32)
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Proof.

w sin ¢

v COS @

Figure 4.1: Projections of the eigenvectoonto X and then ontai.

Let us define the two vectors
(I B P}c)u

Pou
ve DE% g = A ZPU (4.33)
[P ull2 [( = Pe)ull2

and denote by the angle between andP_u, as defined byos ¢ = ||P ul|2.
Then, clearly
U = v cos ¢ + wsin ¢,

which, upon multiplying both sides hjd — A7) leads to
(A= X)v cosp+ (A —A)w sing =0.

We now project both sides oni6, and take the norms of the resulting vector to
obtain

1P (A= XD)v|l2 cosd = |[|P(A— A)w|lz sing. (4.34)
For the-right-hand side note that
[Pe(A=ADwl2 = [[Pc(A—= AT = Plwl
= [[PcAI =P wl2 <v. (4.35)

For the left-hand-side, we decompasturther as
V=1 coSw + z sinw,

in which @ is a unit vector from the eigenspace associated withis a unit vector
in KC that is orthogonal tai, andw is the acute angle betweeranda. We then
obtain,
P(A—X)v = P.(A—N)[coswi + sinwz]
= (A= N cosw+P.(A—N)zsinw. (4.36)
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The eigenvalues of the restrictionBf (A — \I) to the orthogonal of: arel; —\,
forj =1,2,...m,and\; # A. Therefore, since is orthogonal tai, we have

[P (A= A)z||2 > 6>0. (4.37)
The two vectors in the right hand side of (4.36) are orthogonal and by (4.37),

IPe(A =Dl = |A— AP cos?w + sin?w| Py (A — ATz 3
> 5% sin®w (4.38)

To complete the proof we refer to Figlire 4.1. The projectiom ohto  is
the projection ontai of the projection ofu onto KC. Its length iscos ¢ cosw and
as a result the sine of the angldetweernu anda is given by

sin?f = 1—cos®¢ cos’w
= 1-cos’¢ (1—sin’w)
= sin®¢+sin®w cos? ¢ . (4.39)

Combining [(4.34),(4.35), (4.38) we obtain that

sinw cos ¢ < J sin ¢

1
which together with (4.39) yields the desired result. O

This is a rather remarkable result given that it is so genéradlls us among
other things that the only condition we need in order to guarantee that a projection
method will deliver a good approximation in the Hermitian case is that the angle
between the exact eigenvector and the subsjiaoe sufficiently small.

As a consequence of the above result we can establish bounds on eigenval-
ues that are somewhat simpler than those of Thepbrem 4.5. This results from the
following proposition.

Proposition 4.5 The eigenvaluea and ) in Theorem 4.6 are such that

A=A < [|A = |2 sin® 0(u, @) . (4.40)

Proof. We start with the simple observation that- A = ((A — AI)a, @). Letting
a = (u,u) = cosf(u, u) we can write

A=A=((A=X)(a—au),u) =((A—=A)(t— au),a— au)

The result follows immediatly by taking absolute values, exploiting the Cauchy-
Schwarz inequality, and observing thiat — cul|2 = sin 0(u, ). O
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4.3.3 Oblique Projection Methods

In an oblique projection method we are given two subsp#casad C and seek
an approximatior € I and an elemen of C that satisfy the Petrov-Galerkin
condition, }

(A= X)u,v) =0 YwvecL. (4.41)

The subspack will be referred to as the right subspace dhas the left subspace.

A procedure similar to the Rayleigh-Ritz procedure can be devised by again trans-
lating in matrix form the approximate eigenvectoin some basis and expressing
the Petrov-Galerkin condition (4.41). This time we will need two bases, one which
we denote by for the subspack and the other, denoted BY, for the subspace

L. We assume that these two bases are biorthogonal, i.e(zthat;) = §;;, or

Wiy =1

wherel is the identity matrix. Then, writing = V'y as before, the above Petrov-
Galerkin condition yields the same approximate problem as (4.20) except that the
matrix B,,, is now defined by

B, = WHAV.

We should however emphasize that in order for a biorthogonalpair to exist
the following additional assumption fat and/C must hold.

For any two base¥ and W of K and £ respectively,
det(WHV) £0 . (4.42)

In order to interpret the above condition in terms of operators we will define
the oblique projectoQﬁ onto K and orthogonal t&. For any given vectos: in
Cn, the vectorQ~ z is defined by

Qfzr ek

T — Qﬁx 1 L.
Note that the vectoQﬁx is uniquely defined under the assumption that no vector
of the subspacg is orthogonal toC. This fundamental assumption can be seen

to be equivalent to assumptidn (4.42). When it holds the Petrov-Galerin condition
(4.18) can be rewritten as

QL (A — i) = 0 (4.43)

or .
QfAu = M.
Thus, the eigenvalues of the matrxare approximated by those df = QﬁAm.

We can define an extensioh,, of A/, analogous to the one defined in the pre-
vious section, in many different ways. For example introduc@@ before the
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occurrences of in the above equation would lead 1, = QﬁAQﬁ. In order to
be able to utilize the distandi¢/ — P,. )ul|2 in a-priori error bounds a more useful
extension is

An = QEAP, .

With this notation, it is trivial to extend the proof of Proposition 4.3 to the
oblique projection case. In other words, wheéis invariant, then no matter which
left subspac& we choose, the oblique projection method will always extract exact
eigenpairs.

We can establish the following theorem which generalizes Thelorem 4.3 seen
for the orthogonal projection case.

Theorem 4.7 Lety = || Q% (A—AI)(I—P,)|2- Then the following two inequal-
ities hold:

|(Am = ADYPullz < A =P )ulls (4.44)
|(Am = ADulle < VIAE + 72 (2 = P Julls - (4.45)

Proof. For the firstinequality, since the vectBy. y belongs toC we haveQﬁP,C =
P and therefore

(A — X)Pu Q5 (A— A)Pu
Q5 (A= N)(Peu —u)

— QLA -P)u.

Since(I — P,.) is a projector we now have
(A = M)Peu=—Q5(A— N)(I —P)I — Py )u

Taking Euclidean norms of both sides and using the Cauchy-Schwarz inequality
we immediately obtain the first result.
For the second inequality, we write

(A = M)u = (A — M) [Peu+ (I —P,)ul
= (An —A)Pu+ (A — NI — P )u.

Noticing thatA,,, (I — P, ) = 0 this becomes
(A, = M)u= (A, = MNP u— NI —P)u.

Using the orthogonality of the two terms in the right hand side, and taking the
Euclidean norms we get the second result. O

In the particular case of orthogonal projection meth@@,is identical with
P, and we haveé| Q< ||, = 1. Moreover, the termy can then be bounded from
above by||A||2. It may seem that since we obtain very similar error bounds for
both the orthogonal and the oblique projection methods, we are likely to obtain
similar errors when we use the same subspace. This is not the case in general.
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One reason is that the scatacan no longer be bounded ljy||» since we have
|Q~ |2 > 1 and|| Q% || is unknown in general. In fact the constantan be quite
large. Another reason which was pointed out earlier is that residual norm does not
provide enough information. The approximate problem can have a much worse
condition number if non-orthogonal transformations are used, which may lead to
poorer results. This however is only based on intuition as there are no rigorous
results in this direction.

The question arises as to whether there is any need for oblique projection
methods since dealing with oblique projectors may be numerically unsafe. Meth-
ods based on oblique projectors can offer some advantages. In particular they
may allow to compute approximations to left as well as right eigenvectors simul-
taneously. There are methods based on oblique projection techniques that require
also far less storage than similar orthogonal projections methods. This will be
illustrated in Chapter 4.

4.4 Chebyshev Polynomials

Chebyshev polynomials are crucial in the study of the Lanczos algorithm and
more generally of iterative methods in numerical linear algebra, such as the conju-
gate gradient method. They are useful both in theory, when studying convergence,
and in practice, as a means of accelerating single vector iterations or projection
processes.

4.4.1 Real Chebyshev Polynomials
The Chebyshev polynomial of the first kind of degkeis defined by
Cr(t) = cos[k cos™(t)] for —1<t<1. (4.46)

That this is a polynomial with respect t@an be easily shown by induction from
the trigonometric relation

cos[(k + 1)8] + cos[(k — 1)8] = 2 cos § cos k0,

and the fact thaf’; (¢) = ¢, Cy(t) = 1. Incidentally, this also shows the important
three-term recurrence relation

Crpr(t) = 2tCH(t) — Ch_y (1) .

Itis important to extend the definition (4.46) to cases wh&re 1 which is done
with the following formula,

Cr(t) = cosh [k cosh_l(t)]7 [t] >1. (4.47)

This is readily seen by passing to complex variables and using the definition
cosf) = (e + e~%%) /2. As a result of((4.477) we can derive the expression,

C(t) = % {(t—i—\/t?—l)k—i— (t—i—\/t?—l)k} , (4.48)
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which is valid for|¢| > 1 but can also be extended to the ci$e1. As a result,
one may use the following approximation for large values of

1 k
G 2 3 (t+ Vi~ 1) for |t/ >1. (4.49)

In what follows we denote b, the set of all polynomials of degrée An
important result from approximation theory, which we state without proof, is the
following theorem.

Theorem 4.8 Let|[«, 3] be a non-empty interval iR and lety be any real scalar
such withy > 5. Then the minimum

min max t
PEP,p(v)=1 te[a,f] Ip(®)]

is reached by the polynomial

) Ck (1 + 2;3:—&)

Cr(t) = ———L .
Ch (1 + ngi)

For a proof seel[26]. The maximum @f, for ¢ in [-1,1] is 1 and as a
corollary we have

1 1
G +23D)]  (Gh2F)]

p(®)]

min max
pEPy, p(v)=1 t€[e,f]

in whichp, = (o + ()/2 is the middle of the interval. Clearly, the results can be
slightly modified to hold for the case whefe< «, i.e., wheny is to the left of
the interval.

4.4.2 Complex Chebyshev Polynomials

The standard definition given in the previous section for Chebyshev polynomi-
als of the first kind, see equation (4146), extends without difficulty to complex
variables. First, as was seen before, whereal and¢| > 1 we can use the al-
ternative definition(y(t) = cosh[k cosh™'(¢)], 1 < [|t| . More generally, one
can unify these definitions by switching to complex variables and writing

Cx(2z) = cosh(k(¢), where cosh(() =z.

Defining the variablev = ¢¢, the above formula is equivalent to

1 1
Ci(z) = 5[11)’C +w ¥ where z= 5[11) + w1 (4.50)
We will use the above definition for Chebyshev polynomial€inNote that the
equation (w + w™!) = z has two solutionsu which are inverses of each other,
and as a result the value 6% (z) does not depend on which of these solutions is
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chosen. It can be verified directly that thg’s defined by the above equations are
indeed polynomials in thevariable and that they satisfy the three term recurrence

Crt1(2) = 22C1(2) — Cr—1(2), (4.51)

with Cy(2) =1 andC4(z) = 2.

As is now explained, Chebyshev polynomials are intimately related to ellipses
in the complex plane. L&t’, be the circle of center the origin and radjusThen
the so-called Joukowski mapping

Tw) = Flw+

transformsC), into an ellipse of center the origin, foeil, 1 and major semi-axis
1p+ p~1] and minor semi-axis;|p — p~*|. This is illustrated in Figure 4.2.

J(w)

/\.\w:pem el
DA e

Figure 4.2: The Joukowski mapping transforms a circle intelipse in the com-
plex plane.

There are two circles which have the same image by the mapfging, one
with the radius and the other with the radiys *. So it suffices to consider those
circles withp > 1. Note that the casp = 1 is a degenerate case in which the
ellipse £(0, 1, —1) reduces the intervgl-1, 1] traveled through twice.

One important question we now ask is whether or not a min-max result similar
to the one of Theorem 4.8 holds for the complex case. Here the maximjgi(x §f
is taken over the ellipse boundary anis some point not enclosed by the ellipse.
A 1963 paper by Clayton [29] was generally believed for quite some time to have
established the result, at least for the special case where the ellipse has real foci
and~ is real. It was recently shown by Fischer and Freund that in fact Clayton’s
result was incorrect in general [60]. On the other hand, Chebyshev polynomials
are asymptotically optimal and in practice that is all that is needed.

To show the asymptotic optimality, we start by stating a lemma due to Zaran-
tonello, which deals with the particular case where the ellipse reduces to a circle.
This particular case is important in itself.
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Lemma 4.3 (Zarantonello) Let C(0, p) be a circle of center the origin and ra-
diusp and lety a point ofC not enclosed b¢’(0, p). Then,

k
: p
min max 2) = | — , 4.52
PEPi, p(1)=1 =€ C(0,p) Ip(=)] <7|) (452
the minimum being achieved for the polynongigl~)*.
Proof. See reference [162] for a proof. O

Note that by changing variables, shifting and rescaling thigrpmial, we
also get for any circle centered@aand for any scalay such thaty| > p,

k
min max |p(2)] :< P )
S

pEP, p(7)=1 Clewp) |y — |

We now consider the general case of an ellipse centered at the origin, with
foci 1, —1 and semi-major axig, which can be considered as mapped/byom
the circleC(0, p), with the convention thap > 1. We denote byF, such an
ellipse.

Theorem 4.9 Consider the ellipseZ, mapped fromC'(0, p) by the mapping/
and lety any point in the complex plane not enclosed by it. Then

k k —k

p .
< a
o, < pertiyr 22, P

4.53
wk - w5 | ( )

in whichw, is the dominant root of the equatiof(w) = ~.

Proof. We start by showing the second inequality. Any polynorpiaf degreek
satisfying the constraint() = 1 can be written as,

& _

ijo £7

Z?:o &y

A point z on the ellipse is transformed byfrom a certainv in C(0, p). Similarly,

let w,, be one of the two inverse transforms-oby the mapping, namely the one

with largest modulus. Them,can be rewritten as

30w/ +w)
; . — .

Zj:() &(wh +wy”)

Consider the particular polynomial obtained by setifpg= 1 and¢{; = 0 for

J# kK,

p(z) =

p(z) =

(4.54)

‘o) wk 4wk
)= ——
P w’,§+w§k
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which is a scaled Chebyshev polynomial of the first kind of degrie¢he variable

z. Itis not too difficult to see that the maximum modulus of this polynomial is
reached in particular when = pe’ is real, i.e., whenw = p. Thus,

—k

k

prtp
max [ (2)] = 2 T2
z€E, [wk 4wy

which proves the second inequality.
To prove the left inequality, we rewrite (4.54) as

% k [ -
Wy 2j=0 & (wy™ +wy™)

and take the modulus ¢f ),

ok

B 1w, | =*

k . 4
Y=o & (Wt +wh)

k K7 k—j
Ym0 &i(wy™ +wy )

The polynomial of degre@k in w inside the large modulus bars in the right-
hand-side is such that its value at, is one. By Lemma 43, the modulus of
this polynomial over the circl€(0, p) is not less tharp/|w,|)?*, i.e., for any
polynomial, satisfying the constraip{y) = 1 we have,

p(2)|

—k ok k

14 14 4
max |p(z)| > — - = -
z€ Ep || K ‘w7|2k |w7|k

This proves that the minimum over all such polynomials of the maximum modulus
on the ellipse, is > (p/|w,|)*. O

The difference between the left and right bounds in (4.53)4d0 zero a%
increases to infinity. Thus, the important point made by the theorem is that, for
largek, the Chebyshev polynomial

“(z2) = 7101@ +w where »=2"% +w
P wk + wy* 2
is close to the optimal polynomial. In other words these polynomialasymp-
totically optimal.

For a more general ellipse centered:aand with focal distancé, a simple

change of variables shows that the near-best polynomial is given by

c%(Z;C>.

We should point out that an alternative result, which is more complete, has
been proven by Fischer and Freund in [59].
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PROBLEMS

P-4.1 What are the eigenvalues and eigenvector&bf- oI) . What are all the shifts
o that will lead to a convergence towards a given eigenvaRkie

P-4.2 Consider a real nonsymmetric matrix The purpose of this exercise is to develop a
generalization of the power method that can handle the case where the dominant eigenvalue
is complex (i.e., we have a complex conjugate pair of dominant eigenvalues). Show that
by a projection process onto two successive iterates of the power method one can achieve
convergence towards the dominant pair of eigenvalues [Consider the diagonalizable case
only]. Without giving a proof, state what the rate of convergence toward the pair of complex
conjugate eigenvectors should be. Develop a simple version of a corresponding algorithm
and then a variation of the algorithm that orthonormalizes two successive iterates at every
step, i.e., starting with a vectarof 2-norm unity, the iterates are as follows,

where iz := Az, — (AToid, xold)mold .

Tnew ‘= 772 |

112

Does the orthogonalization have to be done at every step?

P-4.3 By following a development similar to that subsection 4.2, find ¢heector for

Wielandt deflation, which minimizes the condition number for, among all vectors in
the span ofu1, wi. Show again that the choiee= u; is nearly optimal wher\; — Az is

small relative tar.

P-4.4 Consider the generalized eigenvalue problém= \Bx. How can one generalize
the power method? The shifted power method? and the shift-and-invert power method?

P-4.5 Assume that all the eigenvalues of a matfare real and that one uses the shifted
power method for computing the largest, i.e., the rightmost eigenvalue of a given matrix.
What are all the admissible shifts, i.e., those that will lead to convergence toward the right-
most eigenvalue? Among all the admissible choices which one leads to the best conver-
gence rate?

P-4.6 Consider a deflation technique which would compute the eigenvalues of the matrix
A= (1-Q;Q)A

in which Q; = [q1,¢2,...,q;] are previously computed Schur vectors. What are the
eigenvalues of the deflated matti ? Show that an eigenvector df; is a Schur vector
for A. The advantage of this technique is that there is no need to selectsshifi¢hat are

the disadvantages if any?

P-4.7 Show that in example 4.4 any linear combination of the veatganduw, is in fact
optimal.

P-4.8 Nothing was said about the left eigenvector of the deflated matrix; in Sec-
tion 4.2. Assuming that the matrit is diagonalizable find an eigenvectos of A, asso-
ciated with the eigenvalug, — o. [Hint: Express the eigenvector in the basis of the left
eigenvectors ofl.] How can this be generalized to the situation whéris not diagonal-
izable?

P-4.9 Assume that the basig of the subspacé& used in an orthogonal projection pro-
cess is not orthogonal. What matrix problem do we obtain if we translate the Galerkin
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conditions using this basis. Same question for the oblique projection technique, i.e., as-
suming thatV, W does not form a bi-orthogonal pair. Ignoring the cost of the small
dimensional problems, how do the computational costs compare? What if we include the
cost of the orthonormalization (by modified Gram-Schmidt) for the approach which uses
orthogonal bases (Assuming that the basis obtained from orthonormalizing a set:af

basis vectors).

P-4.10 Let A be Hermitian and leti;, @; two Ritz eigenvectors associated with two dif-
ferent eigenvalues;, \; respectively. Show thgtda;, a;) = A;d;;.

P-4.11 Prove from the definition (4.50) that tii&,’s are indeed polynomials inand that
they satisfy the three-term recurrence (4.51).

NOTES AND REFERENCES Much of the material on projection methods presented in this chapter is
based on the papers [171, 168] and the section on deflation procedures is from [176] and some well-
known results in Wilkinson [222]. Suggested additional reading on projection methods are Chatelin
[22] and Krasnoselskii et al. [110]. A good discussion of Chebyshev polynomials in the complex
plane is given in the book by Rivlin [162]. Deflation for non Hermitian eigenvalue problems is not
that much used in the literature. | found Schur-Wielandt and related deflation procedures (based on
Schur vectors rather than eigenvectors) to be essential in the design of robust eigenvalue algorithms.
Theorem|(4.6) has been extended to the nonsymmetric case by Stewart [203]. [ |
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SUBSPACE ITERATION

Among the best known methods for solving large sparse eigenvalue problems, the
subspace iteration algorithm is undoubtedly the simplest. This method can be viewed
as a block generalization of the power method. Although the method is not com-
petitive with other projections methods to be covered in later chapters, it still is one
of the most important methods used in structural engineering. It also constitutes a
good illustration of the material covered in the previous chapter.

5.1 Simple Subspace lteration

The original version of subspace iteration was introduced by Bauer under the
name ofTreppeniteratior{staircase iteration). Bauer’'s method consists of starting
with an initial system ofn vectors forming am x m matrix Xo = [z1, ..., Zm)

and computing the matrix

X, = A X,. (5.1)

for a certain powef. If we normalized the column vectors separately in the
same manner as for the power method, then in typical cases each of these vectors
will converge to the same eigenvector associated with the dominant eigenvalue.
Thus the systenX;, will progressively loose its linear independence. The idea of
Bauer’s method is to reestablish linear independence for these vectors by a process
such as the LR or the QR factorization. Thus, if we use the more common QR
option, we get the following algorithm.

ALGORITHM 5.1 Simple Subspace Iteration
1. Start: Choose an initial system of vectaky) = [z1, ..., Tm)].
2. lterate: Until convergence do,
(a) ComputeXy, := AXy_1

(b) ComputeX;, = QR the QR factorization oX},, and setX}, := Q.

115
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This algorithm can be viewed as a direct generalization of the power method
seen in the previous Chapter. Step 2-(b) is a normalization process that is much
similar to the normalization used in the power method, and just as for the power
method there are many possible normalizations that can be used. An important
observation is that the subspace spanned by the ve&tpiis the same as that
spanned byd* X,,. Since the cost of 2-(b) can be high, it is natural to orthonor-
malize as infrequently as possible, i.e. to perform several steps at once before
performing an orthogonalization. This leads to the following modification.

ALGORITHM 5.2 Multiple Step Subspace Iteration

1. Start: Choose an initial system of vectoks = [z1,...,x,,]. Choose an
iteration parameteiter.

2. lterate: Until convergence do:

(a) ComputeZ := AT X,
(b) OrthonormalizeZ. Copy resulting matrix onti .
(c) Select a neviter.

We would like to make a few comments concerning the choice of the param-
eteriter. The bestiter will depend on the convergence rate.idér is too large
then the vectors of in 2-(a) may become nearly linear dependent and the orthog-
onalization in 2-(b) may cause some difficulties. Typically an estimation on the
speed of convergence is used to determine. Theniter is defined in such a way
that, for example, the fastest converging vector, which is the first one, will have
converged to within a certain factor, e.g., the square root of the machine epsilon,
i.e., the largest numberthat causes rounding to yield+ ¢ == 1 on a given
computer.

Under a few assumptions the column vectorsxgfwill converge “in direc-
tion” to the Schur vectors associated with thelominant eigenvalues, . .., A,,.

To formalize this peculiar notion of convergence, a form of which was seen in the
context of the power method, we will say that a sequence of veefocenverges
essentiallyto a vectorz if there exists a sequence of sigrié such that the se-
quences'% 1), converges ta.

Theorem 5.1 Let\q, ..., \,, be them dominant eigenvalues of labeled in de-
creasing order of magnitude and assume that > |\;+1],1 < @ < m. Let

Q = [q1,92, - -, qm| be the Schur vectors associated withj = 1,...,m and

P; be the spectral projector associated with the eigenvalues. ., \;. Assume
that

rank (P;[zy1, 22,...,2;]) =4, for i=1,2,...,m.

Then thei-th column ofX;, converges essentially tg, fori =1,2,--- ,m.
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Proof. Let the initial systemX,, be decomposed as
Xo = PnXo+ (I — Pp)Xo=QG + WG, (5.2)

whereW is ann x (n —m) matrix whose column vectors form some basis of the
invariant basig’ — P,,,)C™ andG, is a certain(n — m) x m matrix. We know
that there exists am x m upper triangular matrixk; and an(n —m) x (n —m)
matrix Ry such that

AQ =QR,, AW =WR,. (5.3)

The column vectors o, are obtained by orthonormalizing the systefn =
AF X,. By assumption, the system of column vectéts X, is nonsingular and
therefore(d; is nonsingular. Applying (513) we get

AFX, = AM[QG, + WGy
= QRYG, +WR5G,
= [Q+WREG,GT'RTREG,

The termE), = WR’;GQGl_lR*k tends to zero because the spectral radius of
R;'is equal tol/|\,,| while that of Ry is |\,.;1|. Hence,

AkXonl = [Q + Ey] R}
with limy_. ., E, = 0. Using the QR decomposition of the matéx+ FEy,
Q+ Ex = QWRW,

we obtain
AR XoGrt = QW RMRE,

SinceE), converges to zero, it is clear th&t*) converges to the identity matrix
while Q(*) converges taQ, and because the QR decomposition of a matrix is
unique up to scaling constants, we have established that the Q matrix in the QR
decomposition of the matrix”* X,G; ' converges essentiallyo . Notice that
the span ofA"XOG is identical with that ofX;. As a result the orthogonal
prOJectoer ontospan{ X} } will converge to the orthogonal project®,, onto
span{Q}.

In what follows we denote byX]; the matrix of the firstj vector columns
of X. To complete the proof, we need to show that each column converges to
the corresponding column vector &f. To this end we observe that the above
proof extends to the case where we consider only thejficsiumns ofX,, i.e.,
the j first columns ofX;, converge to a matrix that spans the same subspace as
[@],. In other words, if we letP; be the orthogonal projector mpan{[@]j}
andP( ) the orthogonal projector ospan{[Xy];} then we havd? ", P; for
Jj = 1,2, ...,m. The proof is now by induction. Whep = 1, we have the
obvious result that the first column df;, converges essentially tn. Assume
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that the columns 1 throughof X} converge essentially t@, ..., ¢;. Consider

the last columrzncgi)1 of [X&]i+1, which we express as

k k k k k k k
o) = P = PP, + (P - Pl
The first term in the right hand side is equal to zero because by constrm{;ﬁpn
is orthogonal to the firstcolumns of[ X]; 1. Hence,
k k k k
zz(‘-r)l = (Pz(-i-)l Py )) §+)1

K2

and by the above convergence results on the projeﬁﬁr)swe see thaPi(J’?1 —
P}k) converges to the orthogonal projector onto the span of the single vgctor
This is because

Pis1—Pi = Qi1Qly 1 — QiQ) = qipaalty -

Therefore we may write:l(f?1 = qiﬂq{frlxgi)l + € Wheree;, converges to zero.

Since the vectonr,gi)1 is of norm unity, its orthogonal projection ontg,; will
essentially converge t@ ;. O

The proof indicates that the convergence of each column wéztine cor-
responding Schur vector is governed by the convergence fegtor/\;|. In ad-
dition, we have also proved that each orthogonal proje@ﬁi? onto the firsti
columns ofX;, converges under the assumptions of the theorem.

5.2 Subspace Iteration with Projection

In the subspace iteration with projection method the column vectors obtained from
the previous algorithm are not directly used as approximations to the Schur vec-
tors. Instead they are employed in a Rayleigh-Ritz process to get better approxi-
mations. In fact as was seen before, the Rayleigh-Ritz approximations are optimal
in some sense in the Hermitian case and as a result it is sensible to use a projection
process whenever possible. This algorithm with projection is as follows.

ALGORITHM 5.3 Subspace lteration with Projection

1. Start: Choose an initial system of vectaks = [xy, . . ., x,,] @and an initial
iteration parameteiter.

2. Iterate: Until convergence do:

(a) ComputeZ = AT X .
(b) Orthonormaliz€ into Z.

(c) ComputeB3 = ZH AZ and use the QR algorithm to compute the Schur
vectorsY = [y1,...,Ym) Of B.

(d) ComputeX ., = ZY.
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(e) Test for convergence and select a new iteration pararieter

There are many implementation details which are omitted for the sake of
clarity. Note that there is another version of the algorithm which uses eigenvec-
tors instead of Schur vectors (in Step 2-(c)). These two versions are obviously
equivalent wherd is Hermitian.

Let Sy be the subspace spanned. ¥y and let us denote b the orthog-
onal projectoronto the subspacg,. Assume that the eigenvalues are ordered in
decreasing order of magnitude and that,

(Al = el = [As] -+ = [Am] > Amga| 2 - = [An]

Againu; denotes an eigenvector dfof norm unity associated with;. The spec-
tral projector associated with the invariant subspace associated\with. , A,,
will be denoted byP. We will now prove the following theorem.

Theorem 5.2 Let Sy = span{z1,x2, ..., 2z, } and assume thaty is such that
the vectors Pz; },=1.... » are linearly independent. Then for each eigenveator
of A, i = 1,...,m, there exists a unique vectey in the subspacé, such that

Ps; = u;. Moreover, the following inequality is satisfied

3

A g
17 =Pyl < s = sl (252 ) 5.4

wheree;, tends to zero ag tends to infinity.

Proof. By their assumed linear independence, the vedtars form a basis of the
invariant subspac®C™ and so the vectar;, which is a member of this subspace,
can be written as

m m
U; = anij = Panxj = Ps;.
j=1 j=1
The vectors; is such that
s; = u; +w, (5.5)

wherew = (I—P)s;. Next consider the vectgrof S, defined byy = (5-)* A¥s;.
We have from[(5.5) that

I\*
Y —u; = <)\) Arw (5.6)

Denoting byW the invariant subspace corresponding to the eigenvalygs,
..., A\n, and noticing thato is in W, we clearly have

—_— (j) Ao,
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Hence,
[Jwl|2 - (5.7)

k
1
—A
[/\z‘ W]
2
Since the eigenvalues oty are A\, 11, Ay, ..., Ay the spectral radius of
[A%A‘W] is simply|\,,.1/\;| and from Corollary 1.1 of Chapter 1, we have,

1 k
’ A

wheree;, tends to zero a8 — oo. Using the fact that

lu; —yll2 <

k
+%], (5.8)

_ )\erl
i

2

I_ y = 1 _— .
(7 = Pr)uillz = nin fly — willz

together with inequality (517) and equality (5.8) yields the desired résult (504).

We can be a little more specific about the sequep@é the theorem by using
the inequality
|B¥[l2 < ap®k", (5.9)

where B is any matrix,p its spectral radiusy the dimension of its largest Jor-
dan block, andv some constarihdependenbn k, see Exercise P-5.6 as well as
Householder’s book [91]. Without loss of generality we assumecthatl.

Initially, consider the case wheré is diagonalizable. Then = 1, and by
replacing[(5.9) in/(5.8) we observe that (5.4) simplifies into
)\erl F

I = Prjuillz < erflui = sifl2 | =

(5.10)

Still in the diagonalizable case, it is possible to get a more explicit result by ex-
panding the vectas; in the eigenbasis ofl as

n
S; = U; + Z ijj.

1=m-+1

Letting 3 = >_1 .., I¢;], we can reproduce the proof of the above theorem to

obtain
k

A
HU—PMWMSaﬁ’XH (5.11)

WhenA is not diagonalizable, then from comparihg (5.9) and|(5.8) we can bound
¢;. from above as follows:

Am
%<‘A+

(a/kE(=D/k _7)

7

which confirms that,, tends to zero ak tends to infinity.
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Finally, concerning the assumptions of the theorem, it can be easily seen that
the condition tha{ Pz, },—1,... , form an independent system of vectors is equiv-
alent to the condition that

det[UH So] # 0,

in which U is any basis of the invariant subspd@€™. This condition constitutes
a generalization of a similar condition required for the convergence of the power
method.

5.3 Practical Implementations

There are a number of implementation details that enhance the performance of the
simple methods described above. The first of these is the use of locking, a form
of deflation, which exploits the inequal convergence rates of the different eigen-
vectors. In addition, the method is rarely used without some form of acceleration.
Similarly to the power method the simplest form of acceleration, is to shift the
matrix to optimize the convergence rate for the eigenvalue being computed. How-
ever, there are more elaborate techniques which will be briefly discussed later.

5.3.1 Locking

Because of the different rates of convergence of each of the approximate eigenval-
ues computed by the subspace iteration, it is a common practice to extract them
one at a time and perform a form of deflation. Thus, as soon as the first eigenvec-
tor has converged there is no need to continue to multiply ilkip the subse-
guent iterations. Indeed we can freeze this vector and work only with the vectors
q2,---,---gm- However, we will still need to perform the subsequent orthogonal-
izations with respect to the frozen vectgrwhenever such orthogonalizations are
needed. The term used for this strategipoking. It was introduced by Jennings
and Stewart [97]. Note that acceleration techniques and other improvements to
the basic subspace iteration desribed in Section 5.3 can easily be combined with
locking.

The following algorithm describes a practical subspace iteration with defla-
tion (locking) for computing theeev dominant eigenvalues.

ALGORITHM 5.4 Subspace Iteration with Projection and Deflation

1. Start: Choose an initial system of vectaks := [xo, . . ., x| and an initial
iteration parameteiter. Setj := 1.

2. Eigenvalue loop: While j < nev do:

(a) Computg = [ql, 42, qj—1, AiterX] )
(b) Orthonormalize the column vectors6f(starting at columrj) into Z.

(c) UpdateB = Z* AZ and compute the Schur vectdfs= [y;, . .., Ym]
of B associated with the eigenvalugs . . ., \p,.
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(d) Test the eigenvalues,, ..., \,, for convergence. Lékt..,, the num-
ber of newly converged eigenvalues. Appendithe, corresponding
Schur vectors t6) = [q1, ..., gj—1] and sel := j + icony-

(e) compUtEX = Z[yja Yj+1s--- 7ym]
(f) Compute a new iteration parametétr.

Example 5.1. Consider the matrix Mark(10) described in Chapter 2 and used
in the test examples of Chapter 4. We tested a version of the algorithm just de-
scribed to compute the three dominant eigenvalues of Mark(10). In this test we
tookm = 10 and started with an initial set of vectors obtained from orthogonal-
izing v, Av, ..., A™v, in which v is a random vector. Table 5.1 shows the results.
Each horizontal line separates an outer loop of the algorithm (corresponding to
step (2) in algorithm 5.4). Thus, the algorithm starts withr = 5 and in the first
iteration (requiring 63 matrix-vector products) no new eigenvalue has converged.
We will need three more outer iterations (requiring each 113 matrix-vector prod-
ucts) to achieve convergence for the two dominant eigenvalie$. Another
outer iteration is needed to compute the third eigenvalue. Note that each projec-
tion costs 13 additional matrix by vector products, 10 for computingtimeatrix

and 3 for the residual vectors. |

Mat-vec's Re(N) Sm(A) | Res. Norm

63 | 0.1000349211D+01 0.0 0.820D-02
-0.9981891280D+00 0.0 0.953D-02
-0.9325298611D+00 0.0 0.810D-02

176 | -0.1000012613D+01 0.0 0.140D-03
0.9999994313D+00 0.0 0.668D-04
0.9371856730D+00 0.0 0.322D-03

289 | -0.1000000294D+01 0.0 0.335D-05
0.1000000164D+01 0.0 0.178D-05
0.9371499768D+00 0.0 0.177D-04

402 | -0.1000000001D+01 0.0 0.484D-07
0.1000000001D+01 0.0 0.447D-07
0.9371501017D+00 0.0 0.102D-05

495 | -0.1000000001D+01 0.0 0.482D-07
0.1000000000D+01 0.0 0.446D-07
0.9371501543D+00 0.0 0.252D-07

Table 5.1: Convergence of subspace iteration with projedto computing the
three dominant eigenvalues df= Mark(10).
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5.3.2 Linear Shifts

Similarly to the power method, there are advantages in working with the shifted
matrix A — oI instead ofA, whereo is a carefully chosen shift. In fact since the
eigenvalues are computed one at a time, the situation is very similar to that of the
power method. Thus, when the spectrum is real, and the eigenvalues are ordered
decreasingly, the best possiblés

1
g = 5()\”1,-&-1 + )\n)

which will put the middle of the unwanted part of the spectrum at the origin. Note
that when deflation is used this is independent of the eigenvalue being computed.
In addition, we note one important difference with the power method, namely
that eigenvalue estimates are now readily available. In fact, it is common practice
to takem > newv, the number of eigenvalues to be computed, in order to be
able to obtain valuable estimates dynamically. These estimates can be used in
various ways to accelerate convergence, such as when selecting shifts as indicated
above, or when using some of the more sophisticated preconditioning techniques
mentioned in the next section.

5.3.3 Preconditioning

Preconditioning is especially important for subspace iteration, since the unpre-
conditioned iteration may be unacceptably slow in some cases. Although we will
cover preconditioning in more detail in Chapter 8, we would like to mention here

the main ideas used to precondition the subspace iteration.

e Shift-and-invert. This consists of working with the matiX — o)~}
instead ofA. The eigenvalues nearwill converge fast.

e Polynomial acceleration. The standard method used is to replace the power
A®er in the usual subspace iteration algorithm by a polynomijal(A —
aI)/p] inwhichT,, is the Chebyshev polynomial of the first kind of degree
m.

With either type of preconditioning subspace iteration may be a reasonably
efficient method that has the advantage of being easy to code and understand.
Some of the methods to be seen in the next Chapter are often preferred however,
because they tend to be more economical.

PROBLEMS

P-5.1 In Bauer's original Treppeniteration, the linear independence of the vectdfsii
are preserved by performing its LU decomposition. Thus,

X =AFX X =LyUs, X:=Ly,
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in which Ly, is ann x m matrix with its uppenn x m corner being a unit lower triangular
matrix, andU}, is anm x m upper triangular matrix. Extend the main convergence theorem
of the corresponding algorithm, for this case.

P-5.2 Assume that the matrid is real and the eigenvalues,, A\.,+1 forms a complex
conjugate pair. If subspace iteration with deflation (Algorithm 5.4) is used, there will be a
difficulty when computing the last eigenvalue. Provide a few possible modifications to the
algorithm to cope with this case.

P-5.3 Write a modification of Algorithrh 5J4 which incorporates a dynamic shifting strat-
egy. Assume that the eigenvalues are real and consider both the case where the rightmost
or the leftmost eigenvalues are wanted.

P-5.4 Let A be a matrix whose eigenvalues are real and assume that the subspace iteration
algorithm (with projection) is used to compute some of the eigenvalues with largest real
parts ofA. The question addressed here is how to get the best possible iteration parameter
iter. We would like to chooséter in such a way that in the worst case, the vector&of

will loose a factor of\/e in their linear dependence, in whiehis the machine accuracy.

How can we estimate such an iteration paraméter from quantities derived from the
algorithm? You may assume that is sufficiently large compared withev (how large

should it be?).

P-5.5 Generalize the result of the previous exercise to the case where the eigenvalues are
not necessarily real.

P-5.6 Using the Jordan Canonical form, show that for any mafitjx
IB*)l2 < ap"k"t, (5.12)

wherep is the spectral radius @8, n the dimension of its largest Jordan block, ansome
constant.

P-5.7 Implement a subspace iteration with projection to compute the eigenvalues with
largest modulus of a large sparse matrix. Implement locking and linear shifts.

NOTES AND REFERENCES  An early reference on Bauer’s Treppeniteration, in addition to the
original paper by Bauer [4], is Householder's book|[91]. See also the paper by Rutishauser [167]
and by Clint and Jennings [31] as well as the book by Bathd Wilson[[3] which all specialize to
symmetric matrices. A computer code for the symmetric real case was published in Wilkinson and
Reinsch’s handbook [223] but unlike most other codes in the handbook, never became part of the
Eispack library. Later, some work was done to develop computer codes for the non-Hermitian case.
Thus, a ‘lop-sided’ version of Bauer’s treppeniteration based on orthogonal projection method rather
than oblique projection was introduced by Jennings and Stewart [96] and a computer code was also
made available [97]. However, the corresponding method did not incorporate Chebyshev acceleration,
which turned out to be so useful in the Hermitian case. Chebyshev acceleration was later incorporated
in [173] and some theory was proposed in [171]. G. W. Stewart [200, 201] initiated the idea of using
Schur vectors as opposed to eigenvectors in subspace iteration. The motivation is that Schur vectors are
easier to handle numerically. A convergence theory of Subspace Iteration was proposed in [200]. The
convergence results of Section 5.2 follow the paper [171] and a modification due to Chatelin (private
communication). |
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KRYLOV SUBSPACE METHODS

This chapter will examine one of the most important classes of methods available
for computing eigenvalues and eigenvectors of large matrices. These techniques are
based on projections methods, both orthogonal and oblique, onto Krylov subpaces,
i.e., subspaces spanned by the iterates of the simple power method. What may
appear to be a trivial extension of a very slow algorithm turns out to be one of the
most successful methods for extracting eigenvalues of large matrices, especially in the
Hermitian case.

6.1 Krylov Subspaces

An important class of techniques knownkaylov subspace methodstracts ap-
proximations from a subspace of the form

K = span {v, Av, A%v,...A™ v} (6.1)

referred to as a Krylov subspace. If there is a possibility of ambigidty, is
denoted byfC,,, (A, v). In contrast with subspace iteration, the dimension of the
subspace of approximants increases by one at each step of the approximation pro-
cess. A few well-known of theg€rylov subspace methodse:

(1) The Hermitian Lanczos algorithm;
(2) Arnoldi’s method and its variations;
(3) The nonhermitian Lanczos algorithm.

There are also block extensions of each of these methods td3toeki Krylov
Subspace methods, which we will discuss only briefly. Arnoldi's method and
Lanczos’ method are orthogonal projection methods while the nonsymmetric Lanc-
zos algorithm is an oblique projection method. Before we pursue with the analysis
of these methods, we would like to emphasize an important distinction between
implementationof a method andghe method itself There are several distinct im-
plementations of Arnoldi’'s method, which are all mathematically equivalent. For

125
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example the articles [55, 169, 216] all propose some different versions of the same
mathematical process.

In this section we start by establishing a few elementary properties of Krylov
subspaces, many of which need no proof. Recall that the minimal polynomial of a
vectorv is the nonzero monic polynomialof lowest degree such thatA)v = 0.

Proposition 6.1 The Krylov subspacg’,, is the subspace of all vectors {@"
which can be written as = p(A)v, wherep is a polynomial of degree not ex-
ceedingn — 1.

Proposition 6.2 Let ;. be the degree of the minimal polynomiakofThen/C,, is
invariant under4 andC,,, = K,, for all m > p.

The degree of the minimal polynomial ofis often referred to as thgradeof v
with respect taA. Clearly, the grade of does not exceed.

Proposition 6.3 The Krylov subspacg’,,, is of dimensionn if and only if the
grade ofv with respect taA is larger thanm — 1.

Proof. The vectorsy, Av, ... A™~ 'y form a basis ofC,, if and only if for any
complexm—tuple o;,7 = 0,...,m — 1, where at least one; is nonzero, the
linear combinatiory" ;" a; A'v is nonzero. This condition is equivalent to the
condition that there be no polynomial of degreen — 1 for which p(A)v = 0.
This proves the result. O

Proposition 6.4 Let (Q),,, be any projector ontdC,,, and letA,,, be the section of
Ato K, thatis, A, = Q. A|c,,. Then for any polynomiaj of degree not

exceedingn — 1, we haveg(A)v = ¢(A,,)v, and for any polynomial of degree
< m,we haV&ng(A)v = Q(Am)v'

Proof. We will first prove thaty(A)v = ¢(A,,)v for any polynomialy of degree

< m — 1. It suffices to prove the property for the monic polynomigl&) =

t', i = 0,...m — 1. The proof is by induction. The property is clearly true for
the polynomialy () = 1. Assume that it is true fa; (¢) = ¢

2i(A)v = q;i(An)v.
Multiplying the above equation by on both sides we get
giv1(A)v = Agi(Am)v.

If i+ 1 < m — 1the vector on the left hand-side belongsgp, and therefore if
we multiply the above equation on both sides(®y, we get

qi+1(A)v = QmAg;(Am)v.
Looking at the right hand side we observe thdt4,,, )v belongs tao,,. Hence

Qi+1(A)U = QmA\ICm qi (Am)v = q1,+1(Am)U7
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which proves that the property is true for 1 providedi+1 < m—1. For the case
i+ 1 = m itremains only to show tha®,, ¢, (4)v = ¢ (A,)v, which follows
from ¢,,—1(A)v = ¢—1(A,,)v by simply multiplying both sides bg),, A. O

An interesting characterization ofthogonal Krylov projection methods can
be formulated in terms of the characteristic polynomial of the approximate prob-
lem. In the orthogonal projection case, we define the characteristic polynomial
of the approximate problem as that of the matfj¥ AV,,, whereV,, is a matrix
whose column vectors form an orthonormal basi€gf. It is a simple exercise
to show that this definition is independent of the choicé/gf the basis of the
Krylov subspace.

Theorem 6.1 Let p,,, be the characteristic polynomial of the approximate prob-
lem resulting from an orthogonal projection method onto the Krylov subspace
K. Thenp,, minimizes the nornfip(A)v||, over all monic polynomialg of
degreem.

Proof. We denote byP,, the orthogonal projector ontk,,, and A4,,, the corre-
sponding section ofl. By Cayley Hamilton’s theorem we haye, (A,,,) = 0 and
therefore

(P (Ap)v,w) =0, Vw € IC,y, . (6.2)

By the previous propositiop,,, (A, )v = Pppm (A)v. Hence[(6.2) becomes
(Prmpm(A)v,w) =0, Vw € Ky,
or, since orthogonal projectors are self adjoint,
(Pm(A)v, Pmw) = 0 = (Pm(A)v,w) YV w € Ky,
which is equivalent to
(Pm(A)v, AVv) =0, j=0,...m — 1.
Writing p,,, (t) = t™ — ¢(t), wheregq is of degree< m — 1, we obtain
(A™v — q(A)v, AVv) =0, j=0,...m — 1.

In the above system of equations we recognize the normal equations for minimiz-
ing the Euclidean norm o™ v — s(A)v over all polynomials of degree< m—1.
The proof is complete. O

The above characteristic property is not intended to be ugembmputational
purposes. It is useful for establishing mathematical equivalences between seem-
ingly different methods. Thus, a method developed by Erdelyi in 1965 [55] is
based on precisely minimizing(A)v||2 over monic polynomials of some degree
and is therefore mathematically equivalent to any orthogonal projection method on
a Krylov subspace. Another such method was proposed by Manteuffel [126, 127]
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for the purpose of estimating acceleration parameters when solving linear systems
by Chebyshev method. His method named the Generalized Power Method, was
essentially Erdelyi's method with a special initial vector.

An important point is that this characteristic property seems to be the only
known optimality property that is satisfied by the approximation process in the
nonsymmetric case. Other optimality properties, such as the mini-max theorem
which are fundamental both in theory and in practice for symmetric problems are
no longer valid. This results in some significant difficulties in understanding and
analyzing these methods for nonsymmetric eigenvalue problems.

6.2 Arnoldi’s Method

Arnoldi's method is an orthogonal projection method ok for general non-
Hermitian matrices. The procedure was introduced in 1951 as a means of reducing
a dense matrix into Hessenberg form. Arnoldi introduced this method precisely
in this manner and he hinted that the process could give good approximations to
some eigenvalues if stopped before completion. It was later discovered that this
strategy yields a good technique for approximating eigenvalues of large sparse
matrices. We first describe the method without much regard to rounding errors,
and then give a few implementation details.

6.2.1 The Basic Algorithm

The procedure introduced by Arnoldi in 1951 starts by building an orthogonal
basis of the Krylov subspadeé,,. In exact arithmetic, one variant of the algorithm
is as follows.

ALGORITHM 6.1 Arnoldi
1. Start: Choose a vectar, of norm 1.

2. lterate: forj =1,2,..., m compute:

hij = (Avj,vi), 1=1,2,...,], (6.3)
i

w; = Avj — Zhijvi» (6.4)
i=1

hj+1,; = |wjll2, if hjt1,; =0 stop (6.5)

Vjt1 = wj/hjt15. (6.6)

The algorithm will stop if the vectotv; computed in[(6.4) vanishes. We
will come back to this case shortly. We now prove a few simple but important
properties of the algorithm. A first observation is that the algorithm is a form of
classical Gram-Schmidt orthogonalization process whereby a new vectgrigAv
formed and then orthogonalized against all previols As the next proposition
shows, the resulting basis is a basis of the Krylov subsfiaye
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Proposition 6.5 The vectors, vs, . . . , v,,, form an orthonormal basis of the sub-
spacek,, = span{vy, Avy, ..., A" Lo}

Proof. The vectorsv;,i = 1,2,...m are orthonormal by construction. That
they spanC,, follows from the fact that each vectoy is of the formg;_; (A)v,
whereg;_; is a polynomial of degreg¢ — 1. This can be shown by induction on
j as follows. Clearly, the result is true when= 1, sincev; = ¢o(A4)v; with
qo(t) = 1. Assume that the result is true for all integetsj and considep; ;.
We have

J J
hjt1vj41 = Avj — Z hijvi = Agqj—1(A)vr — Z hijqi—1(A)vr (6.7)
i—1 i=1

which shows that;, can be expressed ag(A)v; whereg; is of degreej and
completes the proof. O

Proposition 6.6 Denote byV,,, then x m matrix with column vectors,, ..., v,
and byH,,, them x m Hessenberg matrix whose nonzero entries are defined by
the algorithm. Then the following relations hold:

AV = ViHp + Bt mUmsiell, (6.8)
VHEAV, = H,. (6.9)

Proof. The relation[(6.8) follows from the following equality which is readily
derived from/[(6.6) and (6.4):

J+1
Avj = Zhi_ﬂ]i, j = 1,2,...,m. (610)
i=1

Relation (6.9) follows by multiplying both sides of (6.8) by and making use
of the orthonormality of vy, ..., vy, }. O

The situation is illustrated in Figure 6.1. As was noted eatle algorithm
may break down in case the norm of vanishes at a certain stgp In this
situation the vectow;,; cannot be computed and the algorithm stops. There
remains to determine the conditions under which this situation occurs.

Proposition 6.7 Arnoldi’s algorithm breaks down at stejp(i.e.,w; = 0in (6.4))

if and only if the minimal polynomial af; is of degreej. Moreover, in this case
the subspacé; is invariant and the approximate eigenvalues and eigenvectors
are exact.

Proof. If the degree of the minimal polynomial j§ thenw; must be equal to
zero. Indeed, otherwise;; can be defined and as a reskilfy; would be of
dimension; + 1, and from Propositioh 6.3, this would mean that> j + 1,
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HH’L

— H
A ‘/m, - ‘/m + Wy, €m

Figure 6.1: The action ofi onV,, givesV,,, H,, plus a rank one matrix.

which is not true. To prove the converse, assumedhat= 0. Then the degree
1 of the minimal polynomial ofv; is such thaty < j. Moreover, we cannot
have, < j otherwise by the previous proof the vectoy would be zero and the
algorithm would have stopped at the earlier step numbérhe rest of the result
follows from Proposition 4.3 seen in Chapter 4. O

The approximate eigenvaluéém) provided by the projection process onto
K.. are the eigenvalues of the Hessenberg maffjx. The Ritz approximate
eigenvector associated wit)™ is defined byu\™ = V,,,y™ wherey™ is an
eigenvector associated with the eigenvall(fé). A number of the Ritz eigenval-
ues, typically a small fraction aof, will usually constitute good approximations
of corresponding eigenvalues of A and the quality of the approximation will
usually improve asn increases. We will examine these ‘convergence’ properties
in detall in later sections. The original algorithm consists of increasinmtil all
desired eigenvalues of are found. This is costly both in terms of computation
and storage. For storage, we need to keepectors of lengtm plus anm x m
Hessenberg matrix, a total of approximately. + m? /2. Considering the com-
putational cost of the j-th step, we need to multipjyby A, at the cost o x Nz,
where Nz is number of nonzero elements .y and then orthogonalize the result
againstj vectors at the cost af(j + 1)n, which increases with the step number

On the practical side it is crucial to be able to estimate the residual norm
inexpensively as the algorithm progresses. This turns out to be quite easy to do
for Arnoldi's method and, in fact, for all the Krylov subspace methods described
in this chapter. The result is given in the next proposition.

Proposition 6.8 Letygm) be an eigenvector dff,,, associated with the eigenvalue
A andu{™ the Ritz approximate eigenvectof™ = V,,y\™. Then,

(A- /\z(‘m)l)uz(‘m) = hmt1,m egyz(m)vm+1
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and, therefore,

1A =A™ D™ |l = Byt mlefyl™|

Proof. This follows from multiplying both sides of (6.8) bg["):

Amel(m) = ‘/nLHnLyEm) + hm+1,7n eﬁygm)vm—kl
= )\gm)mel(m) + hm+1,m€THny§m)'Um+1 .
Hence,
Amegm) — /\gm)meEm) = hmt1,m eﬁygm) Umnt1 - O
In simpler terms, the proposition states that the residuahne equal to the last
component of the eigenvec'@gt’”) multiplied byA,,, 1. In practice, the residual

norms, although not always indicative of actual errors, are quite helpful in deriving
stopping procedures.

6.2.2 Practical Implementations

The description of the Arnoldi process given earlier assumed exact arithmetic. In
reality, much is to be gained by using the Modified Gram-Schmidt or the House-
holder algorithm in place of the standard Gram-Schmidt algorithm. With the mod-
ified Gram-Schmidt alternative the algorithm takes the following form.

ALGORITHM 6.2 Arnoldi - Modified Gram-Schmidt
1. Start. Choose a vectar; of norm 1.
2. lterate. Forj =1,2,...,m do:

(@) w:= Avj;
(b) Fori=1,2,...,7 do:

hij = (w,v;),

w = w — hyjvg;

(©) hjr; = w2
(d) Uj+1 = w/hj+17j .

There is no difference in exact arithmetic between this algorithm and Al-
gorithm[6.1. Although this formulation is numerically superior to the standard
Gram Schmidt formulation, we do not mean to imply that the above Modified
Gram-Schmidt is sufficient for all cases. In fact there are two alternatives that
are implemented to guard against large cancellations during the orthogonalization
process.
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The first alternative is to resort to double orthogonalization. Whenever the
final vector obtained at the end of the second loop in the above algorithm has
been computed, a test is performed to compare its norm with the norm of the
initial w (which is || Av;||2). If the reduction falls below a certain threshold, an
indication that sever cancellation might have occurred, a second orthogonalization
is made. Itis known from a result by Kahan that additional orthogonalizations are
superfluous (see for example Parlett [148]).

The second alternative is to resort to a different technique altogether. In fact
one of the most reliable orthogonalization techniques, from the numerical point of
view, is the Householder algorithm. This has been implemented for the Arnoldi
process by Walker [220]. We do not describe the Householder algorithm here but
we would like to compare the cost of each of the three versions.

In the table shown below, GS stands for Gram-Schmidt, MGS for Modified
Gram-Schmidt, MGSR for Modified Gram-Schmidt with Reorthogonalization,
and HO for Householder.

GS MGS MGSR HO

Flops m?n m?n 2m?2n 2m2n — %m?’

Storage| (m+1)n | (m+1)n | (m+1L)n | (m+1)n—im?

A few comments are in order. First, the number of operatiomsvahfor
MGSR are for the worst case situation when a second orthogonalization is needed
every time. This is unlikely to take place and in practice the actual number of
operations is much more likely to be close to that of the simple MGS. Concerning
storage, the little gain in storage requirement in the Householder version comes
from the fact that the Householder transformation requires vectors whose length
diminishes byl at every step of the process. However, this difference is negligible
relative to the whole storage requirement given that usually n. Moreover,
the implementation to take advantage of this little gain may become rather com-
plicated. In spite of this we do recommend implementing Householder orthog-
onalization for developing general purpose reliable software packages. A little
additional cost in arithmetic may be more than offset by the gains in robustness in
these conditions.

Example 6.1. Consider the matrix Mark(10) used in the examples in the pre-
vious two Chapters. Table 6.1 shows the convergence of the rightmost eigenvalue
obtained by Arnoldi’'s method. Comparing the results shown in Table 6.1 with
those of the examples seen in Chapter 4, it is clear that the convergence is much
faster than the power method or the shifted power method. O

As was mentioned earlier the standard implementations ofl&ra method
are limited by their high storage and computational requirements iasreases.
Suppose that we are interested in only one eigenvalue/eigenvectomafmely
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m Re(N) Sm(A) | Res. Norm
5 0.9027159373 0.0 0.316D+00
10 | 0.9987435899 0.0 0.246D-01
15 | 0.9993848483 0.0 0.689D-02
20 | 0.9999863880 0.0 0.160D-03
25 | 1.000000089 0.0 0.135D-05
30 | 0.9999999991] 0.0 0.831D-08

Table 6.1: Convergence of rightmost eigenvalue computed &simple Arnoldi
algorithm for A = Mark(10).

m

Re(N)

Sm(A)

Res. Norm

10
20
30
40
50

0.9987435899D+00 0.0
0.9999523324D+00 0.0
0.1000000368D+01 0.0
0.1000000025D+01 0.0
0.9999999996D+00 0.0

0.246D-01
0.144D-02
0.221D-04
0.508D-06
0.138D-07

Table 6.2: Convergence of rightmost eigenvalue computenh faorestarted
Arnoldi procedure fotd = Mark(10).

the eigenvalue of largest real part &f Then one way to circumvent the diffi-
culty is torestartthe algorithm. After a run withn Arnoldi vectors, we compute
the approximate eigenvector and use it as an initial vector for the next run with
Arnoldi's method. This process, which is the simplest of this kind, is iterated to

convergence.

ALGORITHM 6.3 lterative Arnoldi

1. Start: Choose an initial vectar, and a dimensiom.

2. Iterate: Performm steps of Arnoldi’s algorithm.

3. Restart: Compute the approximate eigenvecté’r”) associated with the
rightmost eigenvalua'™ .

If satisfied stop, else set = ugm)

and go to 2.

Example 6.2. Consider the same matrix Mark(10) as above. We now use a
restarted Arnoldi procedure for computing the eigenvector associated with the
eigenvalue with algebraically largest real part. We use= 10. Comparing
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the results of Table 6.2 with those of the previous example indicates a loss in
performance, in terms of total number of matrix-vector products. However, the
number of vectors used here is 10 as opposed to 50, so the memory requirement
is much less. |

6.2.3 Incorporation of Implicit Deflation

We now consider the following implementation which incorporates a deflation
process. The previous algorithm is valid only for the case where only one eigen-
value/eigenvector pair must be computed. In case several such pairs must be com-
puted, then there are two possible options. The first, is to ¢take be a linear
combination of the approximate eigenvectors when we restart. For example, if we
need to compute therightmost eigenvectors, we may take

p
0 = E Pitl,
i=1

where the eigenvalues are numbered in decreasing order of their real parts. The
vectorv; is then obtained from normalizing,. The simplest choice for the co-
efficientsp; is to takep;, = 1,7 = 1,...,p. There are several drawbacks to this
approach, the most important of which being that there is no easy way of choosing
the coefficients; in a systematic manner. The result is that for hard problems,
convergence is difficult to achieve.

An alternative is to compute one eigenpair at a time and use deflation. We can
use deflation on the matriX explicitly as was described in Chapter 4. This en-
tails constructing progressively the fitssSchur vectors. If a previous orthogonal
basis[ui, ..., u;_1] of the invariant subspace has already been computed, then,
to compute the eigenvalug,, we work with the matrixd — ULUH | in which &
is a diagonal matrix.

Another implementation, which we now describe, is to work with a sin-
gle basisvy,vs, ..., v,, Whose first vectors are the Schur vectors that have al-
ready converged. Suppose that 1 such vectors have converged and call them
v1,vs,...,U5_1. Then we start by choosing a vectagy which is orthogonal to
V1, ..., Vp—1 and of norm 1. Next we perforrm — k steps of an Arnoldi pro-
cess in which orthogonality of the vectoy against all previous;s, including
v1, ..., Vp—1 IS enforced. This generates an orthogonal basis of the subspace

span{vl,...,vk,l,vk,Avkw..,Am_kvk} ) (6.11)

Thus, the dimension of this modified Krylov subspace is constant and equal to
in general. A sketch of this implicit deflation procedure combined with Arnoldi's
method is the following.
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ALGORITHM 6.4 Deflated Iterative Arnoldi

A. Start: Choose an initial vectar; of norm unity. Sek := 1.
B. Eigenvalue loop:

1. Arnoldi Iteration. Forj = k,k + 1, ..., m do:
o Computew := Av.
e Compute a set of coefficientsh;; so thatw := w — > _7_, h;;v;
is orthogonal to all previous;’s, i = 1,2, ..., j.
° ComputethJ = ||’LU||2 and’l}j+1 = ’lU/hj+17j.
2. Compute approximate eigenvectorvassociated with the eigenvalue
A, and its associated residual norm estimate

3. Orthonormalize this eigenvector against all previou's to get the
approximate Schur vectay, and definey, := 1.

4. If py, is small enough then (accept eigenvalue):
o Computeh; j, = (Avk,v;), i =1,..,k,
e Setk .=k +1,
e If k > nev then stop else goto B.

5. Else goto B-1.

Note that in the B-loop, the Schur vectors associated with the eigenvalues
A1, ..., \p_1 are frozen and so is the corresponding upper triangular matrix corre-
sponding to these vectors. As a new Schur vector has converged, step B.4 com-
putes the:-th column of R associated with this new basis vector. In the subsequent
steps, the approximate eigenvalues are the eigenvalues of the: Hessenberg
matrix H,,, defined in the algorithm and whosgex & principal submatrix is upper
triangular For example when = 6 and after the second Schur vector= 2, has
converged, the matrixl,,, will have the form

* ¥ X ¥

(6.12)

* X X X ¥
* K X X X X
* K K X X X

Therefore, in the subsequent steps, we will consider only the eigenvalues that are
not associated with thz x 2 upper triangular matrix.

It can be shown that, in exact arithmetic, the— k) x (n — k) Hessenberg
matrix in the lower(2 x 2) block is the same matrix that would be obtained from
an Arnoldi run applied to the matri — P, ) A in which Py is the orthogonal pro-
jector onto the (approximate) invariant subspace that has already been computed,
see Exercise P{6.3. The above algorithm although not competitive with the more
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elaborate versions that use some form of preconditioning, will serve as a good
model of a deflation process combined with Arnoldi’s projection.

Eig. | Mat-Vec’s Re(N) Sm(A) | Res. Norm

2 60 | 0.9370509474 0.0 0.870D-03
69 | 0.9371549617 0.0 0.175D-04
78 | 0.9371501442 0.0 0.313D-06
87 | 0.9371501564 0.0 0.490D-08

3 96 | 0.8112247133 0.0 0.210D-02
104 | 0.8097553450 0.0 0.538D-03
112 | 0.8096419483 0.0 0.874D-04
120 | 0.8095810281 0.0 0.181D-04
128 | 0.8095746489 0.0 0.417D-05
136 | 0.8095721868 0.0 0.753D-06
144 | 0.8095718575 0.0 0.231D-06
152 | 0.8095717167, 0.0 0.444D-07

Table 6.3: Convergence of the three rightmost eigenvaluepuated from a de-
flated Arnoldi procedure fod = Mark(10).

Example 6.3. We will use once more the test matrix Mark(10) for illustration.
Here we test our restarted and deflated Arnoldi procedure for computing the three
eigenvalues with algebraically largest real part. Weruse 10 as in the previous
example. We do not show the run corresponding to the first eigenvalue since the
data is already listed in Table 6.2. The first column shows the eigenvalue being
computed. Thus, it takes five outer iterations to compute the first eigenvalue (see
example 6.2), 4 outer iterations to compute the second one, and finally 8 outer
iterations to get the third one. The convergence towards the last eigenvalue is
slower than for the first two. This could be attributed to poorer separation of
from the other eigenvalues but also to the fact thahas implicitly decreased
from m = 10 when computing the first eigenvaluerto= 8 when computing the

third one. |

6.3 The Hermitian Lanczos Algorithm

The Hermitian Lanczos algorithm can be viewed as a simplification of Arnoldi’'s
method for the particular case when the matrix is Hermitian. The principle of
the method is therefore the same in that it is a projection technique on a Krylov
subspace. However, there are a number of interesting properties that will cause
the algorithm to simplify. On the theoretical side there is also much more that can
be said on the Lanczos algorithm than there is on Arnoldi’s method.
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6.3.1 The Algorithm

To introduce the algorithm we start by making the observation stated in the fol-
lowing theorem.

Theorem 6.2 Assume that Arnoldi’'s method is applied to a Hermitian mattix
Then the coefficients;; generated by the algorithm are real and such that

hjjer=hjpy, j=1,2...,m (6.14)

In other words the matrix{,,, obtained from the Arnoldi process is real, tridiag-
onal, and symmetric.

Proof. The proof is an immediate consequence of the fact fhat= V.2 AV,

is a Hermitian matrix which is also a Hessenberg matrix by construction. There-
fore, H,, must be a Hermitian tridiagonal matrix. In addition, observe that by
its definition the scalah;; ; is real and thah;; = (Av;,v;) is also real ifA

is Hermitian. Therefore, since the mati¥,, is of Hessenberg form, it is real,
tridiagonal and symmetric. O

The standard notation used to describe the Lanczos alggrighohtained by
setting

aj = h]j 5
Bi = hji,

which leads to the following form of the Modified Gram Schmidt variant of Arnoldi’s
method, namely Algorithm 6.2.

ALGORITHM 6.5 The Lanczos Algorithm

1. Start: Choose an initial vectar, of norm unity. Sef3; = 0,vy = 0.

2. lterate: forj =1,2,...,m do

w; = Avj; — Bv-1 (6.15)
o = (wj, v) (6.16)
wj = Wi — Q;U; (6.17)
Bjv1 = [lwjll2 (6.18)
Vjy1 = wj /B (6.19)

An important and rather surprising property is that the above simple algo-
rithm guarantees, at least in exact arithmetic, that the veetpis= 1,2, ..., are
orthogonal. In reality, exact orthogonality of these vectors is only observed at the
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beginning of the process. Ultimately, thgs start losing their global orthogonal-
ity very rapidly. There has been much research devoted to finding ways to either
recover the orthogonality, or to at least diminish its effectpastial or selective
orthogonalization, see Parlett [148].

The major practical differences with Arnoldi’'s method are that the mafrix
is tridiagonal and, more importantly, that we only need to save three vectors, at
least if we do not resort to any form of reorthogonalization.

6.3.2 Relation with Orthogonal Polynomials
In exact arithmetic the equatidn (6117) in the algorithm takes the form

Bit1vj41 = Avj — vy — Bjvj1.
This three term recurrence relation is reminiscent of the standard three term recur-
rence relation of orthogonal polynomials. In fact as we will show in this section,
there is indeed a strong relationship between the Lanczos algorithm and orthog-
onal polynomials. We start by recalling that if the gradevpfis > m then the
subspaceC,,, is of dimensionm and consists of all vectors of the forgiA)wv,

with degree(q) < m — 1. In this case there is even an isomorphism betwégn
andP,,_1, the space of polynomials of degreem — 1, which is defined by

qeEP,1 o= Q(A)Ul €K

Moreover, we can consider that the subspBge | is provided with the inner
product

<P, q >v,= (p(A)v1, q(A)v1) (6.20)
which is indeed a nondegenerate bilinear form under the assumptiom tthags
not exceed., the grade of;. Now observe that the vectors are of the form

U, = Qifl(A)Ul

and the orthogonality of the;’s translates into the orthogonality of the polyno-
mials with respect to the inner product (6.20). Moreover, the Lanczos procedure
is nothing but the Stieltjes algorithm (see, for example, Gautschi [70]) for com-
puting a sequence of orthogonal polynomials with respect to the inner product
(6.20). From Theorem 6.1 the characteristic polynomial of the tridiagonal ma-
trix produced by the Lanczos algorithm minimizes the ndrth, over the monic
polynomials. It is easy to prove by using a well-known recurrence for determi-
nants of tridiagonal matrix, that the Lanczos recurrence computes the characteris-
tic polynomial of H,,, times the initial vectow;. This is another way of relating
thew;’s to the orthogonal polynomials.

6.4 Non-Hermitian Lanczos Algorithm

This is an extension of the algorithm seen in the previous section to the non-
Hermitian case. We already know of one such extension namely Arnoldi’s pro-
cedure which is an orthogonal projection method. However, the non-Hermitian
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Lanczos algorithm is an oblique projection technique and is quite different in con-
cept from Arnoldi's method.

6.4.1 The Algorithm

The algorithm proposed by Lanczos for non-Hermitian matrices differs from Arnoldi’'s
method in one essential way: instead of building an orthogonal bagis,ofit
builds a pair of biorthogonal bases for the two subspaces

Ko (A, v1) = spanf{vy, Avq, ..., A™ Lo}

and
K (A" wy) = span{wy, A%wy, ..., (A7) Lw, }.

The algorithm to achieve this is as follows.
ALGORITHM 6.6 The non-Hermitian Lanczos Algorithm

1. Start: Choose two vectors;, w; such thatv;,w,) = 1. Setp; = 0,wy =
Vo = 0.

2. Iterate: forj =1,2,...,m do

a; = (Avj,w;) (6.21)
Uj1 = Avj — av5 — Bivj 1 (6.22)
W1 = APwj — ajwj — Sjwiy (6.23)
Sj1 = (8541, by40)[ (6.24)
Bj+1 = (0j+1, Wjt1) /041 (6.25)
Wjt1 = Wjt1/Bj1 (6.26)
Vi1 = Bj41/041 (6.27)

We should point out that there is an infinity of ways of choosing the scalars
841, Bj+1 In (6.24)4(6.25). These two parameters are scaling factors for the
two vectorsv; 1 andw;; and can be selected in any manner to ensure that
(vj+1,wj+1) = 1. As aresult of (6.26)| (6.27) all that is needed is to choose two
scalarss;;1, 0,41 that satisfy the equality

0j+13j41 = (Oj41, Wj+1) (6.28)

The choice made in the above algorithm attempts to scale the two vectors so that
they are divided by two scalars having the same modulus. Thus, if initiabyd

w1 have the same norm, all of the subsequgistwill have the same norms as the
w;'s. As was advocated in [154], on can scale both vectors by their 2-norms. In
this case the inner product of andw; is no longer equal to one but a modified
algorithm can be written with these constraints. In this situation a generalized
eigenvalue problenT,,z = \D,,z must be solved to compute the Ritz values
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whereD,,, is a diagonal matrix, whose entries are the inner produgisy; ). The
modified algorithm is the subject of Exercise P-6.9.

In what follows we will place ourselves in the situation where the pair of
scalarsy; 11, 5,41 is any pair that satisfies the relatiof®.28), instead of restrict-
ing ourselves to the particular case defined by (6.24) — (6.25). A consequence is
thatd,; can be complex and in fact the formula definthg, ; in (6.23) should then
be modified to

1I)j+1 = AH’U}j — Qjw; — 6jwj_1 .

We will denote byT,,, the tridiagonal matrix

aq 52
d2 o B3

Jm—l QAmp—1 /Bm
Om m
Note that in the particular case whetas real as well as the initial vectors, w,
and if (6.24) —((6.25) are used then thés are real positive and; = +4;.
Our first observation from the algorithm is that the vectgiselong tokC,,, (4, v1)

while thew; 's are inK,,(A¥,w,). In fact we can show the following proposi-
tion.

Proposition 6.9 If the algorithm does not break down before stepthen the
vectorsu;, i = 1,...,m, andw;, j = 1,...,m, form a biorthogonal system, i.e.,

(vj,wi)zéij ].SZ,]STTL

Moreover{v; }i=1,2, . is a basis ofC,, (A, v1) and{w; };=12. .. IS a basis of
K (AH 1) and we have the relations,

A‘/m - VanL + 5m+1ﬂm+1€g, (629)
ABW, =W, TH 4 3, 1w el (6.30)
wHav, =1, . (6.31)

Proof. The biorthogonality of the vectors, w; will be shown by induction. By
assumptior(vy, w;) = 1. Assume now that the vectors, . .. v; andws, ... w;
are biorthogonal, and let us establish that the veetars . v andwy, ... w41
are biorthogonal.

We show first thafv; 41, w;) = 0for ¢ < j. Wheni = j we have

(vj41,w5) = 05 4 [(Avg, wy) — o (vg, wy) = Bi(vi—1,wy)] -

The last inner product in the above expression vanishes by the induction hypothe-
sis. The two other terms cancel each other by the definitiery @ind the fact that
(vj,w;) = 1. Consider now

(Vj1,wjm1) = 8730 [(Avg, wi—1) — e (v, wim1) = B (V-1 wj-1)] -
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Again from the induction hypothesis the middle term in the right hand side van-
ishes. The first term can be rewritten as

(Avj,wj—1) = (v, AMw;_y)
= (vj,Bjw; + &j—1wj—1 + 0j_1wj_2)
= Bj(vj,wj) + aj—1(vj, wj—1) + dj-1(vj, wj—2)
B;
and as a result,
(41, wj—1) = 65 [(Avs, wi 1) = B(vj1,w;1)] = 0.

More generally, consider an inner prodyet 1, w;) withi < j — 1,

(s, wi) = 05 [(Avy,wi) — a(vy, wi) = Bj(vj1, w;)]
= 050y, AT wy) — o (vj, wi) = B (vj-1,w;)]
5j+11[(vj7 Bit1Wit1 + Qw; + Gjw;—1) — a;(vj, w;)

—Bj(vj—1,w;)] -

By the induction hypothesis, all of the inner products in the above expression
vanish. We can show in the same way that w;,,) = 0 for « < j. Finally, we
have by constructiofw;1,w;+1) = 1. This completes the induction proof.

The proof of the other matrix relations is identical with the proof of the similar
relations in Arnoldi's method. O

The relation[(6.31) is key to understanding the nature of tethod. From
what we have seen in Chapter 4 on general projection methods, the migtrix
is exactly the projection ofi obtained from an oblique projection process onto
Km(A,v1) and orthogonally tdC,,, (A w,). The approximate eigenvaluégn)
provided by this projection process are the eigenvalues of the tridiagonal matrix
Tm. A Ritz approximate eigenvector of associated witmgm) is defined by

(m) = mef wherey( ™) is an eigenvector associated with the eigenvalue

™) of T,,. Similarly to Arnoldi’'s method, a number of the Ritz eigenvalues, typ-
|caIIy a small fraction ofn, will constitute good approximations of corresponding
eigenvalues\; of A and the quality of the approximation will improve asin-
creases.

We should mention that the result of Proposition 6.8, which gives a simple and
inexpensive way to compute residual norms can readily be extended as follows:

(A= A" D™ = §prefly™ v 41 (6.32)

and, as aresult(A — A" Dul™ ||y = [6ns1eHy ™) .
An interesting new feature here is that the operatbrmnd A play a dual
role in that we perform similar operations with them. We can therefore expect

that if we get good approximate eigenvectors fowe should in general get as
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good approximations for the eigenvectorsAf. In fact we can also view the
non-Hermitian Lanczos procedure as a method for approximating eigenvalues and
eigenvectors of the matrit by a projection method ontb,,, = K(A , w,) and
orthogonally tofC,,, (A, v1). As a consequence, the left and right eigenvectors of
A will both be well approximated by the process. In contrast Arnoldi's method
only computes approximations to the right eigenvectors. The approximations to
the left eigenvectors are of the forfir,, 2. where=\" is a left eigenvector

of T,, associated with the eigenvalué’”). This constitutes one of the major
differences between the two methods. There are applications where both left and
right eigenvectors are needed. In addition, when estimating errors and condition
numbers of the computed eigenpair it might be crucial that both the left and the
right eigenvectors be available.

From the practical point of view, another big difference between the non-
Hermitian Lanczos procedure and the Arnoldi methods is that we now only need
to save a few vectors in memory to execute the algorithm if no reorthogonalization
is performed. More precisely, we need 6 vectors of lengfilus some storage
for the tridiagonal matrix, no matter how largeis. This is clearly a significant
advantage.

On the other hand there are more risks of breakdown with the non-Hermitian
Lanczos method. The algorithm will break down wheneigr, 1, w;41) = 0
which can be shown to be equivalent to the existence of a veckoy, M, v, ) that
is orthogonal to the subspakg, (A7, w; ). In fact this was seen to be a necessary
and sufficient condition for the oblique projector oiiig, (A, v, ) orthogonally to
Km (A w1) not to exist. In the case of Arnoldi’'s method a breakdown is actually
a favorable situation since we are guaranteed to obtain exact eigenvalues in this
case as was seen before. The same is true in the case of the Lanczos algorithm
when eitherd;y; = 0 or w;4; = 0. However, whery,;; # 0 andw,1; # 0
then this is non-longer true. In fact the serious problem is not as much caused
by the exact occurrence of this phenomenon which Wilkinson [222] satisus
breakdown, , asitis its near occurrence. A look at the algorithm indicates that we
may have to scale the Lanczos vectors by small quantities when this happens and
the consequence after a number of steps may be serious. This is further discussed
in the next subsection.

Since the subspace from which the approximations are taken is identical
with that of Arnoldi’s method, we have the same bounds for the distafice-
Pm)u;|l2. However, this does not mean in any way that the approximations ob-
tained by the two methods are likely to be of similar quality. One of the weak-
nesses of the method is that it relies on oblique projectors which may suffer from
poor numerical properties. Moreover, the theoretical bounds shown in Chapter 4
do indicate that the norm of the projector may play a significant role. The method
has been used successfully by Cullum and Willoughby [34, 33] to compute eigen-
values of very large matrices. We will discuss these implementations in the next
section.
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6.4.2 Practical Implementations

There are various ways of improving the standard non-Hermitian Lanczos algo-
rithm which we now discuss briefly. A major focus of researchers in this area is to
find ways of circumventing the potential breakdowns or ‘near breakdowns’ in the
algorithm. Other approaches do not attempt to deal with the breakdown but rather
try to live with it. We will weigh the pros and cons of both approaches after we
describe the various existing scenarios.

Look-Ahead Lanczos Algorithms. As was already mentioned, a problem
with the Lanczos algorithm is the potential of breakdown in the normalization
steps/(6.26) and (6.27). Such a break down will occur whenever

(ﬁj—i-l?wj-ﬁ-l) =0, (633)

which can arise in two different situations. Either one of the two vediprs or

w;4+1 vanishes or they are both nonzero but their inner product is zero. In the first
case, we have again the ‘lucky breakdown’ scenario which we have seen in the
case of Hermitian matrices. Thusiif;; = 0 thenspan{V;} is invariant and all
approximate eigenvalues and associated right eigenvectors will be exact, while if
w;4+1 = 0 thenspan{W,} will be invariant and the approximate eigenvalues and
associated left eigenvectors will be exact. The second case, when neither of the
two vectors is zero but their inner product is zero is tersedous breakdowhy
Wilkinson (seel[222], p. 389). Fortunately, there are some cures, that will allow
one to continue the algorithm in most cases. The corresponding modifications of
the algorithm are often put under the denominati@ok-Ahead Lanczoalgo-
rithms . There are also rare cases of ‘incurable’ breakdowns which will not be
discussed here (see [154] and [209]). The main idea of Look-Ahead variants of
the Lanczos algorithm is that even though the pair;, w; 1 cannot be defined

itis often the case that the paif, 2, w; 2 can be defined. The algorithm can then

be pursued from that iterate as before until a new breakdown is encountered. If
the pairv;; 2, w; 42 cannot be defined then one can try the pairs, w3 and so

on.

To be more precise on why this is possible, we need to go back to the con-
nection with orthogonal polynomials mentioned earlier for the Hermitian case.
We can extend the relationship to the non-Hermitian case by defining the bilinear
form on the subspadg,,

<p.q>= (p(A)v1, (AT )wy). (6.34)

Unfortunately, this can constitute an ‘indefinite inner product’ sirce,p >

can now be zero or even negative. We note that there is a polynpmailde-

greej such thati; ;1 = p;(A)v; and in fact the same polynomial intervenes in
the equivalent expression af;, ;. More precisely, there is a scalgy such that

Wjs1 = v;p; (AT )v;. Similarly to the Hermitian case the non-Hermitian Lanc-
zos algorithm attempts to compute a sequence of polynomials that are orthogonal
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with respect to the indefinite inner product defined above. If we define the moment
matrix
My, = {< z' 1 277! >}tij=1..k

then this process is mathematically equivalent to finding a factorization
My, = LUy

of the moment matrixMy, in which Uy, is upper triangular and.; is lower
triangular. Note that this matrix is a Hankel matrix, i.e;; is constant for
1+ j = constant.

Because

< pj,pj >=7;(pj(A)v1, pj(AT)w:)

we observe that there is a serious breakdown atsisiepnd only if the indefinite
norm of the polynomiap; at stepj vanishes. The main idea of the Look-Ahead
Lanczos algorithms is that if we skip this polynomial it may still be possible to
computep; 1 and continue to generate the sequence. To explain this simply, we
consider

gj(x) =zp;—1 and gjia(z) = 2°p;j_1(x) .

It is easy to verify that botly; andg¢;, are orthogonal to the polynomiats,
.-+, pj—2. We can, for example, define (somewhat arbitrarily)= ¢;, and get
pj+1 by orthogonalizingy;,, againstp;_, andp;. It is clear that the resulting
polynomial will then be orthogonal against all polynomials of degreg, see
Exercise P-6.11. Therefore we can continue the algorithm from jstefd in
the same manner. Exercise P-6.11 generalizes this to the case where we need
to skip & polynomials rather than just one. This simplistic description gives the
main mechanism that lies behind the different versions of Look-Ahead Lanczos
algorithms proposed in the literature. In the Parlett-Taylor-Liu implementation
[154], it is observed that the reason for the break down of the algorithm is that the
pivots encountered during the LU factorization of the moment matfjxvanish.
Divisions by zero are then avoided byplicitly performing a pivot with & x 2
matrix rather than a usinglax 1 pivot.

The drawback of Look-Ahead implementations is the nonnegligible added
complexity. In addition to the difficulty of deciding when to consider that one has
a near break-down situation, one must cope with the fact that the iatrix no
longer tridiagonal. It is easy to see that whenever a step is skipped, we introduce
a ‘bump’, as it it termed in [154], above the superdiagonal element. This further
complicates the issue of the computation of the eigenvalues of the Ritz values.

The Issue of Reorthogonalization. Just as in the Hermitian case, the vec-
tors w; andwv; will tend to lose their bi-orthogonality. Techniques that perform
some form of ‘partial’ or ‘selective’ reorthogonalization can be developed for
non-Hermitian Lanczos algorithm as well. One difficulty here is that selective
orthogonalization, which typically requires eigenvectors, will suffer from the fact
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that eigenvectors may be inaccurate. Another problem is that we now have to keep
two sets of vectors, typically in secondary storage, instead of only one.

An alternative to reorthogonalization is to live with the loss of orthogonality.
Although the theory is not as well understood in the non-Hermitian case as it is
in the Hermitian case, it has been observed that despite the loss of orthogonality,
convergence is still observed in general, at the price of a few practical difficulties.
More precisely, a converged eigenvalue may appear several times, and monitoring
extraneous eigenvalues becomes important. Cullum and Willoughby [36] suggest
precisely such a technique based on a few heuristics. The technique is based on a
comparison of the eigenvalues of the successive tridiagonal matijices

6.5 Block Krylov Methods

In many circumstances it is desirable to work with a block of vectors instead
of a single vector. For example, in out-of core finite-element codes it is a good
strategy to exploit the presence of a block of the matrirn fast memory, as much

as possible. This can easily done with a method such as the subspace iteration for
example, but not the usual Arnoldi/Lanczos algorithms. In essence, the block
Arnoldi method is to the Arnoldi method what the subspace iteration is to the
usual power method. Thus, the block Arnoldi can be viewed as an acceleration of
the subspace iteration method. There are several possible implementations of the
algorithm three of which are described next.

ALGORITHM 6.7 Block Arnoldi
1. Start: Choose a unitary matri¥, of dimensiom x r.

2. lterate: forj = 1,2,..., m compute:

Hyy =VH7AV, i=1,2,...,j (6.35)
j
W; = AV; — Z Vilj , (6.36)
1=1
W,; =V 1Hj,1; Q-R decomposition ;. (6.37)

The above algorithm is a straightforward block analogue of Algorithm 6.1. By
construction, the blocks constructed by the algorithm will be orthogonal blocks
that are orthogonal to each other. In what follows we denotdbthe & x &
identity matrix and use the following notation

Um = [V17V727"'7Vm]7
H, = (Hij)i<ij<m, Hij =0, i>j+1,
FE,, = matrix of the last- columns ofI,,,.

Then, the analogue of the relation (6.8) is

AU, = U, H,, + ‘/7n,+1H7n+1.,mE7];{'
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Thus, we obtain a relation analogous to the one we had before except that the
matrix H,, is no longer Hessenberg but band-Hessenberg, in that werhavie
additional diagonals below the subdiagonal.

A second version of the algorithm would consist of using a modified block
Gram-Schmidt procedure instead of the simple Gram-Schmidt procedure used
above. This leads to a block generalization of Algorithm 6.2, the Modified Gram-
Schmidt version of Arnoldi’'s method.

ALGORITHM 6.8 Block Arnoldi — MGS version
1. Start: Choose a unitary matrix; of sizen x r.
2. lterate: Forj =1,2,...,m do:

o ComputeW; := AV;
e Fori=1,2,...,jdo:

Hy; = VHEW;

K3

Wj = Wj — ‘/}H,J
e Compute the Q-R decompositioVi; = V; 1 Hj i ;

Again, in practice the above algorithm is more viable than its predecessor.
Finally, a third version, developed by A. Ruhe, see reference [164], for the sym-
metric case (Block Lanczos algorithm), yields an algorithm that is quite similar to
the original Arnoldi algorithm.

ALGORITHM 6.9 Block Arnoldi - Ruhe’s variant
1. Start: Chooser initial orthonormal vector§v; }i=1,... ..
2. lterate: forj=r,r+1,,...,m x r do:

(a) Setk :=j—1r+1;
(b) Computew := Avy,;
(c) Fori=1,2,...,jdo
o hp = (w,v;)
o w:i=w — h;L;

(d) Computdlj_i_Lk- = H’UJ”Q and’Uj+1 = w/hj+17k.

Observe that the particular case= 1 coincides with the usual Arnoldi process.
That the two algorithm's 6.8 and 6.9 are mathematically equivalent is straightfor-
ward to show. The advantage of the above algorithm, is its simplicity. On the
other hand a slight disadvantage is that we give up some potential for parallelism.
In the original version the columns of the matr¥/; can be computed in parallel
whereas in the new algorithm, we must compute them in sequence.
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Generally speaking, the block methods are of great practical value in some
applications but they are not as well studied from the theoretical point of view.
One of the reasons is possibly the lack of any convincing analogue of the relation-
ship with orthogonal polynomials established in Subsedtion 6.3.2 for the single
vector Lanczos algorithm. We have not covered the block versions of the two
Lanczos algorithms (Hermitian and non-Hermitian) but these generalizations are
straightforward.

6.6 Convergence of the Lanczos Process

In this section we examine the convergence properties of the Hermitian Lanczos
algorithm, from a theoretical point of view. Well-known results from approxi-
mation theory will be used to derive a convergence analysis of the method. In
particular Chebyshev polynomials play an important role and we refer the readers
to the end of Chapter 4 for some background on these polynomials.

6.6.1 Distance between C,, and an Eigenvector

In the following we will assume that the eigenvalues of the Hermitian matrix
are labeled in decreasing order, i.e.,

AlZAQZ"‘ZAHa

and that the approximate eigenvalues are labeled similarly. We will now state the
main result of this section, starting with the following lemma.

Lemma 6.1 Let P, be the spectral projector associated with the eigenvalpe
Then, ifPv; # 0, we have

tan (s, Ko) = min_ (Al tanb(uiv)  (6.38)
PEPm_1, p(Ai):l

in which o
Y; = |\(I—Pi7jvll|\2 if (I - Pi)vl 70,
0 otherwise.

Proof. The subspack,,, consists of all vectors of the form = ¢(A)v; wheregq
is any polynomial of degreg m — 1. We have the orthogonal decomposition

x = q(A)v; = q(A)Pvr + q(A)(I — Py)vy
and the angle betweehandu; is defined by

¢(A) (I — P)vi |2
lg(A) P12
lg(A)yill2 [[(1 — P)vi |l
lg(Ai)] | Piv1]|2 ’

tan 0(x, u;)
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If we letp(A) = q(N\)/q(\;) we get
tan 0(x, u;) = ||p(A)yill2 tan §(vy, u;)
which shows the result by taking the minimum over&adl in ,,,. O

Theorem 6.3 Let the eigenvalues; of A be ordered decreasingly. Then the angle
0(u;, KCrry) between the exact eigenvectgrassociated with\; and them — th
Krylov subspacéC,,, satisfies the inequality,

P

tan@(ui,lcm) S m tan@(vl,ui) 5 (639)
where -
k1 =1, k; = A A o i1 (6.40)
L1\
7j=1
and, Y
AT Al
N A (6.41)

Proof. To prove the theorem for the case- 1 we start by expanding the vector
y; defined in the previous lemma in the eigenbdsis} as

n
= § :O‘juj
Jj=2

n
where then;’s are such thal” |a;|? = 1. From this we get,
j=2

lp(A)y 15 = ;2 PO < max OGP < max ()P
The result follows by a direct use of theorém 4.8 stated in Chapter 4. For the
general case (# 1), we can use the upper bound obtained by restricting the
polynomials to be of the form

R

whereq is now any polynomial of degrele — i such thay()\;) = 1. Proceeding
as for the casé= 1, we arrive at the inequality,

i Aj—A
X
XE[)\1+1,)\W] i=1 >\] — )\1

[p(A)yill2 < q(A)

A — A
< J n A -
< E N el la(V)]

The result follows by minimizing this expression over all polynomigdsitisfying
thr constraing(\;) = 1. O
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6.6.2 Convergence of the Eigenvalues

We now turn our attention to the approximate eigenvalues. The following error
bounds concerning the approximate eigenvalmz%@ actually show that these
converge to the corresponding eigenvalued @f exact arithmetic were used.

Theorem 6.4 The difference between theth exact and approximate eigenvalues
A; and Agm) satisfies the double inequality,

(m) 2
(m) K tan (v, u;)
0< A=A < (A — A, 6.42
ShoAT =M )< Coni(1+27) (642

wherevy; is defined in the previous theorem amﬁb) is given by

1—1 m
(m) /\( )~ An

n(lm)zl, K, :Hj(m)i’ 1>1.
=1 AT TN

Proof. We prove the result only for the case= 1. The first inequality is one of
the properties proved for general projection methods when applied to Hermitian
matrices. For the second, we note that

(m) _ 4
>\1 3‘7&0,1-’1{168%77171( x,l‘)/(x’ I)
and hence,
)\1 - )\g”"‘) — m¢(§I€1’iCI}n_l(()\1] - A)I’7I)/(I,I’) .

Remembering that,,,_; is the set of all vectors of the forg({ A)v, whereq runs
in the spacé,,,_, of polynomials of degree not exceeding— 1 this becomes

(O = Ag(Aa(A)e)
WA= LR T WAy @

Expanding the initial vectos; in an orthonormal eigenbasjs,; } as

n
v = E QU4
Jj=1

we find that

2 (A1 = Aj)|egg(A)]?
A
(S
= 2 lajg(Xg)]?
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from which we obtain the upper bound

"o laa(A))?
A =A™ < (A= \,)  min Z;L—?'—J‘J(J)L
0£q€lm—1 > iy [ejq(X;)|

ZQ laja(A)[?
< (A1 —A\,) min =

0#q€EP,, 1 W

n
2
o
< (A —A\,) min max |q()\j)|2£
ST 4B 1 =28 [qO) |2

Definingp(A\) = ¢(\)/q(A1) and observing that the set of als wheng runs
in the spacéP,,_; is the set of all polynomials of degree not exceeding- 1
satisfying the constraint(\;) = 1, we obtain

A =A™ <y =\, i M) tan? 0(ug, v;) .

LA S A et ading P b0, )
The result follows by expressing the min-max quantity in the above expression
using Chebyshev polynomials according to Thearem 4.8.

The general case> 1 can be proved by using the Courant-Fisher characteri-
zation ofAEm). Thei-th eigenvalue is the maximum of the Rayleigh quotient over
the subspace d€,, that is orthogonal to the firgt— 1 approximate eigenvectors.
This subspace can be shown to be the same as the subspace of all vectors of the
form ¢(A)v; whereq is a polynomial of degree not exceeding— 1 such that
a™) =gAg™) = - =g =o. O

6.6.3 Convergence of the Eigenvectors

To get a bound for the angle between the exact and approximate eigenvectors
produced by the Lanczos algorithm, we exploit the general result of Théorem 4.6
seen in Chapter 4. The theorem tells us that for any eigenpai; of A there is

an approximate eigenpai @; such that,

sin [0(u;, @;)] < 41+ g—j sin [0 (ui, Kin)) (6.44)

wered; is the distance betweexy and the set of approximate eigenvalues other
than\; andy = ||P,A(I — P,,)|l2. We notice that in the present situation we
have

(I —P)AP, = (I-V,VhHav, v
= (I = VoV Vi Ho + Brng10mire)VH
= Bmt1Vmt1vh

in which we used the relatioh (6.8). As a result

Y= HPmA(I - 7)m)||2 - H(I - Pm)APm”Q = ﬁm-&-l .
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Since the angle between and the Krylov subspace has been majorized in The-
orem 6.3, a bound on the angléu,, ;) can be readily obtained by combining
these two results. For example, we can write

sin [0(ug, @;)] < /14 B21/07 sin[0(u;, K,
< 14 B241/07 tan [0(ui, Ky,
\/ 1 + 672n+1 /62

<
o C’UL L(l + 2’72
where the constants and~; are defined in Theorem 6.3.

tan 6(v1, u;)

6.7 Convergence of the Arnoldi Process

In this section we will analyze the speed of convergence of an approximate eigen-
value/ eigenvector obtained by Arnoldi's method to the exact pair. This will be
done by considering the distance of a particular eigenvegtfrom the subspace

K. We will assume for simplicity thatl is diagonalizable and define

(m) = i A 6.45
¢ = in | omax o Ip(A)], (6.45)

wherelP;, _; represents the set of all polynomials of degree not exceedirgl
such thap()\;) = 1. The following lemma relates the distanpd — P,,,)u;||2 to

the above quantity.

Lemma 6.2 Assume thatd is diagonalizable and that the initial vectar in
Arnoldi's method has the expansion = Zﬁj agug With respect to the eigen-
basis{uy}x=1,....n iIn Which |lug|l2 = 1,k = 1,2,...,n anda; # 0. Then the
following inequality holds:

(I = Pp)uillz < &el™

where

3 ol

G2 ol
k=1 "
k#i

Proof. From the relation betweef,,, andP,,,_; we have

I(Z = Pm)azuillz = min |lagu; - q(A)val2

m—

< |oviu; — q(A)vr |2,

min
q€Pm_1, g(Ni)=1
and therefore, calling the polynomial realizing the minimum on the right-hand-
side
n
(7 = Pr)evsuillz < || azp(h)uyls < max [p(A; IZ |

J=1
J#i 9751
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which follows by using the triangle inequality and the fact that the component in
the eigenvector; is zero. The resultis then established by dividing both members

The question has been therefore converted into that of é#tigrtae quantity
(6.45) on which we will now focus.

Once an estimate fCH‘(m is available, the above lemma can be invoked to
give an idea on the re5|dual of the exact eigenpair with respect to the approximate
(projected) problem. See also [204, th. 3.10] for an alternative approach which
exploits the spectral decomposition.

What is left to do is to estimanélm). For the sake of notational convenience,
we will consider estimating!™ ™" instead ofe{™. The underlying problem is
one of approximation theory. For any continuous functfafefined on a compact
set(), denote the uniform norm:

1£lloc = max |f(2)] -

(6.46)

The set2 will later be taken to be the spectrum dfexcluding ;. Estimating
egm“) amounts to finding an upper bound for the distance, in the sense of the
inf-norm just defined, between the functigfiz) = 1 and polynomials of degree

< m of the formp(z) = (2 — A1)q(z), or, equivalently:

" = min 11— (2 = A)g(2) oo -
q€Pm_1
We recall that a subspageof continuous functions of?, generated by functions
o1, , ¢ Satisfies the Haar condition if each functionSrhas at most — 1
distinct roots. This means that any linear combination of¢gfig vanishes iff it
hask distinct roots inQ2. Let f be a continuous function and lgt be the best
uniform approximation off over). The differencef — p* reaches its maximum
modulus at a number @xtremal points. The characteristic property [162] of the
best approximation states the following.

Theorem 6.5 Let f be a continuous function anél a k-dimensional subspace
of the space of continuous functions @n which satisfies the Haar condition.
Thenp* € S is the best uniform approximation gf over Q, iff there exist
r extremal points;;,7 = 1,--- ,7 in Q, and positive numberg,, - - - , u1,,, with
k+1<r <2k+ 1such that

Zui[f(zi) —p*(z)]¢(z) =0 Vo € S. (6.47)

One important point here is that the number of extremal points is only known to be
betweenk + 1 and2k + 1 in the general complex case. Thanustbe> k + 1 is

a consequence of the Haar condition and can be readily verified. Wigereal,

thenr = k + 1. The fact that- is only known to be< 2k + 1 in the complex case,
comes from Caratheodory’s characterization of convex hulls which expresses a
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point in co(©?), the convex hull of2, as a convex combination &f+ 1 points of
Q in real spaces anek + 1 points ofQ2 in complex spaces.

We will now translate the above result for our situation. Qet A(A)\{\1}
andS = span{¢;(z)}j=1,... .m Whereg;(z) = (2 — \)z?~!. Then, the dimen-
sion of S is m and therefore the theorem states that there- aigenvalues from
the set, withm + 1 < r < 2m + 1 such that

> ikl = et — M) )]y (M) =0 j=1,...,m.

k=1
Although we do not know how many extremal points there are we can still express
the best polynomial by selecting any setrofextremal points. Assume without
loss of generality that these points are labeled ftbto m + 1. Letp*(z) =
(z — A\1)¢*(2). We can writel — p*()\) at each of the extremal poinks as

1—p*(Ag) = pe'®™

wheref;, is a real number angdis real and positive. Then it is easily seen that

m—+2

> erl(z)
L=p"(2) = og— (6.48)
el (A1)
k=2
where eacli; (=) is the Lagrange polynomial:
m+2 Y
= — A4
e =11 5= (6.49)
Sk
Indeed,1 —p*(z), which is of degreen, takes the valuese®®* at them + 1 points
A2, ..., Am+2. Therefore itis uniquely determined by the Lagrange formula
m—+2

L=p"(2) = D pe'®li() .
k=2

m+2
In addition1 — p*(\;) = 1 and this determinesas the inverse oy e+, (\;),

k=2
yielding the relation[(6.48). This establishes the following theorem.
Theorem 6.6 There arer eigenvalues if2 = A(A)\{\1}, wherem + 1 < r <
2m+1, at which the optimal polynomidl—p*(z) = 1—(z—A1)¢*(z) reaches its
maximum value. In addition, given any subsehef 1 among these eigenvalues,

which can be labeledy, A3, ..., \,+2, the polynomial can be represented by
(6.48). In particular,

m 1
emh) = . (6.50)
S et [ i:ii:f\\j
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Proof. The result was proved above. Note th%ﬁ”l) is equal top which is the
inverse of the denominator in (6.48). O

In the first edition of this book, it was shown that whes= m + 1, then the
signe??x in the denominator of (6.50) becomes equal to the conjugate of the sign
of (A1), which is the product term in the denominator [of (6.50). In this case,
(6.50) simplifies to

1
m—+1
" = e (6.51)

kZ::Z 71:[2

i#k

The result in the first edition of this book was stated incorrectly for the general
complex case, because the lemma on which it was based is only valid for real
functions. The result holds true only for the situation when the spectrum is real or
when it is known that = m + 1 (e.g., whenV = m + 1).

We denote by, the set of polynomialg of degree< m such thap(\;) =
0. We seek the best uniform approximation of the functfga) = 1 by poly-
nomials of degree< m in P} . Note thatP;, is of dimensionm. Let the set
of r extremal points be\,, ..., \,.+1 (See theorem 6.5). According to Theo-
rem[6.6, given any subset af + 1 among these extremal points, which we
labelXa, Az, . . ., A2, the best polynomial can be represented by (6.48) in which
¢ = sign(1 — p*(\p)).

Not much can be said from this result in the general situation. However, when
r = m+1, then we can determineax |1 — p*(z)|. In this situation the necessary
and sufficient conditions of Theorem 6.5 express the extremal points as follows.
Let us set; = p,;[f(z;) —p*(z;)] for j = 1,---m + 1, and select any basis
é1,+ -+ , ¢m Of the polynomial subspad®;, . Then, the condition (6.47) translates
to

)\1—Aj
)\kf/\j

m+1
D &oi(A) =0 for j=1,...,m. (6.52)
k=1

The above equations constitute an underdetermined system of linear equations
with the unknowng.. In fact, since th&,’s are all nonzero, we can fix any one
component, and the rest will then be determined uniquely. This is best done in a
more convenienbasisof polynomials given by:

wi(z) = (z=M\)l;(2), j=2,....,m+1, (6.53)

Wherefj is the Lagrange polynomial of degree— 1,

A - A

G =[] =5 i=2m+L (6.54)
k=2 Tk
k#j

With this we can prove the following lemma.



Krylov Subspace Methods 155

Lemma 6.3 The underdetermined linear systemmefequations andn + 1 un-
knownséy, k=2,...,m+2

m—+2

> wiA)& =0, j=23,....m+1 (6.55)
k=2

admits the nontrivial solution

m—+2 A _)\4

& = Al AJ, k=2,...,m+2. (6.56)
j=2 k7
J#k

Proof. Because of the Haar condition, the system of polynordialg j—2 .. m+1,

forms a basis and therefore there exists a nontrivial solution to the above linear
system. By the definition of the Lagrange polynomials, all the terms ir-ttle
equation vanish except those corresponding$oi and toj = m + 2. Thus, the

it" equation can be rewritten as

m—+1

)\7n+2 - )\k
(>\i - )\1)21' + Zm-',-z(/\m+2 - >\1) };[Iz ﬁ =0.
ki

The unknowrz,, o can be assigned an arbitrary nonzero value (since the system
is underdetermined) and then the other unknowns are determined uniquely by:

TYL-I—l m—+1

2 —h) 11 Mgz =M _ T sz = M)
amiz (im ) Ai —Ak o i)
k;éz k#i

Multiplying numerator and denominator by, — A\,,,+2) we get

C m+2 1
A= Ai s A= Ak
ki

zZ; =

where( is the following constant, which depends on the choice,of,,

m—+2

C= Zm+2 H ()\m+2 - )\k) .

k=1
The result follows by choosing,, > so that,

m—+2

C= ] =) |

We can now prove the desired result.
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Theorem 6.7 Let p* be the (unique) polynomial of degree satisfying the con-
straint p(A1) = 0, and which is the best uniform approximation to the function
f(z) = 1 0onacompact se€? consisting of at least:+ 1 points. Assume that there
arem + 1 extremal points labeleds, ..., \,,12 and leté,, k =2,...,m + 2 be
any solution of the linear system (6.55). Write edghn the form¢;, = e~
whered,, is real and positive andy, is real. Thenp* can be expressed as

m+2
> eiy(2)

1—p(z) = 25—, (6.57)

> k(M)
k=2
wherely, is the Lagrange polynomial of degree

m-+2

105
7¢k

As a consequence,

m+1 m+1

(m+1) _ Ak — A1
aV=(> 11 vl (6.58)

J=2 k=2,k#j

Proof. Equation[(6.47) states that

m—+2

; . 1
1-p"(z)=0p Z e () with p=

St ? el (\)

We now apply Theorem 6.5 which states that at the extremal points (now known
to be unique) there are + 1 positive coefficientg:; such that

&k = e[l — p* ()] = ppwe™ (6.60)

satisfy the system (6.52). As was already mentioned, the solutidn to (6.52) is
uniquely determined if we set any one of its components{Set = l2(A1).

Then, according to Lemma 6.3, we must hgye= i, (A1), fork =2,...,m+2.
Sincep andyu;, are positive,[(6.60) shows that

FIET R 1
k(A1) P )|

The result[(6.58) is an expanded version of the above expressipn for I

(6.59)

e 0k — sign(lp(\1))  — etk —

For the case where the eigenvalue is in the outermost pare spictrum, the
above expression can be interpreted as follows. In general, the distApee3; |
are larger than the corresponding distancgs— \;| of the denominator. This
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is illustrated in Figure (6.2). Therefore, many of the products will be large when
m is large and the inverse of their sum will be small. This is independent of the
actual locations of the critical points which are not known. The conclusion is that
the eigenvalues that are in the outermost part of the spectrum are likely to be well
approximated.

We can illustrate the above theorem with a few examples.

Example 6.4. Assume that

k—1
M=——, k=1,2,...n,

n—1

and consider the special case when=n — 1. Then,
m) _ 1

€1 = om _ 1.
Indeed, sincen = n — 1 there is no choice for thg;’s in the theorem but to be
the remaining eigenvalues and (6.58) yields,

m—+1m+1
@ = S |k —1]
= s k=l
o
m+1 '
m.
; = = Dim+j—1)
- }:(9>2m 1 a
=1\

A1

> Re(z)

)\k/

Figure 6.2: lllustration of Theorem 6.7 fox, in the outermost part of the spec-
trum of A.
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Example 6.5. Consider now a uniform distribution of eigenvalues over a circle
instead of a real line,

PRICESOL 1)7r

A =¢' , k=1,2,.
We assume once more that=n — 1. Then we have
o _ L
To prove the above formula, we utilize again the fact that the eigenvalues involved

in the theorem are known to be, \s, ..., \,. We definew = €2""/™ and write
each product term in the formula (6.58) as

|wk T—wi ]~ |wk—w|
k#] k#]

-1

m m

= [Hwk—lq \1—w”|H|wk—w3|
k=1 k=1
ks

Recalling that the,*’s are the powers of the-th root of 1, a simple renumbering

of the products in the denominator will show that the numerator and denominator
have the same modulus. Hence the above product term is equal to one and by
summing these products and inverting, we will get the desired result. O

The above two examples show a striking difference in behdgbtween two
seemingly similar situations. The complex uniform distribution of eigenvalues
over a circle is a much worse situation than that of the uniform distribution over a
line segment. It indicates that there are cases where the eigenvalues will converge
extremely slowly. Note that this poor convergence scenario may even occur if the
matrix A is normal, since it is only the distribution of the eigenvalues that cause
the difficulty.

Apart from the qualitative interpretation given above, it is also possible to
give a simple explicit upper bounds fq(f")

Proposition 6.10 LetC(c, p) be a circle of centee and radiusp that encloses alll
the eigenvalues of excepth;. Then,

m—1
(m) 14
€ <|—— .
o (|>\1 - C|)

Proof. An upper bound is obtained by using the particular polynomia) =
(z — )™ 1 /(A — ¢)™~! from which we get

. s — m—1
( ) < max <| J C|> S Pm_1/|)\1 _C|m—1 . O

§=2.3,.. A1 — ¢
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ca Ce c ct+e c+a
f f f > Re(z)

Figure 6.3: Ellipse containing the spectrumAf

It was seen in Chapter 4 (Lemrha 4.3) that the polynomial used in the proof is
actually optimal.

Still from what was seen on Chebyshev polynomials in Chapter 4. we may
be able to get a better estimateeé’f” if we can enclose the eigenvalues of the
matrix A in an ellipse centered atwith focal distances and major semi-axis
a, as is illustrated in Figure 6.3. In this situation the results on the Chebyshev
polynomials of the first kind allow us to state the following theorem.

Theorem 6.8 Assume that all the eigenvaluesde&xpect), lie inside the ellipse
centered at, with focic + e, ¢ — e and with major semi axig. Then,

Cr-1(2)

(m) 1\e

€6 < (6.61)
! |Cm71 ()\le ) |

whereC,,,_; is the Chebyshev polynomial of degree— 1 of the first kind. In
addition, the relative difference between the left and the right hand sides tends to
zero asm tends to infinity.

PROBLEMS

P-6.1 To measure the degree of invariance of a subspaweéth respect to a matrix, we
define the measure( X, A) = ||(I — P)AP||2 whereP is the orthogonal projector onto

the subspace. (1) Show thatXf is invariant thery(X, A) = 0. (2) Show that wherX is
them-th Krylov subspace generated from some initial vectdhenv (X, A) = Bm+1. (3)
Letr;,i = 1,...,m be the residual vectors associated with the approximate eigenvalues
obtained from an orthogonal projection process akitcand letR = [r1, ..., 7»]. Show
thatv(X, A) = || R]|2.
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P-6.2 Consider the matrix

—
SO

1 0

(1) What are eigenvalues of? (2) What is them-th Krylov subspace associated with
A whenv; = ey, the first column of the identity matrix? (3) What are the approximate
eigenvalues obtained from Arnoldi’s method in this case? How does this relate to Example

6.5?

P-6.3 Assume thak Schur vectors have already been computed an# le¢ an orthogo-

nal projector associated with the corresponding invariant subspace. Assume that Arnoldi’s
method is applied to the matri¥ — P)A starting with a vector that is orthogonal to the
invariant subspace. Show that the Hessenberg matrix thus obtained is the same as the lower
(m — k) x (m — k) principal submatrix obtained from an implicit deflation procedure.
Show that an approximate Schur vector associated with the corresponding projection pro-
cedure is an approximate Schur vector forThis suggests another implementation of the
implicit deflation procedure seen in Section 612.3 in which only(the— k) x (m — k)
Hessenberg matrix is used. Give a corresponding new version of Algérithm 6.4. What are
the advantages and disadvantages of this approach?

P-6.4 Show that for the Lanczos algorithm one has the inequality

2 2 2
Cmax (B + o + Gil4]
1=1,2,....m

Show a similar result in whichmax is replaced bynin.

P-6.5 Consider a matrixA that isskew-Hermitian. (1) Show that the eigenvalues of

A are purely imaginary. What additional property do they satisfy in the particular case
when A is real skew-symmetric? [Hint: eigenvalues of real matrices come in complex
conjugate pairs...] What can you say of a real skew-symmetric matagadimensionn?

(2) Assume that Arnoldi's procedure is appliedActarting with some arbitrary vectos .

Show that the algorithm will produce scaldrs such that

hijIO, fori<j—1
Relhj;] =0,j =1,2,....m
hjj+1=—hjy1;7=1,2,...m

(3) From the previous result show that in the particular whérns real skew-symmetric
andwv is real, then the Arnoldi vectors; satisfy a two term recurrence of the form

Bi+1vj+1 = Avj + Bjvj—1

(4) Show that the approximate eigenvaluesiaibtained from the Arnoldi process are also
purely imaginary. How do the error bounds of the Lanczos algorithm (Hermitian case)
extend to this case?
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P-6.6 How do the results of the previous problem extend to the case whetexI + S
wherea is a real scalar anfl is skew-Hermitian or skew symmetric real?

P-6.7 We consider the following tridiagonal matrix,, of sizen x n

2 1
1 2
A, = 1 1
2 1
1 2
(1) Consider the vector of lengthn whosej — th component isin j0 wheref is a real
parameter such that< 6 < 7/2. Show that

(2(1 4+ cos@)I — Ap)z =sin((n + 1)0)e,

wheree,, = (0,0,...0,1)". (2) Using the previous question find all the eigenvalues and
corresponding eigenvectors df,. (3) Assume now that: steps of the Lanczos algorithm

are performed om,, with the starting vector; = e; = (1,0,...,0)". (3.a) Show that

the Lanczos vectors; are such that; = e; ,j7 = 1,2,...,m. (3.b) What is the matrix

T., obtained from the Lanczos procedure? What are the approximate eigenvalues and
eigenvectors? (Label all the eigenvalues in decreasing order). (3.c) What is the residual
vector and the residual norm associated with the first approximate eigev\\ﬁﬁ’lh@ [Hint:

It will be admitted that

Sin2L+sin227ﬂ-+ _’_SinQLfLH]
(m4+1) (m+1) 7 (m+1) 2

How would you explain the fact that convergence is much slower than expected?

P-6.8 Show that the vector,,,+1 obtained at the last step of Arnoldi’'s method is of the
form vp,1 = vpm (A)v1, in which+y is a certain normalizing scalar apg, is the charac-
teristic polynomial of the Hessenberg matfi, .

P-6.9 Develop a modified version of the non-Hermitian Lanczos algorithm that produces
a sequence of vectots, w; that are such that eaef is orthogonal to everyw; with j # i
and||v;||2 = ||wi||2 = 1 for all 7. What does the projected problem become?

P-6.10 Develop a version of the non-Hermitian Lanczos algorithm that produces a se-
quence of vectors;, w; which satisfy(v;,v;) = +d,;, but such that the matrif’,, is
Hermitian tridiagonal. What does the projected problem become in this situation? How
can this version be combined with the version defined in the previous exercise?

P-6.11 Using the notation of Section 6.3.2 prove that . (z) = z"p;(x) is orthogonal

to the polynomial®1, ps, . .., pj—k, assuming thak < j. Show that if we orthogonalized
qj+r againsip1, p2, ..., pj—i, we would obtain a polynomial that is orthogonal to all poly-
nomials of degreecj + k. Derive a general look-ahead non-Hermitian Lanczos procedure
based on this observation.

P-6.12 It was stated after the proof of Lemma (6.3) that the solution of the linear system
(6.55) is independent of the basis chosen to establish the result in the proof of the lemma.
1) Prove that this is the case. 2) Compute the solution directly using the power basis, and
exploiting Vandermonde determinants.
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NOTES AND REFERENCES Several papers have been published on Arnoldi's method and its variants
for solving eigenproblems. The original paper by Arnaldi [1] came out about one year after Lanczos’
breakthrough paper [112] and is quite different in nature. The author hints that his method can be
viewed as a projection method and that it might be used to approximate eigenvalues of large matrices.
Note that the primary goal of the method is to reduce an arbitrary (dense) matrix to Hessenberg form.
At the time, the QR algorithm was not yet invented, so the Hessenberg form was desired only because
it leads to a simlpe recurrence for the characteristic polynomial. The 1980 paper by Saad [169] showed
that the method could indeed be quite useful as a projection method to solve large eigenproblems, and
gave a few variations of it. Later, sophisticated versions have been developed and used in realistic
applications, see [27, 133, 134, 144, 152, 183], among others. During roughly the same period, much
work was devoted to exploiting the basic non-Hermitian Lanczos algorithm by Parlett and co-workers
and by Cullum and Willoughby [34, 35] and Cullum, Kerner and Willoughby [33]. The first
successful application of the code in a real life problem seems to be in the work by Carnoy and
Geradin|[19] who used a version of the algorithm in a finite element model.

The block Lanczos algorithm seems to have been developed first by Golub and Underwood [79].
The equivalent Block Arnoldi algorithm, has not been given much attention, except in control problems
where it is closely associated with the notion of controllability for the multiple-input case [11]. In fact
Arnoldi’s method (single input case) and its block analogue (multiple input case) are useful in many
areas in control, see for examgle [178, 179].

The error bounds on the Hermitian Lanczos algorithm are from [168]. Bounds of a different type
have been proposed by Kaniel [103] (however there were a few errors for thé>ehse Kaniel's
original paper and some of these errors were later corrected by Paige [141]). We have omitted to
discuss similar bounds for the Block Lanczos algorithm but these were also developed in Saad [168].
The convergence theory for the Arnoldi process is adapted from Saad [171].

The various implementations of the Lanczos algorithm in the Hermitian case are covered in detail
in Parlett’s book [148]. Implementations on massively parallel machines have recently been discussed
by Petiton|[156] on the CM-2 and by Scott [190] on the iPSC/2.

These notes stated the following in the first edition of this book: “Concerning software, there is
little that is publically available. Cullum and Willoughby offer a FORTRAN code for the Hermitian
case in their book [36] based on the Lanczos algorithm without any form of reorthogonalization.
A similar (research) code was also developed by Parlett and [151].” An implementation of the
Look-Ahead Lanczos algorithm was also mentioned [64]. The situation has changed subtantially since
then. ARPACK, a package developed by Lecoucq and [118] and based on implicitly restarted
Arnoldi method has become a de-facto standard now for Krylov subspace methods for eigenvalue
problems. ARPACK is used in particular in Matlab to implement ¢igs function. A number of
other packages have appeared, see e.g.,/[197, 107, 14] to cite just a few, and it is likely that others will
follow suite.

As was mentioned earlier, the first edition of this book contained an incorrect statement for
theorem 6.7, which was corrected|in [7] (see also the expanded version [6].) [ |
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FILTERING AND RESTARTING
TECHNIQUES

The early algorithms for eigenvalue extraction were often based on exploiting the
powers of the matrix A. The prototype of these techniques is the power method, a
technique that is attractive because of its simplicity but whose convergence rate may
be unacceptably slow.

In this chapter we will present a number of techniques that are commonly termed
polynomial 'acceleration’ or 'filtering’ techniques. These techniques exploit polyno-
mial iterations of the form zq = pq(A)zo where pq is a polynomial of degree q which
is often determined from some knowledge on the distribution of the eigenvalues of
A. A fundamental problem, which will utilize ideas from approximation theory, lies
in computing a good polynomial pq. Filtering methods can be valuable tools for
speeding up the convergence of standard algorithms for computing eigenvalue and
eigenvectors. They have had a great success as a means to accelerate the subspace
iteration algorithm in the past. More recently, filtering techniques have been nicely
blended with the Arnoldi procedure and gave rise to the important class of so-called
‘implicit restarting schemes’.

7.1 Polynomial Filtering

The main goal of polynomial filtering is to enhance the basic projection scheme
(whether Arnoldi or Lanczos, or Subspace iteration for example) by processing,
e.g., the initial vectors, or initial subspace, so as to reduce their components in the
unwanted parts of the spectrum relative to those in the wanted parts.

We begin with the simplest way of using filters starting with a case of Hermi-
tian matrix A with eigenvalues

AL > A 20 2 Ay,

and associated (orthonormal) eigenvectors - - , u,,. If we are interested in the
largest eigenvalue\;, we could use the power method (assuniikg > |A;| for

i > 1). This amounts to using the polynomjal(¢) = ¢?. However, we can ask
ourselves if we can do better than the power series, or, more specificdiby, is

the best polynomial that can be used if we want convergence to be the fastest?

163
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Ignoring implementation for now, we are interested in an iteration of the form
zq = pg(A)xo.

If xo is expanded in the eigenbasis as

n
Ty = E ViU,
i=1

then
Ly = pq(A)IOZZPq(Ai)%Ui
i=1

= pgA)mur + Y pe(N)vius. (7.1)

=2

If the goal is to extract the first eigenpair, then we would like the component
pq(A1)m in (7.1) to be much larger than the other componemt6);)v;, ¢ > 1.
Within this setting some scaling should be applied to the polynopjiand we
can, for example, require that(A\;) = 1. In practice); is not known but the
scaling will be based on an approximate eigenvalue

The ~;'s are usually not known, so we might seek a polynomialwhose
maximum absolute value over the’s for i > 1 is the smallest possible. Since
these\;’s are again not known, a more realistic problem to solve is to seek a
polynomial p, whose value a\; is one and whose maximum absolute value in
some intervala §] containing all other eigenvalues is the smallest possible. A
mathematical formulation of this problem is

min max (pq(t)] -
Lm0
pg(A1) =1

We have encountered this problem and discussed its solution in Chapter 4. The
optimal polynomial, as stated by Theorem|4.8, is the shifted and scaled Chebyshev
polynomial of the first kind of degreg

) c, (1 + 2%)
C,(t) = —f% .
Cq (1+2%2)
Because of the attractive 3-term recurrence of Chebyshev polynomials, it is easy
to write a simple vector recurrence for updating= C,(A)z. This will be dis-
cussed in detail for the more general situation of complex Chebyshev polynomials,
see Sectionh 7.4.

Chebyshev polynomials can now be combined with projection-type methods
in a number of ways. The next two sections discusses two options.
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7.2 Explicitly Restarted Arnoldi’'s Method

An important property of Arnoldi’s method seen in Chapter 4, is that if the initial
vectorwv; is exactly in an invariant subspace of dimensicand not in any invari-
ant subspace of smaller dimension, i.e., if the grade a$ r, then the algorithm
stops at step = r, because we will obtaifo,.11|| = 0. However, as Proposition
[6.2 shows, in this cask,. will be invariant, which implies by Proposition 4.3 that
ther computed eigenvalues are all exact.

This suggests that a good choice for the initial veetoin Arnoldi’s method
would be to take a vector which is close to being in an invariant subspace of
small dimension. Polynomial filtering can help construct such vectors. A filter
polynomial can be selected so that after the filtering step is applied to some initial
vectorv the resulting vector will have small components in any eigenvalue that is
inside a ‘wanted’ region and large components for eigenvalues outside this region.
If there is a small number of such eigenvalues in addition to the wanted ones
A1, A2, ..., A, then the Arnoldi projection process will compute them with a good
accuracy and they will be used to compute the next filter polynomial.

A possible approach is to select a vectgrwhich is a certain linear com-
bination of approximate eigenvectors or Schur vectors obtained from a previous
iteration and apply to it a certain polynomial filter. The resultis then normalized to
yield the initial vector for the next Arnoldi loop. This ‘enhanced initial vector ap-
proach’ does not work too well in practice and the reasons for this were explained
by Morgan [131]. The process can be slow of even diverge in some cases when
the eigenvalues are poorly separated. An alternative which works better is to tar-
get one eigenvalue-eigenvector pair at a time and proceed just as for the restarted
Arnoldi method with deflation described in Chapter 4..

The algorithm is in fact very similar in structure to Algorithm 6.4. The only
difference is that the initial vector in the outer loop is now preprocessed by a
filtering acceleration. The implementation uses a single hasis, ..., v, whose
first vectors are the Schur vectors 4fthat have already converged. If the—

1 vectorswvy, vs, ..., v,_1 have converged then we start by choosing a vector
which is orthogonal tay,....,v,—; and of norm 1. We then performm — v
steps of an Arnoldi process, orthogonalizing the veectagainst all previous;’s
includingwvy, ..., v,_1. Finally, we restart as in the previous algorithm, taking

to bep, (A)zo, wherez, is the approximate Schur vector produced by the Arnoldi
process. The algorithm is sketched below.

ALGORITHM 7.1 (Deflated Arnoldi with filtering)

A. Start: Choose an initial vectar,, with ||vy||2 = 1.
B. Eigenvalue Loop: Forl = 1,2, ..., p do:
1. Arnoldi Iteration. Forj = 1,1+ 1,...,m do:
e Computew := Avj;;

e Compute a set gf coefficients;; such thatv := w—ZfZl hijvi
is orthogonal to all previous;’s, i = 1,2, ..., j;
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o Computehji,j = |lwll2 andvji1 = w/hji1;.
2. Compute a desired Ritz pair, u;, and corresponding residual norm
pi-
3. Using the approximate Ritz values obtain a new filter polynomjal
4. Computez, = pq(A)zo, with zo = 4.
5. Orthonormalizez, against all previous;’s to get the approximate
Schur vector,; and definey; := 1.

6. If p; is small enough then acceptas the next Schur vector, compute
hiy = (Av,v;) i =1,..,1. Else goto (B.1).

Recall that in the B-loop, the Schur vectors associated with the eigenvalues
A1, ..., \j_1 are frozen and so is the corresponding upper triangular matrix corre-
sponding to these vectors.

The new polynomiap, in Step B-3 can be chosen in a number of ways. One
can compute a new Chebyshev polynomial for example, and this is described in
detail in Sectior 7.4. Another option is simply to use a polynomial of the form

Pa(t) = (t—01)(t —0s) ... (t—0,). (7.2)

where the);’s are a set (possibly all) of the unwanted values among the computed
Ritz values. This has the effect of makipgsmall on the unwanted set and large
elsewhere. An elegant way to implement this idea is described in the next section.

7.3 Implicitly Restarted Arnoldi’'s Method

In the discussion of the Arnoldi process we saw that restarting was necessary in
practice because as increases, cost becomes prohibitive. The goal of implic-
itly restarted Arnoldi's method is to devise a procedure which is equivalent to
applying a polynomial filter to the initial vector of the Arnoldi process. The idea
blends three ingredients: polynomial filtering, the Arnoldi (or Lanczos) proce-
dure, and the QR algorithm for computing eigenvalues. We consider a polynomial
filter which is factored in the form (7.2). Assume that we have obtained from the
Arnoldi procedure the Arnoldi decomposition

AV, = Vi Hy, + BrOpgaer, (7.3)
and consider applying the first factdr: — 6, ) to all the basis vectors;:
(A—=0.1)Vyy = Viu(Hpy — 011) + BrnOpsrel,
LetH,, — 611 = Q1 R;. Then,

(A=011)V,, = ViQiRi+ Bmmiien, (7.4)
(A-011)(VinQ1) = (ViQ1)R1Q1 + Brnvm+16£@1 (7.5)
AVin@1) = (VmQ1)(RiQ1 +011) + Bnvmiiel Q1 (7.6)
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We now introduce the notation:

HY = RQi+6,I;
O DT = eTQs
vl = V,.0..

With this notation the relation (7.6) translates to
AVY = VIVHD + Um+1(b$i)+1)T~ (7.7)

We now examine the result of Equatidn (7.7) in further detail. Our first ob-
servation is thaf?; Q1 + 6,1 is the matrix that would result from one step of the
standard QR algorithm with shift; applied toH,,. In particular, from what is
known about the QR algorithm, the matrh(,(n1> remains an upper Hessenberg
matrix. As a result, (7.6) resembles an ordinary Arnoldi decomposition such as
the one of Equation (7.3), except that the veefris now replaced by the vector
()"

A second observation is that the first columnif” is a multiple of (A —
611)vy. This follows from multiplying[(7.4) by the columay, and recalling that
R, is upper triangular (with entries denotedhy)

(A—0:)Vner = (VinQ1)Rier + Bnvmyremer — (A—6011)vy = 7’11U§1)~

Our third and final observation is that the columnsligf’ are orthonormal be-
cause they result from applying rotations to the columnd/gf an operation
which maintains orthonormality.

We can now apply the second shift in the same way:

(A= 01V, = VO (HD = 050) + v, (00, )T

By a similar proces$H§,}) — 6,1) = 2R, and upon multiplying byQ, to the
right we obtain:

(A= 0DV, P Qs = (VVQ2)(RaQ2) + v (b51) Qs
leading to the following analogue of (7.7)
AV = VHP 4 v (05T (7.8)

Where,Hﬁf) = RoQ2 + 021, andV75,,2) = VT(n,l)Qg.
The same argument as above will show that the first columWrSEﬂ‘ is a
multiple of (A — 6,T)v{"). Hence,

Ve = scalarx (A — f,1)vlY
scalarx (A — 051)(A — 011)v;.
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Note thatQ); and@- are both Hessenberg matrices and that
(b'gll)T = (b'l(ﬂill)TQQ = eZ;LQlQQ = [07 Oa T 707 m, M2, 773]

Consider the matri¥;,,_» = [01,...,0m—2] coOnsisting of the firstn — 2 columns
of V{2 and the matrixf,,,_» the leadingm — 2) x (m — 2) principal submatrix
of H,,. Then,

~ ~ ~ ~ . T .
AVtm—Q = ‘/m—QHm—Q + ﬁ'rrb—lvm—lem Wlth

3 - — (2) (2)

Brm—10m—1 = MUm+1 + hm—l,m—va—l

Note that||0,,,—1||2 = 1. The remarkable result is that the above decomposition
is identical with one that would have been obtained from perfornfing— 2)

steps of the Arnoldi process starting with the filtered veétos w/||w||2, where

w = (A —05I)(A — 6;1)vy. This means we know how tmplicitly apply poly-
nomial filtering, in this case of degree 2, to the initial vector of(an— 2)-step
Arnoldi procedure. The procedure exploits the QR algorithm within the Arnoldi
procedure. The process can now be continued fronmvstep, e.g., by performing

two additional steps to perform the full steps of ann-step Arnoldi procedure if
desired. In terms of cost we have not gained or lost anything when matrix-vector
products are counted: We started withArnoldi steps, performed two basis rota-
tions and added two more Arnoldi steps to completéull steps of Arnoldi. The

total is(m+2) matvecs the same as if we just started by compuitin@ matvecs)

and them additional matvecs for the:-step Arnoldi procedure. Of course im-
plicit restarts presents a number of advantages over explicit restarting. First, it is
a very stable procedure, consisting mostly of plane rotations. Second, it blends
nicely with the Arnoldi process and allows one to get the desired ghifis the
procedure progresses.

We have described the process for a degree 2 filter but clearly this can be ex-
tended to higher degrees. Notation is somewhat simplified by séttingn — g,
wheregq is the degree. To describe the algorithm in a succinct way, we need to re-
call the implicit-shift QR procedure which is a major ingredient of the procedure.

ALGORITHM 7.2 ¢-step Shifted QR
Forj=1,---,q9Do

(H — GjI) =QR
H = RQ + (9]‘[
EndDo

Each instance of the above loop performs one step of the QR algorithm and the
resulting matrixH is similar to the original matrix since,

QHQY = Q(RQ +0,1)Q" = QR+ 6,1 = H.

The implicit-Q theorem allows to perform thegesteps in an effective way with
plane rotations, a procedure known as bulge-chasing. Details are beyond the scope
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of this book and can be found in standard text such as [77] or [204]. We will denote
by
[H7Q] = QR(Hvolv' o aeq)
the results of this operation, wheggis the unitary matrix which transforms to
H. Using the usual notation we then end up with the following algorithm.

ALGORITHM 7.3 Implicitly Restarted Arnoldi Algorithm

Perform anm-step Arnoldi procedure to get the factorization:
AVm =VnH,, + @m+1€£
Select the; shiftsé,, - - - , 0, from the eigenvalues df ,,
Perform ay-step QR with these shifts:
[Hm7 Q} = QR(Hm, 01, 79k)
Setk =m —q,H, = Hp, (1 : k,1: k), Vi :=ViQ
Setiy1 = Vky1 + MeOmt1 With e = Qm ke,
Continue the resulting Arnoldi factorization
AVjy = Vi Hy + O p1€l
with q additional Arnoldi steps.

Recall our notation 541 = hi+1,50k+1 IS the unscaled Arnoldi vector of
the k-th step. As discussed above, a common implementation consists of keeping
m, the dimension of the Krylov subspace, constant, @ritle degree of the filter,
fixed.

7.3.1 Which Filter Polynomials?

Any polynomial can be used in the procedure just described as long as it is pro-
vided in the factored form (7.2). However, common implementations of the im-
plicitly restarted Arnoldi algorithm, use for the 'shift¢; approximate eigenvalues
obtained from the Hessenberg matrix, i.e., Ritz values. The Ritz values are divided
in two groups: ‘wanted’ and ‘unwanted’. For example if our goal is to compute
the ten eigenvalues ol with the smallest (algebraic) real parts we can set the
ten leftmost Ritz values as wanted and the rest as unwanted); Stage selected
among the unwanted Ritz values. The resulting filter polynomial will be zero on
these roots, and so it likely to be small on the unwanted part of the spectrum, and
it will have larger values on the wanted part of the spectrum.

The reader familiar with the QR algorithm may have noticed that exact eigen-
values ofH}, are used as shifts in the QR algorithm and in this situation the output
matrix A}, from theg-step QR procedure will have a partial upper triangular form.

7.4 Chebyshev Iteration

Chebyshev filters where among the first to be used for solving large eigenvalue
problems, as well as linear systems of equations. A.ee a real nonsymmetric
(or non Hermitian complex) matrix of dimensioenand consider the eigenvalue
problem,Au = Au. Let A, --- , A, be the eigenvalues of labeled in decreasing
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order of their real parts, and suppose that we are interestedvitnich is initially
assumed to be real.

We consider a polynomial iteration of the formy;, = py(A)z0, wherez is
some initial vector and wherg; is a polynomial of degreé. We would like to
choosep;, in such a way that the vectoef, converges rapidly towards an eigenvec-
tor of A associated with\; ask tends to infinity. Assuming for simplicity that
is diagonalizable, we expang in the eigenbasi$u; } as,

20 = Z Oius,
i=1
which leads to the following expression fay = px(A)zo:

2 = Z O:pr(Ni)u; = O1pe(A)ur + Z Oipr (N ) us. (7.9
) =2

The above expansion shows thatjfis to be a good approximation of the eigen-
vectoru,, then the second term must be much smaller that the first and this can be
achieved by making eveny, ()\,), with j # 1, small in comparison withp, (A1).

This leads us to seek a polynomial which takes ‘small’ values on the discrete set

R = {)\23)\35 T 7)‘71}7
and which satisfies the normalization condition
pr(\) = 1. (7.10)

An ideal such polynomial would be one which minimizes the (discrete) uniform
norm on the discrete set over all polynomials of degreg satisfying [(7.10).
However, this polynomial is impossible to compute without the knowledge of all
eigenvalues ofl and as a result this approach has little practical value. A simple
and common alternative, is to replace the discrete min-max polynomial by the
continuous one on a domain containiigbut excluding);. Let F be such a
domain in the complex plane, and Bt denote the space of all polynomials of
degree not exceeding We are thus seeking a polynomijal which achieves the
minimum

peu»ﬂl(ril):l max [p(N)]. (7.11)
For an arbitrary domairk, it is difficult to solve explicitly the above min-max
problem. Iterative methods can be used, however, and the exploitation of the re-
sulting min-max polynomials for solving eigenvalue problems constitutes a promis-
ing research area. A preferred alternative is to resiittt be an ellipse having its
center on the real line, and containing the unwanted eigenvalués- 2, --- | n.

Let E(c, e, a) be an ellipse containing the set

R = {)\27)\37"' 7)\71}7
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ca Ce c ct+e c+a
f f f > Re(z)

Figure 7.1: Ellipse containing the spectrumAwfvith e real.

and having (real) centef, foci ¢ + e, ¢ — e, and major semi-axis. WhenA is

real the spectrum afl is symmetric with respect to the real axis, so we can restrict
E(c, e, a) to being symmetric as well. In other words, the main axis of the ellipse

is either the real axis or a line parallel to the imaginary axis. Therefoasde

are either both real or both purely imaginary. These two cases are illustrated in

Figuré 7.1 and Figure 7.2 respectively.

A result that is known in approximation theory and shown in Se¢tion 4.4 of

Chapter 4, is that whef is the ellipseE(c, e, a) in (7.11), an asymptotically best
min-max polynomial is the polynomial

Cil(A = c)/e]

A) = ——F— 7.12
pk( ) Ck[(>\1 — c)/e] ( )
whereC, is the Chebyshev polynomial of degre®f the first kind.
The computation of, = pr(A)zp, k = 1,2, -, is simplified by the three—

term recurrence for the Chebyshev polynomials,

CiN) =X G(N) =1,

Cri1(A) = 20Cr(N) — Cr_1(V), k=12
Letting pr, = Cx[(A1 —¢)/e],k =0,1,--- , we obtain

)\—c]zz)\—c

Pr1Pk+1(A) = Crya| PePk(N) — pr—1Pk—1(N).

(&
We can simplify this further by definingx.+1 = pi./pr+1,

C
pk@\) — OkOk+1Pk+1 ()\)~

Pr1(A) = 20411 c

A straightforward manipulation using the definitionssgf p; and the three—term
recurrence relation of the Chebyshev polynomials showsahdt= 1,2,--- |
can be obtained from the recurrence,

e

7)\1—07

g1
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Re(z)

Figure 7.2: Ellipse containing the spectrumAfwith e purely imaginary.

The above two recursions defining and o, can now be assembled together to
yield a basic algorithm for computing, = px(A)ze, k > 1. Although\; is not
known, recall that it is used in the denominator of (7.12) for scaling purposes only,
SO we may replace it by some approximatiom practice.

ALGORITHM 7.4 Chebyshev lteration

1. Start Choose an arbitrary initial vectag and compute

€

= 7.13
01 )\1 — ¢ ) ( )
01
z1 = —(A—cl)z. (7.14)
e
2. lterate: Fork = 1,2, --- , until convergence do:
L (7.15)
ag D EE— .
k+1 2/01 o
k41 = o7kl (A—cl)zp — OpOpy128-1 - (7.16)

An important detail, which we have not considered for the sake of clarity,
concerns the case whens purely imaginary. It can be shown quite easily that
even in this situation the above recursion can still be carried out in real arithmetic.
The reason for this is that the scalafs, ; /e andoy. 104 in the above algorithm
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are real numbers. The primary reason for scalinghjy(\; — ¢)/e] in (7.12) is
to avoid overflow but we have just given another reason, namely avoid complex
arithmetic where is purely imaginary.

7.4.1 Convergence Properties.

In order to understand the convergence properties of the sequence of approxima-
tions z;, we consider its expansion (7.9) and examine the behavior of each coeffi-
cient ofu,, for i # 1. By the definition ofp;, we have:

_ Cr[(Ni —¢c)/e]
Cr[(M —c)/e]’

From the standard definition of the Chebyshev polynomials in the complex plane
seen in Chapter 4, the above expression can be rewritten as

Pr( i)

k —k
w; + w;

Ai) = , 7.17
wherew; represents the root of largest modulus of the equatiart in
1 Ai —
Swtw) = < (7.18)

From (7.17)pi.(\;) is asymptotic tdw; /w1 ]*, hence the following definition.

Definition 7.1 We will refer tox; = |w;/w1| as the damping coefficient of
relative to the parameters e. The convergence ratio(\;) of A; is the largest
damping coefficient; for i # 1.

The meaning of the definition is that each coefficient in the eigenvegtof the
expansion[(7.9) behaves like', ask tends to infinity. The damping coefficient
x(A) can obviously be also defined for any valden the complex plane, not
necessarily an eigenvalue. Given a setwfanted eigenvalueg,, \o, ..., A, the
definition 7.1 can be extended for an eigenvalyg < r as follows. The damping
coefficient for any ‘unwanted’ eigenvalug, i > r must simply be redefined as
|lw;/w;| and the convergence ratid\;) with respect to the given ellipse is the
largest damping coefficient;, forl =r +1,...,n.

One of the most important features in Chebyshev iteration lies in the ex-
pression[(7.18). There are infinitely many pointin the complex plane whose
damping coefficienk()\) has the same value. These points\ are defined by
(A—c)/e = (w+w~1)/2 and|w/w,| = k wherex is some constant, and belong
to the same confocal ellipgg(c, e, a(x)). Thus a great deal of simplification can
be achieved by locating those poititgt are realas it is preferable to deal with
real quantities than imaginary ones in the above expression defininggs was
seen in Section 4-4.4 the mappidgw) = 3 (w + w™!), transforms a circle into
an ellipse in the complex plane. More precisely,foe= pe??, J(w) belongs to an
ellipse of center the origin, focal distance 1, and major semi;ax;is%(p+ p~ .
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Moreover, given the major semi-axisof the ellipse, the radiug is determined
by p = 1[a+(a?—1)'/2]. As a consequence the damping coefficierit simply
pi/p1 Wherep; = La; + (af —1)'/?] anda; is the major semi-axis of the ellipse
centered at the origin, with focal distance one and passing through ¢)/e.
Sincea; > «y,i = 2,3,--- ,n, itis easy to see that; > p;, 7 > 1, and hence
that the process will converge. Note that there is a further mapping between
and(\; —c)/e which transforms the ellipsB(c, e, a; ) into the ellipseZ (0, 1, «;)
wherea; andc; are related byy; = a;/e. Therefore, the above expression for
the damping coefficient can be rewritten as:
2 1/2

_pi_ et (@) (7.19)

p1 ai+ (a2 —1)1/2
wherea; is the major semi-axis of the ellipse of centefocal distance:, passing
through ;. From the expansion (7.9), the vectgr converges t@;u, and the
error behaves like(\;)".

The algorithm described above does not address a certain number of prac-
tical issues. For example, the parameteand e will not generally be known
beforehand, and their estimation is required. The estimation is typically done in
a dynamic manner. In addition, the algorithm does not handle the computation of
more than one eigenvalue. In particular what can we do in sase complex,

i.e., when\; and)\, = \; form a complex pair?

Rj

7.4.2 Computing an Optimal Ellipse

We would like to find the ‘best’ ellipse enclosing the g&bf unwanted eigenval-
ues, i.e., the eigenvalues other than the ones withr lgebraically largest real
parts. We must begin by clarifying what is meant by ‘best’ in the present context.
Consider Figurg 7.3 representing a spectrum of some matard suppose that
we are interested in therightmost eigenvalues, i.e:,= 4 in the figure.

* A2
* *
! )\4 )\1
* * Re(z)
W
* *

Figure 7.3: Example of a spectrum and the enclosing best ellipse-fot.

If » = 1 then one may simply seek the best ellipse in the sense of minimiz-
ing the convergence ratio(\;). This situation is identical to that of Chebyshev
Iteration for linear systems for which much work has been done.
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Figure 7.4: Case where = )\, (complex): the eigenvalues, and \; are inside
the ‘best’ ellipse.

Whenr > 1, then we have several convergence ratios, each corresponding
to one of the desired eigenvaluksi = 1,--- ,r, and several possible strategies
may be defined to try to optimize the process.

Initially, assume thak,. is real (Figure 7.3) and consider any elligsé:, e, a)
including the sefk of unwanted eigenvalues and not the eigenvalues

{)‘17)\27"' 7)\7“}'

It is easily seen from our comments of subsedtion 7.4.1 that if we draw a vertical
line passing through the eigenvalug, all eigenvalues to the right of the line
will converge faster than those to the left. Therefore, whens real, we may
simply define the ellipse as the one that minimizes the convergence ratio of
with respect to the two parameterande.

When),. is not real, the situation is more complicated. We could still attempt
to maximize the convergence ratio for the eigenvalyebut the formulas giving
the optimal ellipse do not readily extend to the case wherés complex and
the best ellipse becomes difficult to determine. But this is not the main reason
why this choice is not suitable. A close look at Figure 7.3, in which we assume
r = 5, reveals that the best ellipse fdy may not be a good ellipse for some of the
desired eigenvalues. For example, in the figure the eigenvalyes; should be
computed before the paly, A5 since their real parts are larger. However, because
they are enclosed by the best ellipseXgthey may not converge until many other
eigenvalues will have converged including, A5, A,,, \,—1 and possibly other
unwanted eigenvalues not shown in the figure.



176 Chapter 7

The difficulty comes from the fact that this strategy will not favor the eigen-
values with largest real parts but those belonging to the outermost confocal el-
lipse. It can be resolved by just maximizing the convergence ratig, afistead
of A5 in this case. In a more complex situation it is unfortunately more difficult
to determine at which particular eigenvalg or more generally at which value
w it is best to maximizer(u). Clearly, one could solve the problem by taking
u = Re(\,), but this is likely to result in a suboptimal choice.

As an alternative, we can take advantage of the previous ellipse, i.e., an ellipse
determined from previous purification steps. We determine a poart the real
line having the same convergence ratio)as with respect to the previous ellipse.
The next ‘best’ ellipse is then determined so as to maximize the convergence ratio
for this pointx. This reduces to the previous choige= Re().) when ), is
real. At the very first iteration one can geto beRe()\,). This is illustrated in
Figuré7.5. In Figure 715 the ellipse in solid is the optimal ellipse obtained from
some previous calculation from the dynamic process. In dashed line is an ellipse
that is confocal to the previous ellipse which passes throyghThe pointy is
defined as one of the two points where this ellipse crosses the real axis.

TEIIipse of the same family

Figure 7.5: Point on the real axis whose convergence is equivalent with that of
with respect to the previous ellipse.

The question which we have not yet fully answered concerns the practical
determination of the best ellipse. At a typical step of the Arnoldi process we are
givenm approximations\;,i = 1,--- ,m, of the eigenvalues ofl. This approx-
imate spectrum is divided in two parts thevanted elgenvaluesl, -+, Ay and
the setR of the remaining elgenvalud% {)\,H, <o Am}. From the previous
ellipse and the previous sels we would like to determme the next estimates for
the optimal parametersande.

A similar problem was solved in the context of linear systems of equations
and the technique can easily be adapted to our situation. We refer the reader to
the two articles by Manteuffel [126, 127]. The change of variatiles (u — \)



FILTERING AND RESTARTING 177

easily transformg into the origin in theé—plane and the problem of maximizing
the ratior (1) is transformed into one of maximizing a similar ratio in frelane
for the origin, with respect to the parameterande. An effective technique
for solving this problem has been developed|in [125], [127] but its description
is rather tedious and will be omitted. We only indicate that there exist reliable
software that will deliver the optimal values pf— ¢ ande at output if given the
shifted eigenvalueg — 5\]», j=r+1,---,moninput.

We now wish to deal with a minor difficulty encountered whgris complex.
Indeed, it was mentioned in Section [7.4 that the eigenvaluie (7.13) should,
in practice, be replaced by some approximatioof ;. Initially, v can be set to
some initial guess. Then, when the approximatigras computed from the outer
loop of the procedure, becomes available it can be used. If it is real then we can
taker = \; and the iteration can be carried out in real arithmetic as was already
shown, even whem is purely imaginary. However, the iteration will become
complex if \; is complex. To avoid this it suffices to taketo be one of the two
points where the ellips€(c, e, a1 ) passing through;, crosses the real axis. The
effect of the corresponding scaling of the Chebyshev polynomial will be identical
with that using\; but will present the advantage of avoiding complex arithmetic.

7.5 Chebyshev Subspace Iteration

We will use the same notation as in the previous sections. Suppose that we are
interested in the rightmost eigenvalues and that the ellipg&c, e, a) contains

the setR of all the remaining eigenvalues. Then the principle of the Chebyshev
acceleration of subspace iteration is simply to replace the po#/ia the first

part of the basic algorithm 5.1 described in Chapter S5pfA) wherep, is the
polynomial defined by (7.12). It can be shown that the approximate eigenvector
@i =1,--- ,r converges towards;, asCy(a/e)/Ci[(\i — ¢)/e], which, using
arguments similar to those of subsection (7.4.1) is equivalerjt tehere

a -+ [aQ _ 1]1/2

—_—. 7.20
a; + [a? — 1]1/2 (7.20)

ni =

The above convergence ratio can be far superior to the standardXatiq/\;|
which is achieved by the non-accelerated algorithm. However, we recall that sub-
space iteration computes the eigenvalues of largest moduli. Therefore, the unac-
celerated and the accelerated subspace iteration methods are not always compara-
ble since they achieve different objectives.

On the practical side, the best ellipse is obtained dynamically in the same way
as was proposed for the Chebyshev—Arnoldi process. The accelerated algorithm
will then have the following form.

ALGORITHM 7.5 Chebyshev Subspace Iteration
1. Start: Q — X.
2. lterate: Computel) — pi(A)Q.
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3. Project: Orthonormalize&) and get eigenvalues and Schur vector§’'cE
QT AQ. Compute — QF, whereF is the matrix of Schur vectors @f.

4. Test for convergence:If () is a satisfactory set of Schur vectors then stop,
else get new best ellipse and go to 2.

Most of the ideas described for the Arnoldi process extend naturally to this
algorithm, and we now discuss briefly a few of them.

7.5.1 Getting the Best Ellipse.

The construction of the best ellipse is identical with that seen in subséection 7.4.2.
The only potential difficulty is that the additional eigenvalues that are used to
build the best ellipse may now be far less accurate than those provided by the
more powerful Arnoldi technique.

7.5.2 Parameters k£ and m.

Here, one can take advantage of the abundant work on subspace iteration available
in the literature. All we have to do is replace the convergemtes,; /)\;| of the

basic subspace iteration by the new ratjp®f (7.20). For example, one way to
determine the number of Chebyshev stépproposed in Rutishauser [167] and

in Jennings and Stewalt [96] is

n [/ ),
wheree is some parameter depending on the unit round—off. The goal of this
choice is to prevent the rounding errors from growing beyond the level of the
error in the most slowly converging eigenvector. The paranietsralso limited
from above by a user supplied boung.., and by the fact that if we are close
to convergence a smallércan be determined to ensure convergence at the next
projection step.

The same comments as in the Arnoldi—-Chebyshev method can be made con-
cerning the choice of, namely thatm should be at least + 2, but preferably
even larger although in a lesser extent than for Arnoldi. For the symmetric case it
is often suggested to take to be a small multiple,@&.g.,,m = 2r orm = 3r.

7.5.3 Deflation

Another special feature of the subspace iteration is the deflation technique which
consists of working only with the non-converged eigenvectors, thus ‘locking’
those that have already converged. Clearly, this can be used in the accelerated
subspace iteration as well and will enhance its efficiency. For the more stable ver-
sions such as those based on Schur vectors, a similar device can be applied to the
Schur vectors instead of the eigenvectors.
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7.6 Least Squares - Arnoldi

The choice of ellipses as enclosing regions in Chebyshev acceleration may be
overly restrictive and ineffective if the shape of the convex hull of the unwanted
eigenvalues bears little resemblance to an ellipse. This has spurred much research
in which the acceleration polynomial is chosen so as to minimizésanorm of

the polynomialp on the boundary of the convex hull of the unwanted eigenvalues
with respect to some suitable weight functionThe only restriction to this tech-
nique is that the degree of the polynomial is limited because of cost and storage
requirements. This, however, is overcome by compounding low degree polynomi-
als. The stability of the computation is enhanced by employing a Chebyshev basis
and by a careful implementation in which the degree of the polynomial is taken
to be the largest one for which the Gram matrix has a tolerable conditioning. The
method for computing the least squares polynomial is fully described in [172] but
we present a summary of its main features below.

7.6.1 The Least Squares Polynomial

Suppose that we are interested in computing-tegenvalues of largest real parts
A1, Ao, ...\, and consider the vector

2 = pr(4)20 (7.21)

wherep, is a degreek polynomial. Referring to the expansidn (7.9) we wish

to choose among all polynomiailsof degree< k one for whichp();),i>r are

small relative tgp(\;), ¢ < r. Assume that by some adaptive process, a polygonal
region H which encloses the remaining eigenvalues becomes available to us. We
then arrive at the problem of approximation theory which consists of finding a
polynomial of degreé whose value inside some (polygonal) region is small while
its values at- particular points (possibly complex) outside the region are large. For
simplicity we start with the case where= 1, i.e., only the eigenvalug; and its
associated eigenvectors are sought. We seek a polynomial that is largarad

small elsewhere. For convenience we can always normalize the polynomial so
that

pe(Ar) = L. (7.22)

The desired polynomial satisfying the above constraint can be sought in the form
pr(A) =1 = (A= A1)si(A) (7.23)

wheresy, is a polynomial of degreg — 1.

Since it is known that the maximum modulus of an analytic function over a
region of the complex plane is reached on the boundary of the region, one solution
to the above problem is to minimize dn-norm associated with some weight
functionw, over all polynomials of degrek satisfying the constraint (7.22). We
need to choose a weight functianthat will facilitate practical computations.
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Figure 7.6: Polygort/ containing the spectrum of.

Letthe regionH of the complex plane, containing the eigenvaldgs,, . .. A,
be a polygon consisting ¢f edgest, Es, ... I, each edgd’; Iinking two suc-
cessive vertices;_; andh; of H, see Figure 716. Denoting by = £ (h;+h;_1)
the center of the edgg; and byd; = % (h; — hj_1) its half-width, we deflne the
following Chebyshev weight function on each edge:

2
wi(A) =~ = (A = ¢;)?| /2, (7.24)

The weightw on the boundarg H of the polygonal region is defined as the func-
tion whose restriction to each edgg is w;. Finally, the L,-inner-product over
O0H is defined by

<pg>e = / P)TNw(N)]dA (7.25)

Z/ (A)]dA], (7.26)

and the correspondinb.-norm is denoted by.||.,.

Often, the matrix4 is real and the convex hull may be taken to be symmetric
with respect to the real axis. In this situation it is better to define the convex hull
as the union of two polygon&/+ and H~ which are symmetric to each other.
These two are represented in solid line and dashed line respectively in the figure
[7.6. Then, when the coefficients phndq arereal, we only need to compute the
integrals over the edges of the upper pdrt of H because of the relation

<p,q>,=2Re [/BH+ p(N)gN)w(N)[dA]| . (7.27)

Having defined an inner product we now define in the simplest case where
r = 1, the ‘least-squares’ polynomial that minimizes

1= (A= A1)s(A) |- (7.28)
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Note that there are other ways of defining the least squares polynomial. Assume
that we use a certain basig,...,t;_1. and let us express the degree- 1
polynomials(\) in this basis as

k—1
s(N) =D mit;(A) - (7.29)
j=0

Each polynomialA — A;)t; () is of degregj + 1 and can be expressed as

j+1

()\ — )\1)tj(>\) = Z Tijtj,(/\)
=0

Denote byn the vector of the;’s for j = 0,...,k — 1 and by~ the vector of
coefficientsy;,j = 0,...,k of (A — A1)s(A) in the basig, ..., ¢ and define
7;; = 0fori > j 4+ 1. Then the above two relations state that

k—1 k k k-1
(A=A1)s(A) = Z%‘ Zﬂ'jti()\) = Z ZTijnj ti(A)
j=0 i=0 i=0 \ j=0

In matrix form this means that
v ="Tn

whereT}, is the(k+1) x k matrix of coefficients;;’s, which is upper Hessenberg.
In fact, it will seen that the matrif}, is tridiagonal when Chebyshev bases are
used.

The least-squares problem (7.28) will translate into a linear least-squares
problem for the vector). We will discuss some of the details of this approach
next. There are two critical parts in this technique. The first concerns the choice
of the basis and the second concerns the solution least-squares problem.

7.6.2 Use of Chebyshev Bases

To motivate our choice of the basjs; }, we assume at first that the best polyno-
mial is expressed in the ‘power’ basis

LA,

Then, the solution of the least-squares problem (7.28) requires the factorization of
the Gram matrix consisting of all the inner produets\i~!, =1 > :

My ={<tj,ti >u}ij=0,... k-

This matrix, often referred to as the moment matrix , can become extremely ill-
conditioned and methods based on the use of the power basis will generally be
limited to low degree calculations, typically not exceeding 10. A more reliable
alternative is to replace the bagis’~!} by a more stable basis. One such basis,
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h1 h3

Figure 7.7: The ellipse of smallest area containing the convex hull df) .

well understood in the real case, is that consisting of Chebyshev polynomials over
an ellipse that contains the convex hull. The solution polynomial {7.42) will be
expressed in terms of a Chebyshev basis associated with the ellipse of smallest
area containing?. Such an ellipse is illustrated in Figure 7.7.

Computing the ellipse of smallest area that encldgas a rather easy task,
far easier than that of computing ellipses which minimize convergence rates for
Chebyshev acceleration, see Exercisd P-7.3 for details.

7.6.3 The Gram Matrix

The next step in the procedure for computing the best polynomial, is to evaluate
the Gram matrixM;. For the Chebyshev basis, the Gram matti} can be
constructed recursivelyithout any numerical integration.

The entries of the Gram matrix are defined by,

mi; =<tj_1,tic1 >w, Hj=1,...,k+1.

Note that because of the symmetry of the domain, the mafiixhas real coeffi-
cients. We start by expressing each polynomjél) in terms of the Chebyshev

polynomials
A— v
G ( - ) = ()

for each of the: edgesE,, v = 1,..., u. The variablet takes real values when
A lies on the edgé’, . In other words we express eathas

Z e (€) (7.30)

A—c,
&= 4 (7.31)



FILTERING AND RESTARTING 183

Each polynomiak; will have . different expressions of this type, one for each
edgeF,. Clearly, these expressions are redundant since one of them is normally
enough to fully determine the polynomigl However, this redundancy is useful
from the practical point of view as it allows to perform an efficient computation
in a stable manner. The following proposition enables us to compute the Gram
matrix from the expressions (7.30).

Proposition 7.1 Assuming the expressiofig30) for each of the polynomials,
the coefficients of the Gram matth{;, are given by

n
Miy1,j41 = 2 Re {Z ( Y, ﬂéjl + Z%(u) z(Jy)) } ; (7.32)

v=1

forall 7, j suchthat) <i < j <k.

Proof. The result follows from the orthogonality of the Chebyshev polynomials,
the change of variables (7/31) and the expression|(7.27).

We now need to be able to compute the expansion coefficientsauBe of
the three term-recurrence of the Chebyshev polynomials it is possible to carry the
computation of these coefficients in a recursive manner. We rewrite the recurrence
relation for the shifted Chebyshev polynomials in the form

ﬁi—&-lti-&-l()\) = ()\ - Otv)t7()\) - 5ltl_1()\),l = O7 1, ey k, ey (733)

with the convention that_; == 0 anddy = 0. Using the definitions (7.30) and
(7.31), we get for each edge,

fratna0) = 0+ 0, ) 50600 - B3 ol e
=0

which provides the expressions fqr.; from those oft; andt¢;_; by exploiting
the relations

1
¢Gi(e) = (@) + (e >0,
§Co(§) = Cu(§)-
The result is expressed in the following proposition.

Proposition 7.2 For v = 1,2,... u, the expansion coefficiemé? satisfy the
recurrence relation,

7 dl/ i 7 1—
Bty = F i, 0] e —anl —anlY (739)

forl =0,1,...,7+ 1 with the notational convention,

Y, =91 i =0 for i>i.
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The total number of operations required for computing a Gram matrix with
the help of the above two propositions@¥ .k /3). This cost may be high for
high degree polynomials. However, this cost will in general not be significant
relatively to the total number of operations required with the matriwhich is
typically very large. It is also not recommended to compute least squares polyno-
mials of degree higher than 40 or 50.

7.6.4 Computing the Best Polynomial

In the simple case where we are computicand the associated eigenvector, we
need the polynomial(A) which minimizes:

Jm) =11 = A =A)s(A)lw (7.35)

wheres(\) is the unknown polynomial of degrde— 1 expressed in the form

(7.29).
Let Ty be the(k + 1) x k tridiagonal matrix

(6 7)) (51
Bi a1 09
- ) )

. . (7.36)
Br—2 Qr—2 dr_1
‘ Br—1 o1

Bre

whose coefficients;, d;, 3; are those of the three-term recurrence (7.33). Given
two polynomials of degreg

k k

p(AN) =D yits(A) and g(A) =Y 0iti(\)

=0 =0

it is easy to show that the inner product of these two polynomials can be computed
from
<p.q >u= (M, 0) (7.37)

wherey = (70,71, .. .,7) " andd = (y, 61, ...,0,)". Therefore, an alternative
expression for () is

J()? = ler — (T = M) My [er — (T — M I)n)
and as a consequence, we can prove the following theorem.

Theorem 7.1 Let
My =LLT

be the Cholesky factorization of tile+ 1) x (k+ 1) Gram matrixA/;, and denote
by Hy the (k + 1) x k upper Hessenberg matrix

Hy, = LY (T}, — \ 1),
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whereT}, is the tridiagonal matrix[(7.36) defined from the three-term recurrence
of the basig;. Then the functio/ (n) satisfies the relation,

J(n) = llirer — Hinl|2- (7.38)

Therefore the computation of the best polynomial requires the solution of a
(k+ 1) x k least squares problem. This is best done by reducing the Hessenberg
matrix Hy, into upper triangular form by using Givens rotations.

The above theorem does not deal with the case where we have several eigen-
values to compute, i.e., with the case- 1. For this situation, we need to redefine
the problem slightly. The following development is also of interest because it
gives an alternative formulation to the least squares polynomial even for the case
r=1.

We start by introducing what is referred tolkesnel polynomials,

k

Ki(&X) =Y m(©mi(N) (7.39)

j=0

in which ther;’s are the orthogonal polynomials with respect to the appropriate
inner product, here .,. >,,. Then the following well-known theorem holds [42].

Theorem 7.2 Among all polynomials of degrédenormalized so thap(\;) = 1,
the one with the smallest-norm is given by
Kk()\h )\)
A= — "% 7.40
2 Ky (A1, M) (7.40)
This gives an interesting alternative to the polynomial derived previously. We will
now generalize this result and discuss its practical implementation.
We begin by generalizing the constraint (7.22) by normalizing the polynomial
at the points\1, \o, ..., A\, as follows,

> ngp(h) =1 (7.41)
j=1
in which thep;’s , j = 1,...r constituter different weights.

Then we have the following generalization of the above theorem.

Theorem 7.3 Let {m; };=0,... x be the firstt + 1 orthonormal polynomials with
respect to the.,-inner-product|(7.26). Then among all polynomiglef degreek
satisfying the constraint (7.41), the one with smallestorm is given by

k
Sy oimilY) 742)

A) = ,
) =S

Whered)i = Z;:l ,LLij'i()\j) .



186 Chapter 7

Proof. We recall the reproducing property of kernel polynomials [42],

<p, Kk(gv >‘) >u= p(f) ; (743)

in which the integration is with respect to the variahlelt is easily verified that
the polynomial((7.42) satisfies the constraint (7.41) and;ihaan be recast as

k
pe(N) = C Y T Ke(Aj, A) (7.44)

=0

whereC' is some constant. Next, we consider any polynomightisfying the
constraint[(7.41) and writg in the form

p(A) = pr(A) + E(N),
from which we get,
IPIE = llpkllE + IE1E + 2Re{< E,px >u}- (7.45)

Since bothp andp,, satisfy the constraint (7.41) we must have
> wiE(X) =0. (7.46)
j=1

From {7.44) and from the reproducing propeity (7.43) we see that

<Epr>s = CY p;<E Ki(A\j, ) >
j=1

CY wiER).
=1

Hence, from/(7.46% E, p; >.= 0 and (7.45) shows thdp||., > ||px||.. for any
p of degree< k. O

As is now explained, the practical computation of the bestpahial p,, can
be carried out by solving a linear system with the Gram maitfix We could also
compute the orthogonal polynomiats and take their linear combination (7.42)
but this would not be as economical.

We consider the unscaled version of the polynomial (7.42) uséd in (7.44),

PrN) =Y i Ke(Aj, A) | (7.47)
j=1

which satisfies a property stated in the next proposition.
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Proposition 7.3 Lett be the(k + 1)-vector with components

Tz:Z,thi—l()\j)7 i:O,...,kJ.
j=1

Then the coefficients of the polynomyalin the basis{t; } are the conjugates of
the components of thevector,

—1
n=DM_1.

Proof. Consider the Cholesky factorizatidd;,, = LL™ of the Gram matrix\/;,.
If we represent by () andt(\) the vectors of sizé + 1 defined by

B()‘) = (WO()‘)’ 771(/\)7 s vﬂ-k()‘))T
and
E()‘) = (to()‘)a tl()‘)7 e 7tk()‘))T

then we have the important relation,

p(A) = L7't(N) (7.48)

which can be easily verified from (7.37). Notice thf(£,7) = (p(\), p(§))
where(., ) is the complex inner product iG**+!, and therefore, from (7.47) and

(7.48) we get
ﬁk()\) = ZH] p )

= Zug T, L) = Ay (H), M)

j=1
= (t(A)lec_lZth(/\j)) = (t(N), M, ')
j=1
k+1
= Y itV
=1
which completes the proof. O

The proposition allows to obtain the best polynomial direatl the desired
basis. Note that since the matiX,, is real, if ther;’s are real then the coefficient
vectory is real if the);’s are selected in pairs of conjugate complex numbers.
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7.6.5 Least Squares Arnoldi Algorithms

A resulting hybrid method similar to the Chebyshev Arnoldi Algorithm can be
easily derived. The algorithm for computing thesigenvalues with largest real
parts is outlined next.

ALGORITHM 7.6 Least Squares Arnoldi Algorithm

1. Start: Choose the degrdeof the polynomialp;., the dimensionn of the
Arnoldi subspaces and an initial vectgr.

2. Projection step:

(a) Using the initial vector, , performm steps of the Arnoldi method and
get them approximate eigenvaluds\,, . .. \,,} of the matrixH,,.

(b) Estimate the residual norms,i = 1,...,r, associated with the
eigenvalues of largest real pafts,, . .. A} If satisfied then Stop.

(c) Adapt: From the previous convex hull and the{set, 1, . .. A, } con-
struct a new convex hull of the unwanted eigenvalues.

(d) Obtain the new least squares polynomial of degree
(e) Compute a linear combinatioty of the approximate eigenvectors
ii=1,...,7.
3. Polynomial iteration:
Computezy, = pr(A)zo. Computev, = z;./||2x|| and goto 2.

As can be seen the only difference with the Chebyshev algorithm is that the
polynomial must now be computed. We must explain how the vegt@an be
computed. We will calkv; the auxiliary sequence of vectois = t;(A)zy. One
possibility would be to compute all the;’s first and then accumulate their linear
combination to obtairy;,. However, thew; can also be accumulated at the same

time as they are computed. More precisely, we can use a coupled recurrence as
described in the next algorithm.

ALGORITHM 7.7 (For Computing z; = pr(A)z0)
1. Start: 4y := 0, wy, Yo = Noz0-
2. lterate: Fori=1,2,...,k do:

1

Wiy1 =
Bix1
Yi = Yi—1+NiWit1

[(A - aiI)wi - 5iwi71] s

3. Finish: z, = yp.
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The intermediate vectoig are not related to the vectorsonly the last vector
ykiS

We cannot, for reasons of space, describe all the details of the implementa-
tion. However, we mention that the linear combination at the end of step 3, is
usually taken as follows:

.,
Zp = E pitl;
i—1

as for the Chebyshev iteration. Note thatitis difficult, in general, to choose a linear
combination that leads to balanced convergence because it is hard to represent a
whole subspace by a single vector. This translates into divergence in many cases
especially when the number of wanted eigenvaluisanot small. There is always

the possibility of increasing the space dimension at a high cost, to ensure
convergence but this solution is not always satisfactory from the practical point of
view. Use of deflation constitutes a good remedy against this difficulty because it
allows to compute one eigenvalue at a time which is much easier than computing
a few of them at once. We omit the description of the corresponding algorithm
whose general structure is identical with that of Algorithm 7.1.

One attractive feature of the deflation techniques is that the information gath-
ered from the determination of the eigenvalyds still useful when iterating to
compute the eigenvalug . ;. The simplest way in which the information can be
exploited is by using at least part of the convex hull determined during the com-
putation of\;. Moreover, a rough approximate eigenvector associatedwith
can be inexpensively determined during the computation of the eigenvaarel
then used as initial vector in the next step for compufing; .

Another solution is to improve the separation of the desired eigenvalues by
replacingA by a polynomial inA. This will be seen in the next chapter.

PROBLEMS

P-7.1 Prove that the relation (7.27) holds when the polynomjaisdq are real and the
polygon is symmetric with respect to the real line.

P-7.2 Show that the recurrende (7115)-(7.16) can be performed in real arithmeticAvhen
is real bute is complex. Rewrite the recurrence accordingly.

P-7.3 The purpose of this exercise is to develop formulas for the ellipée e, a) of
smallest area enclosing a polygéh It is assumed that the polygon is symmetric about the
real axis. Therefore the ellipse is also symmetric about the real axis. The following result
will be assumed, see for example [126]: The best ellipse is either an ellipse that passes
through 3 vertices off and enclosed? or an ellipse of smallest area passing through
two vertices ofH. Formulas for the first case have been established in the literature, see
Manteuffel [126]. Therefore, we must only consider the second case\iLet (x1,y1)
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and)a = (22,y2) two points inR?. We set
1 1
A:§(m2—m1), Bzi(acl—l—:ﬂ)7
1 1
S=502-yl), T=5yl+y2)

and define the variable = ¢ — B. At first, assume that # 0 and defineQ = (S/T +
T/S)/2. Show that for a giverr (which defines) the only ellipse that passes through
A1, A2 is defined by

¢ = % (= + AT/S)(z + AS/T)(z — ST/A)]
a® = (24 AT/S)(z + AS/T) .

Then show that the optimalis given by

A
TP +3+0

where is the sign ofAS. In the particular case whei® = 0 the above formulas break
down. But thenc = B and one is lead to minimize the area as a functiom.oShow
that the minimum is reached faf = 242 and that the correspondingis given byd? =
2(A% —T?),

P-7.4 Polynomials of degree 2 can be used to calculate intermediate eigenvalues of Her-
mitian matrices. Suppose we label the eigenvalues increasingly and that we have estimates
for A1, Ai—1, \i, Ai+1, An. Consider the family of quadratic polynomials that take the value

1 at\; and whose derivative &; is zero. Find one such polynomial that will be suitable

for computing)\; and the associated eigenvector. Is this a good polynomial? Find a good
polynomial for computing the eigenvalue.

P-7.5 Establish formuld (7.37).
P-7.6 Prove Theorem 7.1.

NOTES AND REFERENCES Part of the material in this Chapter is taken from Saad|[173,(172, 174,
[176/171]. The idea of Chebyshev acceleration for eigenvalue problems is an old one and seems to
have been first advocated by Flanders and Shortley [61]. However, in a work that has been vastly
ignored, Lanczos also did some very interesting contemporary work in acceleration technique [113],
see also the related paper [115]. Lanczos’ approach is radically different from that of Flanders and
Shortley, which is the approach most numerical analysts are familiar with. Concerned about the dif-
ficulty in getting eigenvalue estimates, Lanczos proposed as an alternative to compute a polynomial
approximation to the Dirac function based on the wanted eigenvalue. The approximation is made over
an interval containing the spectrum, which can easily be obtained from Gerschgorin estimates. This
turns out to lead to the so-called Fejer kernel in the theory of approximation by trigonometric func-
tions and then naturally to Chebyshev polynomials. His approach is a least squares technique akin
to the one proposed by Stiefel [207] and later Saad [172]. Some ideas on implementing Chebyshev
acceleration in the complex plane were introduced by Wrigley [224] but the technique did not ma-
ture until the 1975 PhD thesis by Manteuffel [125] in which a FORTRAN implementation for solving
linear systems appeared. The worklin [173] was based on adapting Manteuffel’s implementation for
the eigenvalue problem. The least squares polynomial approach presented in this chapter is based on
the technical report [172] and its revised published version [174]. In my experience, the least squares
approach does seem to perform slightly better in practice than the Chebyshev approach. Its drawbacks
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(mainly, having to use relatively low degree polynomials) are rather minor in practice. Implicit restarts

have been developed in the early 1990s by Sorensen [196], see also [117], and later resulted in the

development of the package ARPACK [118]. By one measure the use of explicit restarts, or the use of

polynomial filtering may be viewed as obsolete. However, there are situations where explicit filtering

is mandatory. In electronic structure calculations, a form of nonlinear Subspace iteration based on

Chebyshev polynomials gave superior results to any other methods we have tried, see [227, 225, 226]
|

for details.






Chapter 8

PRECONDITIONING TECHNIQUES

The notion of preconditioning is better known for linear systems than it is for eigen-

value problems. A typical preconditioned iterative method for linear systems amounts
to replacing the original linear system Az = b by (for example) the equivalent system
B~ YAz = B~ b, where B is a matrix close to A in some sense and defined as the
product of a lower by an upper sparse triangular matrices. This equivalent system
is then handled by a Krylov subspace method. For eigenvalue problems, the best
known preconditioning is the so-called shift-and-invert technique which we already
mentioned in Chapter 4. If the shift o is suitably chosen the shifted and inverted
matrix B = (A — ol )_1, will have a spectrum with much better separation prop-
erties than that of the original matrix A and this will result in faster convergence.
The term ‘preconditioning’ here is quite appropriate since the better separation of the
eigenvalues around the desired eigenvalue implies that the corresponding eigenvector
is likely to be better conditioned.

8.1 Shift-and-invert Preconditioning

One of the most effective techniques for solving large eigenvalue problems is to
iterate with the shifted and inverted matrix,

(A—ol)™? (8.1)
for standard problems and with (for example)
(A-oB)™'B (8.2)
for a generalized problem of the fordhz = ABx. These methods fall under
the general suggestive name shift-and-invert techniques. There are many possible
ways of deriving efficient techniques based on shift-and-invert. In this section we

will discuss some of the issues with one particular implementation in mind which
involves a shift-and-invert preconditioning of Arnoldi’'s Algorithm.

193
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8.1.1 General Concepts

Typically shift-and-invert techniques are combined with an efficient projection
method such as Arnoldi’'s method or the Subspace iteration. The simplest possible
scheme is to choose a shifand run Arnoldi's method on the matrixl —o 7).

Since the eigenvectors of and (A4 — oI)~! are identical one can recover the
eigenvalues ofl from the computed eigenvectors. Note that this can be viewed as
an acceleration of the inverse iteration algorithm seen in Chapter 4, by Arnoldi’s
method, in the same way that the usual Arnoldi method was regarded as an ac-
celeration of the power method. It requires only one factorization with the shifted
matrix.

More elaborate algorithms involve selecting automatically new shifts and per-
forming a few factorizations. Strategies for adaptively choosing new shifts and de-
ciding when to refactofA — o B) are usually referred to as shift-and-invert strate-
gies. Thus, shift-and-invert simply consists of transforming the original problem
(A= Xz = 0into (A—ol)~tx = puz. The transformed eigenvalugsare usu-
ally far better separated than the original ones which results in better convergence
in the projection type algorithms. However, there is a trade-off when using shift-
and-invert, because the original matrix by vector multiplication which is usually
inexpensive, is now replaced by the more complex solution of a linear system at
every step. When a new shiitis selected, the LU factorization of the matrix
(A — o) is performed and subsequently, at every step of Arnoldi’s algorithm
(or any other projection algorithm), an upper and a lower triangular systems are
solved. Moreover, the cost of the initial factorization can be quite high and in the
course of an eigenvalue calculation, several shifts, and therefore several factoriza-
tions, may be required. Despite these additional costs shift-and-invert is often an
extremely useful technique, especially for generalized problems.

If the shift o is suitably selected the matrix = (A — oI)~! will have a
spectrum with much better separation properties than the original métaind
therefore should require far less iterations to converge. Thus, the rationale be-
hind the Shift-and-Invert technique is that factoring the mafrix— o) once,
or a few times during a whole run in whichis changed a few times, is a price
worth paying because the number of iterations required @ihso much smaller
than that required with4 that the expense of the factorizations is amortized.
For the symmetric generalized eigenvalue problBm = \Ax there are fur-
ther compelling reasons for employing shift-and-invert. These reasons are well-
known and have been discussed at length in the recent literature, see for example,
[146, 148| 56, 189]. The mostimportant of these is that since we must factor one of
the matricesA or B in any case, there is little incentive in not factorifyy— o B)
instead, to gain faster convergence. Because of the predominance of generalized
eigenvalue problems in structural analysis, shift-and-invert has become a fairly
standard tool in this application area.

For nonsymmetric eigenvalue problems, shift-and-invert strategies are not as
well-known, although the main arguments supporting such techniques are the
same as in the Hermitian case. Let us consider the case where the mBtrices



Preconditioning Techniques 195

and A are real and banded but the shifts complex. One possibility is to work
entirely in complex arithmetic. This is probably a fine alternative. If the matrix is
real, it seems that the approach is a little wasteful and also unnatural. For exam-
ple, it is known that the eigenvalues of the original matrix pencil come in complex
conjugate pairs (at least in the case whe&rés positive definite). It would be
desirable to have algorithms that deliver complex conjugate pairs as well. This
is mainly because there may be a few close pairs of computed eigenvalues and it
will become difficult to match the various pairs together if the conjugates are only
approximately computed. A wrong match may in fact give incorrect eigenvectors.
In the next section we consider the problem of performing the computations in
real arithmetic.

8.1.2 Dealing with Complex Arithmetic

Let A be real and assume that we want to use a complex shift
oc=p+1i0. (8.3)

One can factor the matri¢4 — o 7) in (8.1) and proceed with an algorithm such
as Arnoldi's method working with complex arithmetic. However, an alternative
to using complex arithmetic is to replace the complex oper@tor o) ! by the
real one

By =Re[(A—oD) V] = % (Aol '+ (A—oD)"]  (8.4)

whose eigenvectors are the same as those of the original problem and whose eigen-
valuesu;r are related to the eigenvalugsof A by

uj:;< ! + ! ) (8.5)

)\i_ai )\i—&i

We can also use
B_=Sm[(A-ol)'] = 2l (A—oD)™ ' —(A-5D)7"] . (8.6)
1
Again, the eigenvectors are the same as thosé ahd the eigenvalueg; are

given by
_ 1 1 1
Hi _2i<)\iai+)\ic‘ri> ' &.7)

A few additional possibilities are the following

B(O{,ﬁ) = OéB_;,_ +HB— )
for any nonzero pait, 5 and

B,=(A-ol) ' (A-5)"" (8.8)
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This last option is known as the double shift approach and has been used by
J.G.F. Francis in 1961/62 [63] in the context of the QR algorithm to solve a similar
dilemma. The inverse aB, is

(A—oal)(A—aI)=[(A—pI)?+621].

This matrix, which is real, and is a quadratic polynomialdrand again shares
A’s eigenvectors. An interesting observation is that (8.8) is redundant with (8.6).

Proposition 8.1 The matrices3, and B_ are related by
B_=0B,. (8.9)

The proof is left as an exercise, see Exercise P-8.4.

An obvious advantage in using eithler (8.4) or (8.6) in place of (8.1) is that the
first operator is real and therefore all the work done in the projection method can
be performed in real arithmetic. A nonnegligible additional benefit is that the com-
plex conjugate pairs of eigenvalues of original problem are also approximated by
complex conjugate pairs thus removing some potential difficulties in distinguish-
ing these pairs when they are very close. In a practical implementation, the matrix
(A — o) must be factored into the product LU of a lower triangular makrixnd
an upper triangular matri&/. Then every time the vectar = Re[(A — o)~ !]v
must be computed, the forward and backward solves are processed in the usual
way, possibly using complex arithmetic, and then the real part of the resulting
vector is taken to yieldv.

An interesting question that might be asked is which of (8.4) or (8.6) is best?
The experiments in [152] reveal that the choice is not an easy one. It is readily
verified that as\ — o,

L1 ~ 1

P o0—o) " Tan—o)

showing thatB, and B_ give equal enhancement to eigenvalues medn con-
trast, as\ — oo, B_ dampens the eigenvalues more strongly than dbesince,

B A—p . 0
;ﬁ'—m, W =——. (8.10)

A=0)(\—0)
The only conclusion from all this is that whichever of the two options is used the
performance is not likely to be substantially different from the other or from that
of the standard (8]1).

In the following discussion we choose to single @, but all that is said
about B, is also true of B_. In practice it is clear that the matri®, should
not be computed explicitly. In fact either of these matrices is full in general and
would be prohibitive to compute. Instead, we first factor the mattix o I) at the
outset. This is done in complex arithmetic or by implementing complex arithmetic
with real arithmetic. For example, i is banded, to preserve bandedness and still
use real arithmetic, one can represent i componentr; = &; + i¢; of a
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vectorz of C" by the components,;_1 = &; andny; = (; of the real 2n-vector

y of the componenty,;, j = 1,...,2n. Translating the matriXA — o) into

this transformation gives &n) x (2n) real banded matrix. Once the matrix is
factored, a projection type method, e.g., subspace iteration, is applied using as
operatorB; = Re(A — oI). Matrix-vector products with the matri®, are
required in the subspace iteration. Each of these can be performed by first solving
(A — oI)w = v, possibly in complex arithmetic, and then settiigy = Re(w)
(respectivelyB_v = Sm(w)).

8.1.3 Shift-and-Invert Arnoldi

We now consider the implementation of shift-and-invert with an algorithm such
as Arnoldi’'s method. Suppose we must computezitegenvalues closest to a
shift 0. In the symmetric case an important tool is available to determine which
of the approximate eigenvalues should be considered in order to compute all the
desired eigenvalues in a given interval only once. This tool is Sylvester’s inertia
theorem which gives the number of eigenvalues to the right and lefbgfcount-
ing the number of negative entries in the diagonal elements of the U part of the
LU factorization of the shifted matrix. In the non Hermitian case a similar tool
does not exist. In order to avoid the difficulty we exploit deflation in the following
manner. As soon as an approximate eigenvalue has been declared satisfactory we
proceed to a deflation process with the corresponding Schur vector. The next run
of Arnoldi’'s method will attempt to compute some other eigenvalue closg .to
With proper implementation, the next eigenvalue will usually be the next closest
eigenvalue t@y. However, there is no guarantee for this and so we cannot be sure
that eigenvalues will not be missed. This is a weakness of projection methods in
the non Hermitian case, in general.

Our experimental code ARNINV based on this approach implements a sim-
ple strategy which requires two parametersk,.; from the user and proceeds
as follows. The code starts by usiag as an initial shift and calls Arnoldi’s al-
gorithm with (4 — ooI)~! Arnoldi to compute the eigenvalue df closest tar.
Arnoldi’s method is used with restarting, i.e., if an eigenvalue fails to converge af-
ter the Arnoldi loop we reran Arnoldi’s algorithm with the initial vector replaced
by the eigenvalue associated with the eigenvalue closesf.td@he strategy for
changing the shift is dictated by the second paranvetgs. If after k..., calls
to Arnoldi with the shifto the eigenpair has not yet converged then the shift
is changed to the best possible eigenvalue closg @nd we repeat the process.
As soon as the eigenvalue has converged we deflate it using Schur deflation as
described in the previous section. The algorithm can be summarized as follows.

ALGORITHM 8.1 Shift-and-Invert Arnoldi

1. Initialize:

Choose an initial vectar; of norm unity, an initial shift, and the dimen-
sion and restart parametersandk,..; .
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2. Eigenvalue loop:

(a) Compute the LU factorization A — o).
(b) If k > 1 then (re)-compute

hij = ((A—GI)71Uj7U7;) Z,] = 1,/{ —1.

(c) Arnoldi Iteration. Forj = k,k+1,...,m do:
e Computew := (A — o) ;.
e Compute a set of coefficientsh;; so thatw := w — Z{zl hijvs
is orthogonal to all previous;’s,1 = 1,2, ..., j.
e Computeh;.1 ; = ||w|l2 andv,i1 = w/hji1 ;.

(d) Compute eigenvalue dfl,, of largest modulus, corresponding ap-
proximate eigenvector ¢fA—o1)~!, and associated (estimated) resid-
ual normpy,.

(e) Orthonormalize this eigenvector against all previois to get the
approximate Schur vectay, and definey, := y,.

(f) If px. is small enough then accept as the next Schur vector. Set
k:k+1;if k<p goto 2.

(g) Ifthe number of restarts with the same shift excdeds select a new
shift and goto 1. Else restart Arnoldi’s algorithm, i.e., goto 2-(c).

A point of detail in the algorithm is that thé — 1) x (k— 1) principal subma-
trix of the Hessenberg matrii,,, is recomputed whenever the shift changes. The
reason is that this submatrix represents the mattix- o7)~! in the firstk — 1
Schur vectors and therefore it must be updated abanges. This is in contrast
with the simple Arnoldi procedure with deflation described earlier in Chapter 6.
However, there exists a simpler implementation that avoids this, see Exercise P-
8[2. The above algorithm is described for general complex matrix and there is no
attempt in it to avoid complex arithmetic in case the original matrix is real. In this
situation, we must replagel — o) ~'v; in B.2 by Re[(A — oI)~'v;] and ensure
that we select the eigenvalues corresponding to the eigenvalueslo$est tas.
We also need to replace the occurrences of eigenvectors by the pair of real parts
and imaginary parts of the eigenvectors.

Example 8.1. We consider the test problem on Chemical reactions described
in Chapter 3. This coupled system is discretized in the intdéval usingn, + 1

points withn, = 100 which yields a matrix of size = 200. We tested ARNINV

to compute the six rightmost eigenvaluesAfWe took as initial shift the value

o = 0,andm = 15, k,.s; = 10. In this case ARNINV delivered all the desired
eigenvalues by making four calls to the Arnoldi subroutine and there was no need
to change shifts. The tolerance imposed was10~". The result of the execution

is shown in Table 8.1. What is shown in the figure is the progress of the algorithm
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Eig.

Re(N)

Sm(N)

Res. Norm

0.1807540453D-04
0.1807540453D-04
-0.6747097569D+0(
-0.6747097569D+0(

0.2139497548D+01
-0.2139497548D+01
0.2528559918D+01
-0.2528559918D+01

0.212D-09
0.212D-09
0.224D-06
0.224D-06

-0.6747097569D+0(
-0.6747097569D+0(
-0.2780085122D+01
-0.2780085122D+01

0.2528559918D+01
-0.2528559918D+01
0.2960250300D+01
-0.2960250300D+01

0.479D-13
0.479D-13
0.336D-01
0.336D-01

-0.1798530837D+01
-0.1798530837D+01

0.3032164644D+01
-0.3032164644D+01

0.190D-06
0.190D-06

-0.1798530837D+01
-0.1798530837D+01
-0.2119505960D+07

0.3032164644D+01
-0.3032164644D+01
0.1025421954D+00

0.102D-11
0.102D-11
0.749D-03
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Table 8.1: Convergence history of ARNINV for chemical reattest problem.

Each separate outer iteration corresponds to a call to Arnoldi's module

after each projection (Arnoldi) step. The eigenvalue loop number indicates the
eigenvalue that is being computed at the particular Arnoldi call. Thus, when trying
to compute the eigenvalue number 3, the algorithm has already computed the first
two (in this case a complex conjugate pair), and has deflated them. We print the
eigenvalue of interest, i.e., the one we are trying to compute, plus the one (or the
pair of complex conjugate eigenvalues) that is likely to converge after it. The last
column shows the actual residual norm achieved for the eigenvalues shown. After
execution, we computed the average error for the 6 computed eigenvalues and
found that it was equal t6.68 x 10~ '4. The total execution time on an Alliant
FX-8 computer was about 2.13 seconds.

We reran the above test with a larger number of eigenvalues to compute,
namelynev = 10. The initial shifts, was changed te, = —0.5 + 0.2¢ and
we also changed,..; to k.., = 3. Initially, the run looked similar to the previ-
ous one. A pair of complex conjugate eigenvalues were found in the first Arnoldi
iteration, then another pair in the second iteration, then none in the third iteration
and one pair in the fourth iteration. It took two more iterations to get the eigenval-
ues number 7 and 8. For the last eigenvalue a new shift was taken because it took
three Arnoldi iterations without success. However the next shift that was taken
was already an excellent approximation and the next eigenvalue was computed in
the next iteration. The cost was higher than the previous run with the CPU time
on the Alliant FX-8 climbing to approximately 5.65 seconds. |
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8.2 Polynomial Preconditioning

We have seen in the previous chapter a few different ways of exploiting polyno-
mials in A to accelerate simple algorithms such as Arnoldi’s method or subspace
iteration. In this section we will show another way of combining a projection type
technique such as Arnoldi’s method with these polynomials.

For a classical eigenvalue problem, one alternative is to use polynomial pre-
conditioning as is described next. The idea of polynomial preconditioning is to
replace the operatds by a simpler matrix provided by a polynomial i Specif-
ically, we consider the polynomial id

By = pr(4) (8.11)

wherepy, is a degreé: polynomial. Ruhe [165] considers a more general method
in which py, is not restricted to be a polynomial but can be a rational function.
When an Arnoldi type method is applied )., we do not need to forniB; ex-
plicitly, since all we will ever need in order to multiply a vecteby the matrix

By, is k matrix-vector products with the original matrikand some linear combi-
nations.

For fast convergence, we would ideally like that theranted eigenvalues of
largest real parts ofl be transformed by, into r eigenvalues oB,, that are very
large as compared with the remaining eigenvalues. Thus, we can proceed as in
the previous chapter by attempting to minimize some normy,dh some region
subject to constraints of the form,

p) =1 or > up(\) =1, (8.12)

j=1

Once again we have freedom in choosing the norm of the polynomials, to be either
the infinity norm or theL,-norm. Because thé&,-norm offers more flexibility
and performs usually slightly better than the infinity norm, we will only consider
a technique based on the least squares approach. We should emphasize, however,
that a similar technique using Chebyshev polynomials can easily be developed.
Therefore, we are faced again with the function approximation problem described
in Section 3.3.

Oncepy, is calculated, the preconditioned Arnoldi process consists of using
Arnoldi’'s method with the matrixA replaced byB, = pi(A). This will pro-
vide us with approximations to the eigenvaluesiaf which are related to those
of A by \;(Br) = pr(Xi(A)) Itis clear that the approximate eigenvaluesAof
can be obtained from the computed eigenvalue®pby solving a polynomial
equation. However, the process is complicated by the fact that thekerants of
this equation for each value ( By) that are candidates for representing one eigen-
value);(A). The difficulty is by no means unsurmountable but we have preferred
a more expensive but simpler alternative based on the fact that the eigenvectors
of A and By, are identical. At the end of the Arnoldi process we obtain an or-
thonormal basid/,,, which contains all the approximations to these eigenvectors.
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A simple idea is to perform a Galerkin process foontospan[V,,,] by explicitly
computing the matrixd,,, = V2 AV, and its eigenvalues and eigenvectors. Then
the approximate eigenvalues gfare the eigenvalues of,,, and the approximate
eigenvectors are given twnygm) Whereyfm is an eigenvector ofi,,, associated
with the eigenvalug\;. A sketch of the algorithm for computingev eigenvalues

is as follows.

ALGORITHM 8.2 Least-Squares Preconditioned Arnoldi

1. Start: Choose the degréeof the polynomialpy,, the dimension parameter
m and an initial vecton,. Setiev = 1.

2. Initial Arnoldi Step: Using the initial vectom,, performm steps of the
Arnoldi method with the matrix\ and get initial set of Ritz values fot.

3. Eigenvalue Loop:

(a) Adapt:From the previous convex hull and the new set of Ritz values
construct a new convex hull of the unwanted eigenvalues. Obtain the
new least squares polynomia/ of degreék.

(b) UpdateH,,: If iev > 1 then (re)-compute

hij = (px(A)vj,v) 1,5 = 1,iev — 1.

(c) Arnoldi Iteration:Forj = iev,iev + 1,...,m do:
e Computew := py(A)v;
e Compute a set of coefficientsh;; so thatw := w — >_7_, h;;v;
is orthogonal to all previous;’s, i = 1,2, ..., j.
° Compute’leTj = ||w||2 andvjﬂ = w/hj+17j.

(d) Projection StepCompute the matrid,,, = V,I AV, and itsm eigen-
values{ i, ...\, }.

(e) Selecthe next wanted approximate eigenvakje, and compute cor-
responding eigenvectar. Orthonormalize this eigenvector against
v1,...,Viep—1 tO get the approximate Schur vectoy., and define
Viev += aiev-

(f) Test If p;.., is small enough then accept, as the next Schur vector
and setev := iev + 1.

(g9) Restartif iev<nev goto 2.

The general structure of the algorithm is quite close to that of shift-and-invert
with deflation. What differentiates the two algorithms is essentially the fact that
here we need to adaptively compute a polynomial, while the shift-and-invert algo-
rithm computes an LU factorization of a shifted matrix. Practically, we must be
careful about the number of factorizations needed in shift-and-invert whereas the
computational cost of calculating a new polynomial is rather low. The difference
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between this method and those of the previous chapter is that here the polynomial
iteration is an inner iteration and the Arnoldi iteration is the outer loop, while
in the hybrid method, the two processes are serially following each other. Both
approaches can be viewed as means of accelerating the Arnoldi method.

It is clear that a version without the Schur-Wielandt deflation technique can
also be applied to the polynomial preconditioned Arnoldi method but this is not
recommended.

Example 8.2. We take the same example as in the previous section and illus-
trate the use of an experimental least squares Arnoldi program called ARNLS on
the above example. We fixed the dimension of the Krylov subspace to be always
equal tom = 15. The degree of the polynomial was taken to be 20. However,
note that the program has the capability to lower the degree by as much as is re-
quired to ensure a well conditioned Gram matrix in the least squares polynomial
problem. This did not happen in this run however, i.e. the degree was always 20.
Again, ARNLS was asked to compute the six rightmost eigenvalues. The run was
much longer so its history cannot be reproduced here. Here are however a few
statistics.

e Total number of matrix by vector multiplications for the run = 2053;
e Number of calls to the projection subroutines = 9;
e Total CPU time used on an Alliant FX-8 = 3.88 sec.

Note that the number of projection steps is more than twice that required for shift-
and-invert. The execution time is also more than 80 % higher. We reran the same
program by changing only two parameters:was increased to: = 20 and the
degree of the polynomial was setitc= 15. The statistics are now as follows:

e Total number of matrix by vector multiplications for the run = 1144,
e Number of calls to the projection subroutines = 5;
e Total CPU time used = 2.47 sec.

Both the number of projection steps and the execution times have been dras-
tically reduced and have come closer to those obtained with shift-and-invett.

One of the disadvantages of polynomial preconditioningsrésipely this

wide variation in performance depending on the choice of the parameters. To
some extent there is a similar dependence of the performance of ARNINV on the
initial shift, although in practice a good initial shift is often known. A superior

feature of shift-and-invert is that it allows to compute eigenvalues inside the spec-
trum. Polynomial preconditioning can be generalized to this case but does not
perform too well. We should also comment on the usefulness of using polyno-
mial preconditioning in general. A commonly heard argument against polynomial
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preconditioning is that is it suboptimal: In the Hermitian case the conjugate gra-
dient and the Lanczos methods are optimal polynomial processes in that they pro-
vide the best possible approximation, in some sense, to the original problem from
Krylov subspaces. Hence the argument that polynomial preconditioning would
not perform as well since it si likely to require a larger number of matrix by vector
multiplications. However, in the non Hermitian case the optimality result is no
longer valid. In fact even in the symmetric case the optimality result is only true
in exact arithmetic, which is far from real situations in which loss of orthogonal-
ity can be rather severe. A notable difference with the situation of linear system
solutions is that the overhead in computing the best ellipse and best polynomial
may now be amortized over several eigenvalues. In fact one single outer loop may
enable one to compute a few eigenvalues/eigenvectors and not just one.

The next question is whether or not a simple restarted Arnoldi algorithm
would perform better than a polynomial preconditioned method. The answer is
a definite no. A run with ARNIT/[177] an iterative Arnoldi method with deflation
failed even to deliver the first eigenvalue of the test matrix used in the above ex-
ample. The initial vector was the same and we tried two cases15, which did
not show any sign of convergence and= 20 which might have eventually con-
verged but was extremely slow. The nonrestarted Arnoldi method would, however
be of interest, if not for its excessive memory requirement.

8.3 Davidson’s Method

Davidson’s method is a generalization of the Lanczos algorithm in that like the
Lanczos algorithm it uses projections of the matrix over a sequence of subspaces
of increasing dimension. It is indeed a preconditioned version of the Lanczos
method. The difference with the Lanczos algorithm is that the amount of work
required at each step increases at each iteration because, just like in Arnoldi's
method, we must orthogonalize against all previous vectors. From the implemen-
tation point of view the method is akin to Arnoldi’s method. For example, the
process must be restarted periodically with the current best estimate of the wanted
eigenvector.

The basic idea of the algorithm is rather simple. It consists of generating an
orthogonal set of vectors onto which a projection is performed. At eachjstep
(this is the equivalent to thgth step in the Lanczos algorithm) the residual vector
of the current approximatioh, « to the desired eigenpair is computed. The result-
ing vector is then multiplied byM — 5\1)*1, whereM is some preconditioning
matrix. In the original algorithmd/ was simply the diagonal of the matrik

Thus, the algorithm consists of two nested loops. The process for computing
the largest (resp. smallest) eigenvaluedottan be described as follows.

ALGORITHM 8.3 Davidson’s method.
1. Start: Choose an initial unit vectar, .

2. lterate: Until convergence do:



204 Chapter 8

3. Inner Loop: forj =1,...,m do:

o Computew := Av;.
o ComputeV; w, the last column ofi; := V" AV;.
e Compute the largest eigenpairy of H;.

e Compute the Ritz vectar := V;y and its associated residual vector
r:= Au — \u.

e Test for convergence. If satisfied Return.
e Computet := M;r (skip whenj = m).

e Orthogonalizet againstV; via Modified Gram-Schmidt:V;, =
MGS([V;,t]) (skip whenj = m).

4. Restart: Setv, := w and go to 3.

The preconditioning matri¥\/; is normally some approximation @f4 —
AI)~t. As was already mentioned the simplest and most common preconditioner
M; is (D — XI)~! whereD is the main diagonal ofl (Jacobi Preconditioner). It
can only be effective wheA is nearly diagonal, i.e., when matrix of eigenvectors
is close to the identity matrix. The fact that this is often the situation in Quan-
tum Chemistry explains the popularity of the method in this field. However, the
preconditioner need not be as simple. It should be noticed that, without precon-
ditioning, i.e., when ifd/; = I for all j, then the sequence of vectarscoincide
with those produced by the Lanczos algorithm, so that the Lanczos and Davidson
algorithms are equivalent in this case.

When several eigenvalues are sought or when it is known that there is a cluster
of eigenvalues around the desired eigenvalue then a block version of the algorithm
may be preferred. Then several eigenpairgfofwill be computed at the same
time and several vectors are added to the bisiastead of one.

We state a general convergence result due to Sadkane [182]. In the following,
we assume that we are seeking to compute the largest eigenyaMé denote by
P; the projection onto a subspaég spanned by an orthonormal bagis Thus,
thenonrestartedDavidson algorithm is just a particular case of this situation.

Theorem 8.1 Assuming that the Ritz vectmﬁj) belongs tok; 1, then the se-
guence of Ritz vaIuesgj) is an increasing sequence that is convergent. If, in
addition, the preconditioning matrices are uniformly bounded and uniformly pos-
itive definite in the orthogonal complementZof and if the vecto(I — P; ) M;r;
belongs tak;,, for all j then the limit of)\gj) asj — oo is an eigenvalue oft
andugj ) admits a subsequence that converges to an associated eigenvector.

Proof. For convenience the subscript 1 is dropped from this proof. In addition we
assume that all matrices amsal symmetric. That\() is an increasing sequence

is a consequence of the assumptions and the min-max theorem. In addition, the
AU is bounded from above by and as result it converges.
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To prove the second part of the theorem, let us define= (I — P;)M;r;
andw; = z;/| zj||2. Note that since.’) | z; andr; | K; we have,

z]HAu(j) = zf(/\(j)u(j) +75)
= ' M;(I = Pj)r
= rMjr;. (8.13)

Consider the 2-column matri¥’; = [u), w;] and let

A0

B =WwHAw; = < J> (8.14)
Lo aj B

in which we have sety; = w!AulY) and8; = w! Aw;. Note that by the

assumptionspan{W,} is a subspace dk; 1. Therefore, by Cauchy’s interlace

theorem and the optimality properties of the Rayleigh Ritz procedure the smallest

of two eigenvalueagj), ugj) of B; satisfies the relation

A0 < M( ) <\t

The eigenvalues aB; are defined by — A9)) (1 — ;) —a? = 0 and as a result
of [ui/’] < [|A]l> and|;] < || Al we

a? <20t = AN Alls < AUTD XD A]l5 .

The right hand side of the above inequality converges to zefo-asco and so
lim;_. = 0. From (8.13),

rif Myry = ||zjll2a; < [|(1 = Py)Myrjlley < || Mjrlla; .

Since we assume that/; is uniformly bounded and using the fact that || <
2||A||2 the above inequality shows that

lim 7; Hpps 1 = 0.

jHOC
In addition, sincer; belongs to the orthogonal complement[@j and by the
uniform positive definiteness of the sequerde, r; HMr; > yHerg where~y
iS some positive constant. Therefol‘emj_,OO r; = 0 To complete the proof, let
X the limit of the sequenci). Theu()’s are bounded since they are all of norm
unity so they admit a limit point. Taking the relation = (A — A9 )49, to the
limit, we see that any such limit point must satisfy A — A\I)u = 0. O

The result given by Sadkane includes the more general cage witge than
one eigenvalue is computed by the algorithm and is therefore more general, see
Exercise P-8.1 for details. The restriction on the positive definiteness dfjhe
is a rather severe condition in the case where the eigenvalue to be computed is not
the largest one. The fact thaf; must remain bounded is somewhat less restric-
tive. However, in shift-and-invert preconditioning, for example, an unbounded
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M; is sought rather than avoided. If we want to achieve rapid convergence, it is
desirable to havé/; close to soméA — o1)~! in some sense anticlose to the
desired eigenvalue. The assumptions of the theorem do not allow us to ta&e

close from the desired eigenvalue. Nevertheless, this result does establish conver-
gence in some instances and we should add that little else is known concerning
the convergence of Davidson’s algorithm.

8.4 The Jacobi-Davidson approach

The Jacobi-Davidson approach can be viewed as an improved version of the David-
son approach and it is best introduced via a perturbation argument which in effect
describes the Newton approach for solving nonlinear systems of equations.

8.4.1 Olsen’s Method

We assume that we have a preconditioner, i.e., an approximéatitmthe original
matrix A and write

M=A+E. (8.15)

Along with this, an approximate eigenpdir, z) of A is available which satisfies
Az=pz+r (8.16)

wherer is the residuat = (A — ul)-z.
Our goal is to find an improved eigenpégjir+n, z+v) to the current eigenpair
(1, 2). For this we can set as a goal to solve the following equation for the desired
eigenpair:
A(z+v) = (p+n)(z+0)

Neglecting the second order tenm, replacingA by its preconditioneM/, and
rearranging the equation we arrive at the so-cadlauection equation

(M — pl)v —nz = —r. (8.17)

The unknowns are (a scalar) and (a vector). This is clearly an underderter-
mined system and a constraint must be added. For example, we could require that
the new vector + v be of 2-norm unity. This will yield the quadratic constraint,
(2 +v)H (2 + v) = 1 from which second-order terms can be ignored to yield the
linear condition

ZHo=0. (8.18)

Note that a more general constraint of the forrfv = 0 can also be imposed
wherew is some other vector.
The equations (8.17) and (8.18) can be put in the following matrix form:

D0 e
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The unknownv can be eliminated from the second equation. This is done by
assuming thafi/ — uI is nonsingular and extracting= (M — pl)~t[nz — r]

from the first equation which is substituted in the second equation to yf&lo=
(M —pl)~nz—r] = 0orzH (M —pul)~1nz = (M —pl)~tr. This determines

n which is substituted in the first part of (8.19). In the end, the solution to the
system((8.19) is:

H(M — pul)~r

AM—p)1z U7 —(M — pI)~H(r = nz). (8.20)

7’]:

This solution was proposed by Olsen et al [139] and the corresponding correction
is sometimes known as Olsen’s method.

It is worthwhile to generalize the above equations slightly. As was mentioned
earlier we can replace the orthogonality condition (8.18) by some other orthogo-
nality condition of the form

whv = 0. (8.21)

In this situation, (8.19) becomes
M—pl —2z\ (v [-r
()0 - () ez
and its solution_(8.20) is replaced by

wf (M — pD)"
= wH (M — pul)=1z

v=—(M—pul)" (r—nz). (8.23)

8.4.2 Connection with Newton’s Method

We already mentioned the relationship of this approach with Newton’s method.
Indeed, consider one step of Newton’s method for solving the (nonlinear) system
of equations
(A=X)u = 0
{ %uTu -1 =0
The unknown is the pai@) and the current approximation (s;) One step of

Newton’s method corresponds to the following operation:

()-6)- (2 ')

Compare the Jacobian matrix on the right-hand side with that of the correc-
tion equation[(8.17). If we replace the mattilxby its approximationV/ in the
Jacobian matrix, and Writ@,,.., = z + v, Apew = Anew + 1, We would obtain
the exact same solution (8.20) as that obtained from Olsen’s method. The result
(8.20) is therefore equivalent to using an approximate Newton step, whereby the
matrix A in the Jacobian is replaced by the preconditiahker
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8.4.3 The Jacobi-Davidson Approach

Yet another way to characterize the solution to the system|(8.19) is to expasss
the unique solution of the form= (M — uI)~!(nz — r) which is perpendicular
to z, i.e., we need to

Find v = (M — ul)"*(-=r+mnz), suchthat z"v = 0. (8.24)

Indeed, the first equation of (8/17) yields the formwofwhich isv = (M —
wul)~1(nz — r) and the second stipulates that this solution must be orthogonal to
z. Note that in the above equationjs a parameter which is selected so that the
orthogonalityz"v = 0 is satisfied, where depends om. The Jacobi-Davidson
formulation developed by Fokkema et [al [62] rewrites the solution using projec-
tors.

Let P, be a projector in the direction afwhich leaves- invariant, i.e., such
that

P.,z2=0;, Por=r.

It can be easily seen that any such projector is of the form

ZSH

P, =1- (8.25)

sy’
wheres is a vector that is orthogonal to Thern-parameterized equation in (8.24)
yields the relatiof M — ul)v = —r 4+ nz . Multiplying by P, simplifies this
relation to

P.(M — plv = —r. (8.26)

This can now be viewed as a singular system of equations which has infinitely
many solutions. Indeed, it is a consistent system since it has the particular solution
—(M — pI)~1r due to the relatio®,r = r. In fact one may ask what are all the
solutions to the above system?

Any vectorv satisfying the relation

(M —pl)jv=—-r+nz for n e C (8.27)

is solution to the system (8.26) as can be readily verified by multiplying (8.27)
by P, and recalling that’,r = r and P,z = 0. Conversely, for any solution

v to (8.26) the vectot = (M — pul)v is such thatP,t = —r. Therefore, the
expression (8.25) aP, implies (7 — ji,i)t = —r showing thatt = —r +nz, with

n = stt/s" 2. Hence, this vectos is a member of the solution set described by
(8.27).

In other wordssystems| (8.26) and (8.27) are mathematically equivalent
that they have the sets of solutions. The solutionk of (8.27) are clearly the vectors
vy, given by

vy = —(M — pl)r (M —ul)™tz, n € C. (8.28)

So far we have ignored the constraint (8.21). [t any projector in the
direction ofw, so thatP,w = 0. The constraint that is orthogonal tav can be



Preconditioning Techniques 209

expressed by the relatiodR,v = v. So to obtain the desired solution from (8.26)
we only need to replace this system by

[P.(M — pI)Pylv = —r (8.29)

with the understanding that the solutionftsv instead ofv.

We have therefore rewritten the system completely using projectors. The
result is summarized in the following proposition which states that the solutions
of the systen (8.29) and that given by (8.23) are identical.

Proposition 8.2 All the solutions of the (singular) system (8.26) are given by
(8.28). The unique solution among these that is orthogonalitogiven by[(8.23)
and it is the unigue solution = P,v of (8.29).

In orthogonal projection methods (e.g. Arnoldi) we have. z, so we can
take P, = I — zz* assuming|z|» = 1. As for P, if we use to the common
constraint[(8.18) instead of the more general constraint (8.21) it is natural to take
againP,, = I — zz". With these assumptions, the Jacobi-Davidson correction
using a single vectat, consists in finding such that :

(I — z2"Y(M — puI)(I — 22"y = —r vl oz

The main attraction of this viewpoint is that we can use iterative methods for
the solution of the correction equation, i.e., exact solutions of systems with the
matrix M are not explicitly required.

Block generalizations of the above scheme are straightforward. Instead of a
vectorz, we will use an orthogonal matri¥, and the above system becomes

(I—2Z%YM — puI)(I — 22Ty = —r.,

An intrepretation of the above equation is that we need to solve the correction in a
reduced subspace, namely one that is orthogonal to the sganTdfis will tend
to maximize ‘new’ information injected to the approximation.

8.5 The CMS — AMLS connection

A method for computing eigenvalues of partitioned matrices was introduced in
structural dynamics by [32, 92] and was later extended [8] to a method known
as the Algebraic Multi-Level Substructuring (AMLS). The method takes its root
from domain decomposition ideas and it can be recast in the framework of the
correction equations seen earlier.

Let A € R™*" be a symmetric real matrix, partitioned as

A= ( 5T g ) (8.30)

where B € R(»—»)x(n=p) ¢ ¢ RP*P and E € R PP, The underlying
context here is that the above matrix arises from the discretization of a certain
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operator (e.g., a Laplacean) on a dom@iwhich is then partitioned into several
subdomains. An illustration is shown in Figure 8.1 for the simplest case of two
subdomains. The subdomains, which may overlap, are separated by an interface
I". The unknowns in the interior of each subdom8&inare completely decou-

pled from the unknowns in all other subdomains. Coupling among subdomains
is through the unknowns of the interfateand the unknowns in eadh; that are
adjacent td". With the situation just described, the matfixis a block diagonal
matrix. Each diagonal block will represent the unknowns which are interior for
each domain. Thé' block correspond to all the interface variables.

Figure 8.1: The simple case of two subdomahs$2, and an interfacé (source
of figure: [5]).

The eigenvalue problemu = Au, can be written

(BHG)-G) e

whereu € C"~? andy € CP. The method of Component Mode Synthesis (CMS),
was introduced in the 1960s in structural dynamics for computing eigenvalues
of matrices partitioned in this form, see [32, 92]. The first step of the method
is to solve the problenBv = pw. This amounts to solving each of the decou-
pled smaller eigenvalue problems corresponding to each subdémsaparately.
The method then injects additional vectors to account for the coupling among
subdomains. With the local eigenvectors and the newly injected eigenvectors, a
Rayleigh-Ritz projection procedure is then performed. We now consider these
steps in detalil.

Consider the matrix

I —-B'E
U= ( 0 ; ) (8.32)

This block Gaussian eliminatdior matrix (8.30) is selected so that

r. (B 0
o (B 0),
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whereS' is the Schur complement
S=C-FE'B'E. (8.33)

The original problem (8.31) is equivalent to the generalized eigenvalue prob-
lemUT AUw = \UT U, which becomes

(g g) (Z) = A <_ETIB_1 _ﬁ:% (Z) (8.34)

whereMg = I + ETB~%E.

The next step of CMS is to neglect the coupling matrices (blocks in positions
(1,2) and (2,1)) in the right-hand side matrix |of (8.34). This yields the uncoupled
problem

Bz = pz (8.35)
Sw = nMsw. (8.36)

Once the wanted eigenpairs have been obtained from|(8.35-8.36), they are
utilized in a projection method (Rayleigh-Ritz) applied to the original problem
(8.34). The basis used for this projection is of the form

AN , . _ (0 _
{ZZ_(O) 1=1,....,mp; wj—(wj> ]—17-~-am3}a(8-37)

wheremp < (n — p) andmg < p. Itis important to note that the projection is
applied to[(8.34) rather than to the original problém (8.31). There is an inherent
change of basis between the two and, for reasons that will become clear shortly,
the basis(z; };, {w;};, is well suited for the transformed problem rather than the
original one.

We now consider this point in detail. We could also think of using the trans-
formed basis

. —EB~lw,
{2i:<z>i:1,...,m3; @:( wf)j:l,...,ms},
O wj

(8.38)
for solving the original problem (8.31) instead of bakis (8.37). As can be easily
seen, these two options are mathematically equivalent.

Lemma 8.1 The Rayleigh-Ritz process using the bdsis (8.37) for problem (8.34)
is mathematically equivalent to the Rayleigh-Ritz process using the basis (8.38)
for problem|(8.31).

Proof. For a given matrix4, and a given basis (not necessarily orthogonal) con-
sisting of the columns of a certain matrik, the Rayleigh Ritz process can be
written as

ZTAZv =\Z" Zv

If Z is the basid (8.37) then the basis (8.38) is nothinglhtit Comparing the
two projection processes gives the result. O
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8.5.1 AMLS and the Correction Equation

It is possible to view AMLS from the angle of the correction equation. First,
AMLS correctsthe eigenvectors aB3 in an attempt to obtain better approxima-
tions to the eigenvectors of the whole matrx This is done by exploiting the
Schur complement matrix and constructing a good (improved) basis to perform a
Rayleigh Ritz projection.

Consider eigenvectors @ associated with a few of its smallest eigenvalues
pi,t=1,--- ,mp:

Bz = piz; -

One can consider the expanded version;dhto the whole space,

A Zi

T ( 0 )
as approximate eigenvectors df The eigenvectors obtained in this manner
amount to neglecting all the couplings and are likely to yield very crude approx-
imations. It is possible to improve this approximation viaaarection equation
as is was done for the Davidson or Jacobi-Davidson approach, or in an inverse
iteration approach.

An interesting observation is that the residuals= (A — ©J)2; have compo-

nents only on the interface variables, i.e., they have the shape:

ri = ( Egz) : (8.39)

where the partitioning corresponds to the one above.

Consider now a Davidson-type correction in which the preconditioner is the
matrix (A — ). We are to solve the equati¢d — pI)u; = r; wherer; is given
by (8.39) so that the system to solve is

(A — pl)u; = ( EQZZ) (8.40)

The matrixA — pI can be block-factored as

B I 0\ (B—ul E
whereS(u) is the Schur complement
S(u)=C—pul —ET(B—pul)~'E.

The particular form of the right-hand side (8.40) leads to a solution that simplifies
considerably. We find that

— — -1 .
w; = ( (B —pl) Ewl) with w; = S(M)_lETZi. (8.42)

Wy
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There is a striking similarity between the result of this correction when the shift
1 = 0is used, and the basis vectors used in the projection process in AMLS. The
basis|(8.38) used in the AMLS correction consists of the vectors

6) (")

where thew;’s are (generalized) eigenvectors of the Schur complement problem
(8.36), and the;;’s are eigenvectors of thB block. In contrast, Jacobi-Davidson
computesy;'s from a form of inverse iteration applied #(x). Notice that vectors
to which the inverse of(y) is applied to vectors in the range Bf .

Next consider a correction obtained from a single vector inverse iteration. In
this case, for each approximate eigenveetave would seek a new approximation
x; by solving an equation of the tygel — uJ)x; = 2; , wherep is a certain shift,
often a constant one during the inverse iteration process to reduce the cost of the
factorization.

Let us define

ti = (B—ul) 'y (8.44)
w; = —S(/L)_lETti. (845)

Then, taking the factorizatioh (8.41) and the particular structuée iofo account
we find that the solution; the system(A — ul)x; = 2; is

= (t" -(B- Hl)le’) . (8.46)

wy

Note that thew;’s are again different from those of AMLS or the Davidson ap-
proach. If thez; are eigenvectors of thB block then this basis would be equiva-
lent to the one where eachis replaced by3—'z; = M;Izi.

8.56.2 Spectral Schur Complements
The following equations result from (8.34)

Bu = Mu— B 'Ey), (8.47)
Sy = M-ETB 'u+ Mgy). (8.48)

It is easyly shown that wheR is of full rank andB is nonsingular, theti\, u)
cannot be an eigenpair @f. This is because if\, u) is an eigenpair fo3, then
we would haveB~!Ey = 0 and sinceF if of full rank, theny would be zero.
However, since; andu cannot be both equal to zers,” B—'u # 0 and (8.48)
would imply thatA = 0 which contradict the assumption thB&tis nonsingular.
The result is that any pair\, u), where(\, u, y) is a solution of((8.34), cannot be
an eigenpair fo3.

A consequence of this is that whenis an eigenvalue oB, then equation
(8.47) always has a solution in the orthogonal of the eigenspaéeasfsociated
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with this eigenvalue. We can therefore always solve the sys®@m A\l )u =
— B~y derived from|(8.47) provided the inverse Bfis interpreted as a pseudo-
inverse. In what follows(B — AI)~! will mean the pseudo-inverges — \I)1
when ) is an eigenvalue of3. The notation is not changed because this is a
situation of little practical interest in general as it occurs rarely.

We can substituté (8.47) intio (8./48) to obtain

Sy=XAETB (B —X)"'B'Ey + M,y),
which results in the equivalent nonlinear eigenvalue problem
[S=A(E"B?E) = NE"B Y B-\)"'B'E] y = \y.  (8.49)
Rewriting the above problem in an expanded notation we obtain the following
nonlinear eigenvalue problem
[C—ET"B Y B+ A+ (B-X)" "B 'E]y = \y. (8.50)

We can show that the above problem is equivalent to a nonlinear eigenvalue prob-
lem involving the spectral Schur complement

S\)=C—-ET(B-X)"'E. (8.51)
The first resolvent equality (3.15) seen in Chapter 3, yields
(B=X)"' =B '=XB-X)"'B "

Substitute the above relation to transform the tevbiB — A\I)~')B~" in the
expression of the left hand matrix in (8/50) which we denote&by):
SN = C—E"B'(I+AB '+ AXB-A)"'-ABHE
= C—ET"(B'+AB'(B-A)"")E
= C-E"(B'-B'+(B-X)"YE
= C-E"(B-))'E
= S(\).
In fact, the Schur complemer$ can be viewed as the first term of the Taylor
series expansion ¢f(\) with respect to\ around\ = 0. The standard expansion

of the resolvent, see, equation (3.14) in Chapter 3, which in our situation can be
written as

(B=A)T'=B7'Y (ABH)r=> ApThl (8.52)
k=0 k=0

leads to the following series expansion f\)
S(A) = C-E"Y (MB*HE
k=0
= C-—E"(B'+AB?+XB%+...)E. (8.53)
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In AMLS the second part of the projection bagigsee[(8.37)) consists of
eigenvectors associated with the smallest eigenvalues of the generalized eigen-
problemSw = AMgw which translates to

[C — E'B™'Elw=\I+E"B?E)w
or equivalently,
(C—E"(B™'+AB )E)w = M. (8.54)

In light of relation [8.53), the above eigenproblem can clearly be considered as
a truncated version of the original nonlinear problem (8.50), where the terms
AFB~F=1for k > 2 in the expansion of the resolvefl® — \I)~! are dropped.
Thus, the eigenvectar can be seen as a direct approximation to the bottom part
y of the exact eigenvector of (8.34).

The above observations immediately lead to some possible suggestions on
how to improve the approximation by including additional terms of the infinite
expansion. We can for example devise a second order approximation to (8.50)
obtained by adding the tera? B—3, see [5] for details.

Next we analyze howMLS expands the approximation of the lower part
to an approximationu; |7 of an eigenvector of the complete problem (8.34).

8.56.3 The Projection Viewpoint

Consider again the nonlinear Schur complement (8.51). The eigenvalues of the
original problem, which do not belong to the spectrunBottan be obtained from
those of the nonlinear eigenvalue problem

S(N)x = Ax.
Proposition 8.3 Let \, y be an eigenpair of the nonlinear eigenvalue problem
SNy =Xy

whereS()) is defined by (8.51). Theh,is an eigenvalue of (8.31) with associated
eigenvector:

_ _ —1
( (B —\I) Ey) (8.55)
Y
Proof. The proof consists of a simple verification. O

Now assume that we have a good approximation to the nonliredar 8om-
plement problem, i.e., to a solutionandy of the nonlinear problenm (8.49). It is
clear that the best we can do to retrieve the corresponding eigenvector of (8.31) is
to use substitution, i.e., to compute the top part of (8.55):

u=—(B— ) 'Ey, (8.56)
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which will give us the top part of the exact eigenvector. This entails factoring the
matrix (B — AI) for each different eigenvaluk, which is not practical. As was
seen in the previous sectioMMLS extracts an approximation to the nonlinear
problem[(8.49) by solving the generalized eigenvalue problem|(8.54) and then it
replaces the substitution stép (8.56) by a projection step. Specifically, once an
approximate pain\, y is obtained AMLS computes approximate eigenvectors to
the original problem by a projection process using the space spanned by the family

of vectors: 5 Bip
o)) {C ‘”)}’ 057
0 Yi

in whichv? are eigenvectors aB associated With its smallest eigenvalues Note
that these two sets of vectors are of the fdri , for the first, and/ v,
for the second, wher& was defined earlier by equatlﬂ 32). The question is:
why is this a good way to replace the substitution step (8.56)? Another issue is
the quality we might expect from this process.

Ideally, the prolongation matri&’ should be replaced by one which depends
on the eigenvalug, namely

U\ = (é -(B ?DIE).

Indeed, if we were to use the prolongafdf)\) instead ofU, thenU(\) (2
would be an exact eigenvector (if the approximation tbat we use were exact).

It is not appealing in practice to use a different prolongdfdn) for each
different eigenvalue\. What is interesting and important to note is tihat\)
andU are likely to be close to each other for small (in modulus) eigenvalues
Furthermorethe difference between the two consists mostly of components related
to eigenvectors aB which are associated with eigenvalues closa.ttt is helpful
to examine this difference:

- (0) = (3 0 - (1)

_ (—/\ (B — /\é)—lB—lEy> .

In order to compensate for this difference, it is natural to add to the subspace
eigenvectors of3 in which this difference will have large components, i.e., eigen-
vectors corresponding to the smallest eigenvaluds.ofhis is at the heart of the
approximation exploited byMLS which incorporates the first set in (8.57).

PROBLEMS

P-8.1 Consider a more general framework for Theofem 8.1, in which one is seéking
eigenvalues at a time. The new vectors are defined as

tig =M triy i=1,2,...1
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wherei refers to the eigenvalue number ghid the step number. As a result the dimension
of the Davidson subspace increased by every step instead of one. The assumptions on
each of the individual preconditioners for each eigenvalue are the same as in Thedrem 8.1.
(1) Establish that the first part of Theorem|8.1 is still valid.
(2) To show the second part, defing = (I —P;) M, jr;; and similarlyw;; = z:; /|| zijl|2
and _ ,
Wj = [ugj),ugj), cee ,u(]), w”}
Show thati¥’; is orthonormal and that the matri; ; = W;* AW; has the form,

A au;
Bi; = o a;j (8.58)
N

in which we setvy; = w;j Augj)) andg; = w/f Aw;.
(3) Show that _ , ,
AD <y @D < AT =19

(4) Taking the Frobenius norm @&; ; and using the fact that

1+1

Zu])iﬁ +ZA(7)

show that

23 0t = S =AY + A — pl) - 8y)
k=1

k=1

4||A||QZ< a0

k=1

IA

(5) Complete the proof of the result similarly to Theorem 8.1.

P-8.2 Using the result of Exercise P-6.3 write a simpler version of the shift-and-invert
Arnoldi Algorithm with deflation, Algorithni 8.1, which does not require tfie— 1) x

(k — 1) principal submatrix of,,, i.e., the (quasi) upper triangular matrix representing of
(A — oI)~" in the computed invariant subspace.

P-8.3 How can one get the eigenvaluesAfrom those ofB. or B_. What happens if

the approximate eigenvalues are close and complex? What alternative can you suggest for
recovering approximate eigenvaluesAfrom a given projection process applied to either

of these two real operators.

P-8.4 Establish the relation (8.9).

NOTES AND REFERENCES The notion of preconditioning is well-known for linear systems but it

is not clear who defined this notion first. In the survey paper by Golub and O’Leary [78] it is stated
that “The termpreconditioningis used by Turing (1948) and by then seems standard terminology
for problem transforming in order to make solutions easier. The first application of the work to the
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idea of improving the convergence of an iterative method may be by Evans (1968), and Evans (1973)
and Axelsson (1974) apply it to the conjugate gradient algorithm”. However, the idea of polynomial
preconditioning is clearly described in a 1952 paper by Lanczos [113], although Lanczos does not
use the term “preconditioning” explicitly. The idea was suggested later for eigenvalue calculations by
Stiefel who employed least-squares polynomials [207] and Rutishauser [166] who combined the QD
algorithm with Chebyshev acceleration. The section on Shift-and-Invert preconditioning is adapted
from [152]. Davidson’s method as described in [41] can be viewed as a cheap version of Shift-and-
Invert , in which the solution of the linear systems are solved (very) inaccurately. The method is well-
known to the physicists or quantum chemists but not as well known to numerical analysts. The lack of
theory of the method might have been one reason for the neglect. Generalizations and extensions of
the method are proposed by Morgan and Scott [132] in the Hermitian case but little has been done in
the non-Hermitian case.

The Jacobi-Davidson enhancement was developed in the mid 1990s [62] though simplified forms
of the method existed already, since the method represents in effect a Newton type approach. The
viewpoint of projections and the insight provided by the ensuing articles gave an important impetus
to this approach. A few packages have been written based on the Jacobi-Davidson approach. For
example, JADAMILUZ, developed by Matthias Boliifer and Yvan Notay [14] is a package written
in fortran-77 and exploits incomplete LU factorizations and iterative solvers.

The AMLS approach was developed mainly as a powerful replacement to the shift-and-invert
Block-Lanczos algorithm which was used in certain structural engineering problems [8]. It is in
essence a form of shift-and-invert approach based on thesshift) and the use of domain-decomposition
concepts for factoring the matrix. Because it uses a single shift, and it is a single-shot method, its ac-
curacy tends to be limited for the eigenvalues that are far from zero. Some of the material on the new

sections 8.4 arld 8.5 is adapted from [158], and [5]. [ |

Thttp://homepages.ulb.ac.be/~ jadamilu/
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NON-STANDARD EIGENVALUE
PROBLEMS

Many problems arising in applications are not of the standard form Ax = Ax but of
the ‘generalized’ form Ax = ABx. In structural engineering, the A matrix is called
the stiffness matrix and B is the mass matrix. In this situation, both are symmetric
real and often B is positive definite. Other problems are quadratic in nature, i.e.,
they take the form

M Az + ABz + Cz = 0.

This chapter gives a brief overview of these problems and of some specific techniques
that are used to solve them. In many cases, we will seek to convert a nonstandard
problems into a standard one in order to be able to exploit the methods and tools of
the previous chapters.

0.1 Introduction

Many eigenvalue problems arising in applications are either generalized, i.e., of
the form
Ax = ABx (9.1)

or quadratic,
A2 Ax + ABz + Cz = 0.

Such problems can often be reduced to the standard farm= Az under a few
mild assumptions. For example wh&ris nonsingular, then (9.1) can be rewritten
as

B Az =)z (9.2)

As will be explained later, the matri€ = B~'A need not be computed explic-
itly in order to solve the problem. Similarly, the quadratic eigen-problem can be
transformed into a generalized eigen-problem of 8izgin a number of different
ways.

Thus, it might appear that these nonstandard problems may be regarded as
particular cases of the standard problems and that no further discussion is war-
ranted. This is not the case. First, a number of special strategies and techniques
must be applied to improve efficiency. For example, wHes symmetric and3

219
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is symmetric positive definite then an alternative transformation of (9.1) will lead

to a Hermitian problem. Second, there are some specific issues that arise, such as
the situation where botA and B are singular matrices, which have no equivalent

in the standard eigenvalue context.

9.2 Generalized Eigenvalue Problems

In this section we will summarize some of the results known for the generalized
eigenvalue problem and describe ways of transforming it into standard form. We
will then see how to adapt some of the techniques seen in previous chapters.

9.2.1 General Results

The pair of matrices4, B in the problem[(9.1) is often referred to asretrix
pencil We will more often use the termatrix pair than vmatrix pencil. If there
is no particular reason why one of the two matrigeand B should play a special
role, then the most natural way of defining eigenvalues of a matrix pair is to think
of them as pairga, 3) of complex numbers. Thuge, 5) is an eigenvalue of the
pair (A, B) if by definition there is a vecton, called an associated eigenvector,
such that

BAu = aBu. (9.3)

Equivalently,(«, ) is an eigenvalue if and only if

det(BA —aB) =0.
When(a, ) is an eigenvalue pair fqr4, B), then(a, (3) is an eigenvalue pair for
(A" BH) sincedet(8A — aB)® = 0. The left eigenvector for, B is defined
as a vector for which

(BA —aB)w = 0. (9.4)

This extension of the notion of eigenvalue is not without a few drawbacks. First,
we note that the trivial paif0, 0) always satisfies the definition. Another diffi-
culty is that there are infinitely many paits, 5) which can be termed ‘general-

ized eigenvalues’ to represent the same ‘standard eigenvalue’. This is because we
can multiply a givern(«, 3) by any complex scalar and still get an eigenvalue for
the pair. Thus, the standard definition of an eigenvalue corresponds to the case
whereB = [ and = 1. There are three known ways out of the difficulty. A
popular way is to take the ratig/ 3 as an eigenvalue, which corresponds to select-
ing the particular paifa, 1) in the set. Whers is zero, the eigenvalue takes the
value infinity and this may not be satisfactory from the numerical point of view.

A second way would be to use paiis, 3) but scale them by some norm @,

e.g., so thata|? + |B|?> = 1. Finally, a third way, adopted by Stewart and Sun
[205] is to denote by, 3) the set of all pairs that satisfy (9.3). The eigenvalue

is then a set instead of an elementi. We will refer to this set as generalized
eigenvalue. However, we will sacrifice a little of rigor for convenience, and also
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call any representative elemefat, 3), in the set, at the exclusion @b, 0), an
eigenvalue pair. Note the distinction between the notation of an eigenvalue pair
(.,.) and the set to which it belongs to, i.e., the generalized eigenvalue, denoted
by (.,.). This definition is certainly radically different from, and admittedly more
complicated than, the usual definition, which corresponds to arbitrarily selecting
the pair corresponding t6 = 1. On the other hand it is more general. In particu-
lar, the pair(1,0) is well defined whereas with the usual definition it becomes an
infinite eigenvalue.

To illustrate the various situations that can arise we consider two by two ma-
trices in the following examples.

Example 9.1. Let

-1 0 0 1
Az(o 1) and Bz(1 0).

By the definition(«, 8) is an eigenvalue iflet(5A — aB) = 0 which gives the set

of pairs(a, ) satisfying the relatiord = +ia. In other words, the two general-
ized eigenvalues arg, i) and(1, —i). This example underscores the fact that the
eigenvalues of a symmetric real (or Hermitian complex) pair are not necessarily
real. O

Example 9.2. Let

-1 1 0 0
A_<O O> and B_(1 0).

Heredet(SA — aB) = af, so the definition shows thg0, 1) and (1,0) are
generalized eigenvalues. Note that both matrices are singular. O

Example 9.3. Let

-1 0 0 0
A:(1 O) and B:(1 O)'

In this case any paifa, 5) is an eigenvalue sinaget(5A — aB) = 0 indepen-

dently of the two scalara and 3. Note that this will occur whenever the two
matrices are singular and have a common null space. Any vector of the null-space
can then be viewed as a degenerate eigenvector associated with an arbitrary scalar.
Such pairs are said to be singular. O
Example 9.4. Let

1 0 0 2
A:(1 O) and B:(O 2).

This is another example where any p@ir, 3) is an eigenvalue sinaéet(5A —
aB) = 0 independently ofv and . The two matrices are again singular but here
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their two null spaces do not intersect. Any ‘eigenval(ie ) has the associated
‘eigenvector’(2a, — (). O

The above examples suggests an important case that may dHicsetids
numerically. This is the case of ‘singular pairs’.

Definition 9.1 A matrix pair(A, B) is called singular if8 A — a.B is singular for
all a, 5. A matrix pair that is not singular is said to be regular .

The added complexity due for example to one (or both) of the matrices being
singular means that special care must be exercised when dealing with generalized
eigen-problems. However, the fact that one or both of the matrices B is
singular does not mean that trouble is lurking. In fact generalized eigenvalue
problem can be quite well behaved in those situations, if handled properly.

We now state a number of definitions and properties. If we multiply both
componentsi and B of the pair(A, B) to the left by the same nonsingular matrix
Y then the eigenvalues and right eigenvectors are preserved. Similarly, if we
multiply them to the right by the same non-singular maiixhen the eigenvalues
and the left eigenvectors are preserved. The left eigenvectors are multiplied by
Y~ in the first case and the right eigenvectors are multipliedXby' in the
second case. These transformations generalize the similarity transformations of
the standard problems.

Definition 9.2 If X andY are two nonsingular matrices, the pair
(YAX,YBX)
is said to be equivalent to the pairl, B).

We will now mention a few properties. Recall tha{if, 3) is an eigenvalue pair
for (A, B), then(a, ) is an eigenvalue pair forA”, BH). The corresponding
eigenvector is called the left eigenvector of the galr B).

A rather trivial property, which may have some nontrivial consequences, is
that theeigenvectorsf (4, B) are the same as those(d®, A). A corresponding
eigenvalue paifa, ) is simply permuted tgg3, «).

In the standard case we know that a left and a right eigenvector associated
with two distinct eigenvalues are orthogonal. We will now show a similar property
for the generalized problem.

Proposition 9.1 Let \; = («y, 5;) and \; = (a;, 5;) two distinct generalized
eigenvalues of the pait4, B) and letu; be a right eigenvector associated with
A; andw; a left eigenvector associated will). Then,

(Aui,wj) = (Bui,wj) =0. (95)

Proof. Writing the definition for); yields,

ﬁiAui - oziBui =0.
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Therefore,
O = (BlAui — CVZ‘B’LLi,’LUj) = (ui, (BlAH — C_YiBH)’lUj) . (96)

We can multiply both sides of the above equation/yand use the fact that
(a;, 3;) is an eigenvalue fod” | B with associated eigenvecter; to get,

(Bia; — i 8)(Bui, w;).

This implies tha{ Bu;, w;) = 0 because

Bi B

Bio; — B = o

must be nonzero by the assumption that the two eigenvalues are distinct. Finally,
to show that{ Au;, w;) = 0 we can redo the proof, this time multiplying both sides

of (9.6) by instead of3;, or we can simply observe that we can interchange the
roles of A and B, and use the fact thdtd, B) and (B, A) have the same set of
eigenvectors. |

The proposition suggests that when all eigenvalues arendistive may be
able to simultaneously diagonalizeand B. In fact if all eigenvalues are distinct
then the proposition translates into

WHAU =Dy, WHBU = Dp

in which D 4, and D are two diagonald; is the matrix of the right eigenvectors
andW the matrix of left eigenvectors (corresponding to eigenvalues listed in the
same order as fdr). There are two points that are still unclear. The firstis that we
do not know how many distinct eigenvalues there can be. We would like to show
that when the pair is regular then there araf them so that the matricésandiV’

in the above equality ane x n matrices. The second point is that we do not know
yet whether or not the eigenvectors associated with these distinct eigenvalues are
linearly independent. When eithdror B are nonsingular then the eigenvectors
associated with distinct eigenvectors are linearly independent. This can be seen
by observing that the eigenvectors of the pal, B) are the same as those of
(B~1A,I) in caseB is nonsingular of7, A~ B) when A is nonsingular. As it

turns out this extends to the case when the pair is regular. When thedp@i)) is

a regular pair, then there are two scalaysr, such that the matrix, A — 0. B is
nonsingular. We would like to construlimearly transformed pairshat have the
same eigenvectors &sl, B) and such that one of the two matrices in the pair is
nonsingular. The following theorem will help establish the desired result.

Theorem 9.1 Let(A, B) any matrix pair and consider the transformed pgit;, B)
defined by
A1:T1A—UlB, BlZTQB—02A7 (97)
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for any four scalarsr, 72, 01, o2 such that the x 2 matrix

(2 %)
02 T1
is nonsingular. Then the paif4,, B1) has the same eigenvectors as the pair

(A, B). An associated eigenval@e"), 5(1)) of the transformed paifA;, B;) is
related to an eigenvalue pairy, ) of the original pair(A, B) by

()-0(20)

Proof. Writing that (o), 3(1)) is an eigenvalue pair gf4,, B;) with associated
eigenvectomn we get

6(1)(7'1A —o1B)u = a(l)(TQB — o9 A)u
which after grouping thelu and Bu terms together yields,
(118Y 4+ o2aM)Au = (190 + 018M)Bu . (9.9)

The above equation shows thatis an eigenvector for the original pair, B)
associated with the eigenval(e, 3) with

B=7pY +0aM, a=mnal+o60. (9.10)

Note that(a, 3) is related by[(9.8) tga"), 5(1)) and as a resutk and 3 cannot
both vanish because of the nonsingularity¢bf Conversely, to show that any
eigenvector of 4, B) is an eigenvector ofA;, B;) we can show tha#l and B
can be expressed by relations similar to thosk in (9.7) in ternds ahd B; . This
comes from the fact th&? is nonsingular. n |

A result of the above theorem is that we can basically idemtifggular problem
with one for which one of the matrices in the pair is nonsingular. Thus, the choice
01 = 04,71 = T @ndoy = 01,72 = —7; Makes the matri¥d; nonsingular with
a non-singulaf? transformation. In fact once, o, are selected any choice of
ando, that makes nonsingular will be acceptable.

Another immediate consequence of the theorem is that \theB) is regular
then there are eigenvalues (counted with their multiplicities).

Corollary 9.1 Assume that the pair4, B) hasn distinct eigenvalues. Then the
matricesU andW of then associated right and left eigenvectors respectively, are
nonsingular and diagonalize the matricdsand B simultaneously, i.e., there are
two diagonal matriced 4, Dp such that,

WHAU =D,, WHBU =Dp.
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The equivalent of the Jordan canonical form is the Weierstrass-Kronecker
form. In the following we denote byiag (X, Y") a block diagonal matrix wittX
in the (1,1) block and” in the (2,2) block.

Theorem 9.2 A regular matrix pair(A, B) is equivalent to a matrix pair of the
form
(diag (J, 1), diag (I,N)) , (9.11)

in which the matrices are partitioned in the same manner, and wheared N are
in Jordan canonical form andV is nilpotent.

The equivalent of the Schur canonical form would be to simultaneously re-
duce the two matriced and B to upper triangular form. This is indeed possible
and can be shown by a simple generalization of the proof of Schur’s theorem seen
in Chapter 1.

Theorem 9.3 For any regular matrix pair( A, B) there are two unitary matrices
Q1 and (@ such that

Q¥AQ:=R,s and Q¥BQ.=Rp

are two upper triangular matrices.

9.2.2 Reduction to Standard Form

When one of the components of the p@it, B) is nonsingular, there are simple
ways to get a standard problem from a generalized one. For example,Bvisen
nonsingular, we can transform the original system

BAu = aBu

into
B 'Au = au

taking 3 = 1. This simply amounts to multiplying both matrices in the pair by
B~1, thus transforming A, B) into the equivalent paitB—' A, I). Other trans-
formations are also possible. For example, we can multiply on the rigiitty
transforming A, B) into the equivalent pairAB~1, I). This leads to the problem

AB 'y =ay with uw= B ly.
Similarly, whenA is nonsingular, we can solve the problem
A 'Bu=oau
setting3 = 1 or, again using the variable= A~ !x,

BA 'y = ay.
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Note that all the above problems are non Hermitian in general. Whand
B are both Hermitian and, in additio®? is positive definite, a better alternative
may be to exploit the Cholesky factorization Bf If B = LLT, we get after
multiplying from the left byL —! and from the right byL.~7, the standard problem

LYAL Ty = . (9.12)

None of the above transformations can be used when Aa@thd B are sin-
gular. In this particular situation, one can shift the matrices, i.e., use a transfor-
mation of the form described in theorem (9.1). If the pair is regular then there
will be a matrix(2 that will achieve the appropriate transformation. In practice
these transformations are not easy to perform since we need to verify whether or
not a transformed matrix is singular. If a pair is regular but hdthnd B are
singular, then chances are that a slight linear transformation will yield a pair with
one or both of the matrices nonsingular. However, this is not easy to check in
practice. First, there is the difficulty of determining whether or not a matrix is
deemed nonsingular. Second, in case the two matrices have a nontrivial common
null space, then this trial-and-error approach cannot work since any paivill
yield a singular3 A — B, and this information will not be enough to assert that
the pair(A4, B) is singular.

The particular case where both componeatand B are singular and their
null spaces have a nontrivial intersection, i.e.,

Null(A) N Null(B) # {0}

deserves a few more words. This is a special singular problem. In practice, it may
sometimes be desirable to ‘remove’ the singularity, and compute the eigenvalues
associated with the restriction of the pair to the complement of the null space.
This can be achieved provided we can compute a basis of the common null space,
a task that is not an easy one for large sparse matrices, especially if the dimension
of the null space is not small.

9.2.3 Deflation

For practical purposes, it is important to define deflation processes for the gener-
alized eigenvalue problem. In particular we would like to see how we can extend,
in the most general setting, the Wielandt deflation procedure seen in Chapter 4.
Assuming we have computed an eigenveetpassociated with some eigenvalue

A1 = {a, B), of (A, B) the most general way of defining analogues of the deflated
matrix A, of Chapter 4 is to deflate the matricdsand B as follows:

A, = A— o Bup™, (9.13)
B, = B-—oyAuv? . (9.14)

We assume, as in the standard case, tiat; = 1. We can easily verify that
the eigenvectou; is still an eigenvector of the paird,, B;). The corresponding
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eigenvalue paifa/, ') must satisfy
B Ay = o' Biug
from which we get the relation
(8" + 020/ )Auy = (& + 013 )Bu; .
Thus we can identifyy’ + o1 3" with o and 3’ + o2’ with 3, to get
a=d +018, B=p03 +00. (9.15)
Inverting the relations, we get

, a—o1f , B — o
o = _

= = 9.16
1—0’10’27 1—0’10’2 ( )

assuming that — o102 # 0. The scaling byl — 0,05 can be ignored to obtain
the simpler relations,

o =a—o093, B =p—-0a (9.17)

which can be rewritten as

(5)=( 7)) (0.18)

In the standard case we hat®e= I, 3 = 3 = 1 ando, = 0, so the standard
eigenvalue is changed td = o — o7 as was seen in Chapter 4.

Using Propositioh 9/1, we can show that the left eigenvectors not associated
with \; are preserved. The particular choice= Bwy, in which w; is the left
eigenvector associated with the eigenvalygreserves both left and right eigen-
vectors and is a generalization of Hotelling's deflation, see Exercise P-9.3.

9.2.4 Shift-and-Invert

Before defining the analogue of the standard shift-and-invert technique we need to
know how to incorporate linear shifts. From Theofem 9.1 seen in Séction 9.2.1, for
any pair of scalars, 0, the pair(A — o1 B, B — 02 A) has the same eigenvectors

as the original paifA, B). An eigenvaluga’, 3') of the transformed matrix pair

is related to an eigenvalue pair, 3) of the original matrix pair by

a = od+of,
B = B+ .
Computing(«/, ') from («, 3) we get, assuming — o102 # 0,

,  a—o1f , B — o2

1—oy09’ 1—o0y09
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In fact, since the eigenvalues are defined up to a scaling factor, we can write
o =a—013, B =p0-o0sa. (9.19)

It is common to take one of the two shifts, typicalty, to be zero. In this
special situation:

o =a-o0, =0

which gives the usual situation correspondingite- 1.

Shift-and-invert for the generalized problems corresponds to multiplying through
the two matrices of the shifted pair by the inverse of one of them, typically the first.
Thus the shifted-and-inverted pair would be

(I,(A=01B)""(B—024)).

This is now a problem which has the same eigenvalues as thedaitr; B, B —
o2 A), i.e., its generic eigenvalue pdit’, 3') is related to the original paik, 5)
of (A, B) via (9.19). It seems as if we have not gained anything as compared with
the pair(A — 01 B, B — 02 A). However, theA -matrix for the new pair is the
identity matrix.

The most common choice 5, = 0 ando, 3 close to an eigenvalue of the
original matrix.

9.2.5 Projection Methods

The projection methods seen in Chapter 4 are easy to extend to generalized eigen-
problems. In the general framework of oblique projection methods, we are given
two subspace#&’ and L and seek an approximate eigenveaidn the subspace

K and an approximate eigenval(i, 5) such that

(BA—aB)a L L. (9.20)

Given two based” = {v1,..., v}, andW = {wy,...,w,,} of K andL, re-
spectively, and writingi = V'y, the above conditions translate into the generalized
eigenvalue problem

BWHAVYy =aWi BVy .

Note that we can get a standard projected problem if we can find &p&irthat

is such that¥’ BV = I. For orthogonal projection methods (& L), this will

be the case in particular whéhis Hermitian positive definite, and the system of
vectors{v; }i—1...m IS B-orthonormal.

When the original pair is Hermitian definite, i.e., whémnd B are Hermitian
positive definite and whem is positive definite, the projected problem will also
be Hermitian definite. The approximate eigenvalues will also be real and all of
the properties seen for the Hermitian case in Chapter 1 will extend in a straight-
forward way.
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9.2.6 The Hermitian Definite Case

We devote this section to the important particular case where fha@hd B are
Hermitian and one of them, sdy, is positive definite. This situation corresponds

to the usual Hermitian eigen-problem in the standard case. For example the eigen-
values are real and the eigenvectors from an orthogonal set with respect to the
B-inner product defined by

(z,y)p = (Bz,y) . (9.21)

That this represents a proper inner product is well-known. The corresponding
norm termed the3-norm is given by

2]l 5 = (Bz,2)"/*.

An important observation that is key to understanding this case is that even though
the matrixC = B! A of one of the equivalent standard eigenproblems is non-
Hermitian with respect to the Euclidean inner product, iseé#f-adjoint with re-
spect to theB-inner productin that

(Cz,y)p = (z,Cy)p Y,y . (9.22)

Therefore, one can expect that all the results seen for the standard problem for
Hermitian case will be valid provided we replace Euclidean product byBthe
inner product. For example, the min-max theorems will be valid provided we
replace the Rayleigh quotie(lz, z)/(x, x) by

(Cx,z)p _ (Azx, z)
(z,7)p (Bx,x)

p(x) =

If we were to use the Lanczos algorithm we would have two options. The first
is to factor theB matrix and use the equivalent standard formulation (9.12). This
requires factoring thé&-matrix and then solving a lower and an upper triangular
system at each step of the Lanczos algorithm. An interesting alternative would be
to simply employ the standard Lanczos algorithm for the matrix B! A re-
placing the usual Euclidean inner product by thener product at each time that
an inner product is invoked. Because of the self-adjointneg$with respect to
the B inner product, we will obtain an algorithm similar to the one in the standard
case, which is based on a simple three term recurrence. A naive implementation
of the main loop in exact arithmetic would consist of the following steps,

w = B lAv;, (9.23)
a; = (w,v)B, (9.24)
wo= w— vy — Bivi—n, (9.25)
Bi+1 = |wls, (9.26)

vjiy1 = w/Biy1 -
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We observe that; in (9.24) is also equal t6Av,, v;) and this gives an easy
way of computing they’s, using standard Euclidean inner products. Before mul-
tiplying Av; by B~! in (9.23) ; is computed and saved. The computation on
Bj+1 is alittle more troublesome. The use of the definition of théner product
would require a multiplication by the matri¥. This may be perfectly acceptable
if B is diagonal but could be wasteful in other cases. One way to avoid this matrix
product is to observe that, by construction, the veetdan (9.26) is B-orthogonall
to the vectors); andv;_,. Therefore,

(Bw,w) = (Avj,w) — a;j(Bvj, w) — B;(Bvj_1,w) = (Avj, w).

As aresult, if we save the vectdr; computed in[(9.23) until the end of the loop
we can evaluate th8-norm ofw with just an Euclidean inner product. Another
alternative is to keep a three-term recurrence for the veetotrs Bv;. ThenBw
is available as

Bw = Al)j — O[ij — IBijfl

and the inner produ¢tBw, w) can be evaluated. Normaliziw by 5,1 yields
zj+1. This route requires two additional vectors of storage and a little additional
computation but is likely to be more viable from the numerical point of view.
Whichever approach is taken, a first algorithm will look as follows.

ALGORITHM 9.1 First Lanczos algorithm for matrix pairs
1. Start: Choose an initial vectar, of B-Norm unity. Set3; = 0, vg = 0.
2. lterate: Forj =1,2,...,m, do:
(@) v:= Av;,
(b) a; = (v,v;),

(¢) w:=B v —ajv; — Bvj_1,
(d) Computes;y = |lw|[s, usingp;1 == /(v,w),
(e) vjt1 = w/Bj1.

One difficulty in the above algorithm is the possible occurrence of a negg&tive
norm ofw in the presence of rounding errors.

A second algorithm which is based on keeping a three-term recurrence for
the z;’s, implements a modified Gram-Schmidt version of the Lanczos algorithm,
i.e., it is analogous to Algorithm 6.5 seen in Chapter 6.

ALGORITHM 9.2 Second Lanczos algorithm for matrix pairs

1. Start: Choose an initial vectar, of B-Norm unity. Set3; = 0, zo = vg =
0, 1 = Bvl.

2. lterate: Forj =1,2,...,m, do
(a) V= AUj — szj—l ,



NON STANDARD EIGENVALUE PROBLEMS 231

(b) aj = (v,v;),
(€) vi=v—o4z,
(d) w:=B"1'v,

€ Bj+1=1+/(w,v),

(f) Vjp1 = w/ﬁj+1 andzj+1 = U/Bﬁrl'

Note that theB-norm in (d) is now of the forniB~1v, v) and since3 is Her-
mitian positive definite, this should not cause any numerical problems if computed
properly.

In practice the above two algorithms will be unusable in the common situation
when B is singular. This situation has been studied carefully in [137]. Without
going into the geometric details, we would like to stress that the main idea here
is to shift the problem so as to makd — o B) nonsingular and then work in the
subspac&an(A — o B) ! B. A simplification of the algorithm in [137] is given
next. Hereg is the shift.

ALGORITHM 9.3 Spectral Transformation Lanczos

1. Start: Choose an initial vectap in Ran[ (A — 0 B)~'B]. Computez; =
Bw andﬁl = (w7 Zl). Setvy := 0.

2. lterate: Forj =1,2,...,m, do

(@) v; =w/B; andz; := z;/B; ,
(b) zj = (A—oB) w,

() w:=w— Fjvj_1,

(d) o = (w, %),

(e) w:=w-oq;z,

(f) zj+1 = Bw,

@) Bjr1 =/ (zj41,w).

Note that the algorithm requires only multiplications with the mafBixAs
in the previous algorithm, the two most recen’s must be saved, possibly all of
them if some form ofB - reorthogonalization is to be included. We should point
out a simple connection between this algorithm and the previous one. With the
exception of the precaution taken to choose the initial vector, algorithm 9.3 is a
slight reformulation of Algorithm 9.2, applied to the pait’, B’) whereA’ = B
andB’ = (A — oB).

9.3 Quadratic Problems

The equation of motion for a structural system with viscous damping and without
external forces is governed by the equation

Mi+Cqg+Kqg=0.
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In vibration analysis, the generic solution of this equation is assumed to take the
form ¢ = ue** and this leads to the quadratic eigenvalue problem

(NM+AC+K)u=0. (9.27)

These eigenvalue problems arise in dynamical systems where damping and other
effects, e.g., gyroscopic, are taken into account. Such effects will defin@ the
matrix. In the next subsections we will see how to adapt some of the basic tools
to solve quadratic problems.

9.3.1 From Quadratic to Generalized Problems

The most common way of dealing with the above problem is to transform it into
a (linear) generalized eigenvalue problem. For example, defining

( /\u)
V=

u
we can rewrite[(9.27) as

<‘IC _g{) b= <J‘04 ?) v (9.28)

It is clear that there is a large number of different ways of rewrifing (9.27), the
one above being one of the simplest. One advantage of| (9.27) is thatMihign
Hermitian positive definite, as is often the case, then so also is the second matrix
of the resulting generalized problem (9.28). If all matrices involved, narfely
C, and M, are Hermitian it might be desirable to obtain a generalized problem

with Hermitian matrices, even though this does not in any way guarantee that the
eigenvalues will be real. We can write instead of (9.28)

(I(; IS’) v=A (—é\l [O<) v . (9.29)
An alternative to the above equation is

cC M -K O

(M O)U:M(O JV[)U (9.30)

where we have set = 1/\. By comparing[(9.29) and (9.80) we note the inter-
esting fact that\/ and K have simply been interchanged. This could also have
been observed directly from the original equation (9.27) by making the change of
variabley = 1/\. For practical purposes, we may therefore select between (9.30)
and [(9.29) the formulation that leads to the more economical computations. We
will select (9.29) in the rest of this chapter.

While the difference betweeh (9.30) and (9.29) may be insignificant, there are
important practical implications in chosing betwelen (9.28) and (9.29). Basically,
the decision comes down to choosing an intrinsically non-Hermitian generalized
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eigen-problem witha Hermitian positive definitd? matrix, versus a generalized
eigen-problem whereboth matrices in the pair are Hermitian indefinite. In the
case wherél/ is a (positive) diagonal matrix, then the first approach is not only
perfectly acceptable, but may even be the method of choice in case Arnoldi's
method using a polynomial preconditioning is to be attempted. In case all matri-
ces involved are Hermitian positive definite, there are strong reasons why the sec-
ond approach is to be preferred. These are explained by Parlett and Chen [149].
Essentially, one can use a Lanczos type algorithm, similar to one of versions de-
scribed in subsection 9.2.6, in spite of the fact thatfhmatrix that defines the
inner products is indefinite.

PROBLEMS

P-9.1 Examine how the eigenvalues and eigenvectors of a pair of mafrite8) change
when bothA and B are multiplied by the same nonsingular matrix to the left or to the right.

P-9.2 Insection 9.2.4 anjd 9.2.3 the shifts, o> were assumed to be such that o102 #
0. What happens if this were not to be the case? Consider both the linear shifts, Section
and Wielandt deflation 9.2.3.

P-9.3 Given the right and left eigenvectous, andw; associated with an eigenvalue
of the pairA4, B and such thatBu1, Bw:) = 1, show that the matrix pair

A = A— o BuwwlB” | By = B— oy Auswi’ BY

has the same left and right eigenvectorsda$3. The shiftso, o2 are assumed to satisfy
the conditionl — o102 # 0.

P-9.4 Show that wher{A, B) are Hermitian and3 is positive definite thel’ = B~ A
is self-adjoint with respect to thB-inner product, i.e., that (9.22) holds.

P-9.5 Redo the proof of Proposition 9.1 with the usual definitions of eigenvalues=£Au
ABu). What is gained? What is lost?

P-9.6 Show that algorithm 9.3 is a reformulation of Algorithm 9.2, applied to the pair
(A’, B") whereA’ = BandB’ = (A — oB).

NOTES AND REFERENCES The reader is referred to Stewart and Sun [205] for more details and
references on the theory of generalized eigenproblems. There does not seem to be any exhaustive
coverage of the generalized eigenvalue problems, theory and algorithms, in one book. In addition,
there seems to be a dichotomy between the need of users, mostly in finite elements modeling, and the
numerical methods that numerical analysts develop. One of the first papers on the numerical solution
of quadratic eigenvalue problems is Borri and Mantegazza [16]. Quadratic eigenvalue problems are
rarely solved in structural engineering. The models are simplified first by neglecting damping and the
leading eigenvalues of the resulting generalized eigenproblem are computed. Then the eigenvalues of
the whole problem are approximated by performing a projection process onto the computed invariant
subspace of the approximate problem [95]. This may very well change in the future, as models are
improving and computer power is making rapid gains. |






Chapter 10

ORIGINS OF MATRIX EIGENVALUE
PROBLEMS

This chapter gives a brief overview of some applications that give rise to matrix
eigenvalue problems. These applications can be classified in three different cate-
gories. The first category, by far the largest from the applications point of view,
consists of problems related to the analysis of vibrations. These typically generate
symmetric generalized eigenvalue problems. The second is the class of problems re-
lated to stability analysis, such as for example the stability analysis of an electrical
network. In general, this second class of problems generates nonsymmetric matrices.
The third category comprises physical applications related to quantum mechnical
systems, specifically problems generated from the Schrédinger equation. The list of
applications discussed in this chapter is by no means exhaustive. In fact the number of
these applications is constantly growing. For example, an emerging application is one
that is related to the broad area of data analysis, machine learning, and information
sciences.

10.1 Introduction

The numerical computation of eigenvalues of large matrices is a problem of major
importance in many scientific and engineering applications. We list below just a
few of the applications areas where eigenvalue calculations arise:

e Structural dynamics e Quantum chemistry
e Electrical Networks e Markov chain techniques
e Combustion processes e Chemical reactions
e Macro-economics e Magnetohydrodynamics

e Normal mode techniques e Control theory

One class of applications which has recently gained considerable ground is that re-
lated to linear algebra methods in data-mining, see for example, [109] for a survey.
However, the most commonly solved eigenvalue problems today are those issued
from the first item in the list, namely those problems associated with the vibration
analysis of large structures. Complex structures such as those of an aircraft or a
turbine are represented by finite element models involving a large number of de-
grees of freedom. To compute the natural frequencies of the structure one usually

235
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solves a generalized eigenvalue problem of the farm= AM v where typically,
but not always, the stiffness and mass matrikeand M respectively, are both
symmetric positive definite.

In the past decade tremendous advances have been achieved in the solution
methods for symmetric eigenvalue problems especially those related to problems
of structures. The well-known structural analysis package, NASTRAN, which
was developed by engineers in the sixties and seventies now incorporates the state
of the art in numerical methods for eigenproblems such as block Lanczos tech-
nigues.

Similar software for the nonsymmetric eigenvalue problem on the other hand
remains lacking. There seems to be two main causes for this. First, in structural
engineering where such problems occur in models that include damping, and gy-
roscopic effects, itis a common practice to replace the resulting quadratic problem
by a small dense problem much less difficult to solve using heuristic arguments.
A second and more general reason is due to a prevailing view among applied sci-
entists that the large nonsymmetric eigenvalue problems arising from their more
accurate models are just intractable or difficult to solve numerically. This of-
ten results in simplified models to yield smaller matrices that can be handled by
standard methods. For example, one-dimensional models may be used instead of
two-dimensional or three-dimensional models. This line of reasoning is not totally
unjustified since nonsymmetric eigenvalue problems can be hopelessly difficult to
solve in some situations due for example, to poor conditioning. Good numerical
algorithms for non-Hermitian eigenvalue problems tend also to be far more com-
plex that their Hermitian counterparts. Finally, as was reflected in earlier chapters,
the theoretical results that justify their use are scarcer.

The goal of this chapter is mainly to provide motivation and it is indepen-
dent of the rest of the book. We will illustrate the main ideas that lead to the
various eigenvalue problems in some of the applications mentioned above. The
presentation is simplified in order to convey the overall principles.

10.2 Mechanical Vibrations

Consider a small object of mass attached to an elastic spring suspended from
the lid of a rigid box, see Figufe 10.1. When stretched by a distdxicthe
spring will exert a force of magnitudeAl whose direction is opposite to the
direction of the displacement. Moreover, if there is a fluid in the box, such as oll,
a displacement will cause a damping, or drag force to the movement, which is
usually proportional to the velocity of the movement. Let us tHike distance of

the center of the object from the top of the box when the mass is at equilibrium
and denote by the position of the mass at tintewith the initial positiony = 0

being that of equilibrium. Then at any given time there are four forces acting on
m:
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Figure 10.1: Model problem in mechanical vibrations

1. The gravity forceng pulling downward;
2. The spring force-k(l + y);

dy.
dt’
4. The external force”(t).

3. The damping force-c

By Newton'’s law of motion,
d*y dy
- =mg — —c—= + F(t).
moy =mg E(l+y) e + F(t)
If we write the equation at steady state, i.e., settinrg 0 and F'(t) = 0, we
getmg = kl. As a result the equation simplifies into
Py | dy
— —= =F(t). 10.1
mdt2+cdt+ky (t) (10.1)
Free vibrationsoccur when there are no external forces and when the damping
effects are negligible. Theh (10.1) becomes

d?y

the general solution of which is of the form

y(t) = Rcos (Zt - ¢>

which means that the mass will oscillate about its equilibrium position with a
period of27 /wq, with wg = k/m.
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Damped free vibrationmclude the effect of damping but exclude any effects
from external forces. They lead to the homogeneous equation:

Py | dy
—+c—+ky=0
™ e
whose characteristic equationvig-? + cr + k = 0.
Whenc? — 4km > 0 then both solutions, , 7, of the characteristic equation
are negative and the general solution is of the form

y(t) = ae™" + be"!

which means that the object will return very rapidly to its equilibrium position. A
system with this characteristic is said todeerdamped
Whenc? — 4km = 0 then the general solution is of the form

y(t) = (a + bt)e=ct/2m

which corresponds to critical damping. Again the solution will return to its equi-
librium but in a different type of movement from the previous case. The system is
said to becritically damped

Finally, the case ofunderdampingcorresponds to the situation wheh —
4km < 0 and the solution is of the form

y(t) = e~ [q cos ut + bsin yut]

with
Vakm — 2

2m ’
This time the object will oscillate around its equilibrium but the movement will
die out quickly.

In practice the most interesting case is thafos€ed vibrations, in which the
exterior forceF has the formF'(t) = F, coswt. The corresponding equation is
no longer a homogeneous equation, so we need to seek a particular solution to the
equation[(10.1) in the form of a multiple ofs(wt — §). Doing so, we arrive after
some calculation at the solution

M:

Fy cos(wt — 0)

n(t) = N (T (10.3)
where cw
tané = m .

See Exercise P-10.3 for a derivation. The general solution to the equations with
forcing is obtained by adding this particular solution to the general solution of the
homogeneous equation seen earlier.

The above solution is only valid when# 0. Whenc = 0, i.e., when there
are no damping effects, we have what is referred tivesesforced vibrations In
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this case, letting? = % a particular solution of the non-homogeneous equation

is
Iy

W cos wt

whenw # wy and

sinwgt (10.4)
2mwy

otherwise. Now every solution is of the form

y(t) = acoswt + b sinwt +

t sinwot.

mwo
The first two terms in the above solution constitute a periodic function but the last
term represents an oscillation with a dangerously increasing amplitude.

This is referred to as a resonance phenomenon and has been the cause of sev-
eral famous disasters in the past, one of the most recent ones being the Tacoma
bridge disaster (Nov. 7, 1940). Another famous such catastrophe, is that of the
Broughton suspension bridge near Manchester England. In 1831 a column of
soldiers marched on it in step causing the bridge to enter into resonance and col-
lapse. It has since become customary for soldiers to break step when entering a
bridge. For an interesting accoint of the Tacoma bridge disaster mentioned above
and other similar phenomena see Braun [17].

Note that in reality the case = 0 is fallacious since some damping effects
always exist. However, in practice wheris very small the particular solution
(10.3) can become very large wheh = k/m. Thus, whethet is zero or simply
very small, dangerous oscillations can occur whenever the forcing function
has a period equal to that of the free vibration case.

We can complicate matters a little in order to introduce matrix eigenvalue
problems by taking the same example as before and add another mass suspended
to the first one, as is shown in Figure 10.2.

Assume that at equilibrium, the center of gravity of the first mass is at distance
[, from the top and that of the second is at distaladeom the first one. There are
now two unknowns, the displacementfrom the equilibrium of the first mass and
the displacemenys from its equilibrium position of the second mass. In addition
to the same forces as those for the single mass case, we must now include the
effect of the spring force pulling from the other spring. For the first mass this is
equal to

kolla —y1 + 2],

which clearly corresponds to a displacement of the second mass relative to the
first one. A force equal to this one in magnitude but opposite in sign acts on the
second mass in addition to the other forces. Newton’s law now yields

d? d
m dty21 —m1g — k1l + 1) — 1+ ka(l + g2 — 11) + Fu(t)

dt

d2

d
m2?y22 =maog — ka(lo +y1) — C% — ka(la +y2 —y1) + Fo(t) .
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Figure 10.2: A spring system with two masses.

At equilibrium the displacements as well as their derivatives, and the external
forces are zero. As a result we must hdve= myg — kil1 + kolo, and0 =
mog — 2kolo. Hence the simplification

d? d
mi yzl +e (k1 + k2)y1 — kayo = F1(2) , (10.5)
dt dt
d? d
me dty22 + 02% — koyr + 2koys = Fg(t) R (106)

Using the usual notation of mechanics for derivatives, equations| (10.5) and (10.6)
can be written in condensed form as

m 0 Y cg 0 Y
(5 m) ()« (5 2) ()
ki +ky —k F
(5 at) () = (8) e

Mij+ Cij+ Ky=F (10.8)

or,

in which M, C and K are2 x 2 matrices. More generally, one can think of a very
large structure, for example a high rise building, as a big collection of masses and
springs that are interacting with each other just as in the previous example. In fact
equation[(10.8) is the typical equation considered in structural dynamics but the
matricesM, K, andC can be very large. One of the major problems in structural
engineering it to attempt to avoid vibrations, i.e., the resonance regime explained
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earlier for the simple one mass case. According to our previous discussion this
involves avoiding the eigenfrequencies,in the previous example, of the system.
More exactly, an analysis is made before the structure is build and the proper
frequencies are computed. There is usually a band of frequencies that must be
avoided. For example, an earthquake history of the area may suggest avoiding
specific frequencies. Here, the proper modes of the system are determined by
simply computing oscillatory solutions of the fomt) = yoe’? that satisfies the

free undamped vibration equation

Mj+Ky=0 or —w?Myy+ Kyy=0.

10.3 Electrical Networks.

Consider a simple electrical circuit consisting of a resistancB @hms, an in-
ductance ofL Henrys and a capacitor @' Farads connected in series with a
generator off volts.

Figure 10.3: A simple series electric circuit.

In a closed circuit, the sum of the voltage drops is equal to the input voltage
E(t). The voltage drop across the resistancRisvherel is the intensity while it
is LI across the inductance af@yC across the capacitor whefgis the electric
charge whose derivative is Therefore the governing equations can be written in
terms of( as follows,

LQ+RQ+Q/C = E(t),

which resembles that of mechanical vibrations. Realistic electric networks can be
modeled by a large number of circuits interconnected to each other. Resonance
here might be sought rather than avoided, as occurs when tuning a radio to a given
electromagnetic wave which is achieved by varying the capétity
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The problem of power system networks is different in that there are instabili-
ties of exponential type that occur in these systems under small disturbances. The
problem there is to control these instabilities. Although very complex in nature,
the problem of power systems instability can be pictured from the above simple
circuit in which the resistanc® is made negative, i.e., we assume that the resis-
tance is an active device rather than a passive one. Then it can be seen that the
circuit may become unstable because the solution takes theaforind- bes2? in
which s1, s may have positive real parts, which leads to unstable solutions.

10.4 Electronic Structure Calculations

One of the greatest scientific achievements of humankind is the discovery, in the
early part of the twentieth century, of quantum mechanical laws describing the
behavior of matter. These laws make it possible, at least in principle, to predict
the electronic properties of matter from the nanoscale to the macroscale. The
progress that lead to these discoveries is vividly narrated in the' ity years

that shook physicsby George Gamov [68]. A series of discoveries, starting with
the notion of quantas originated by Max Planck at the end of 1900, and ending
roughly in the mid-1920’s, with the emergence of the $dimger wave equation,

set the stage for the new physics. Solutions of the &tihger wave equation
resulted in essentially a complete understanding of the dynamics of matter at the
atomic scale.

One could, formally at least, understand atomic and molecular phenomena
from these equations, but solving these equations in their original form is nearly
impossible, even today, except for systems with a very small number of elec-
trons. The decades following the discovery of quantum mechanics have elabo-
rated several methods for findind good approximations to the solutions. In terms
of methodology and algorithms, the biggest steps forward were made in the six-
ties with the advent of two key new ideas. The fidgnsity functional theory,
enabled one to transform the initial problem into one which involves functions of
only one space variables insteadMfspace variables, faW-particle systems in
the original Schisdinger equation. Instead of dealing with function&it, we
only need to handle functions iR®. The second substantial improvement came
with pseudopotentials. In short pseudopotentials allowed one to reduce the num-
ber of electrons to be considered by constructing special potentials, which would
implicitly reproduce the effect of chemically inert core electrons and explicitly
reproduce the properties of the chemically active valence electrons .

10.4.1 Quantum descriptions of matter

ConsiderN nucleons of chargeZ,, at positions{R,,} forn = 1,--- , N and
M electrons at position$r;} for i = 1,---, M. An illustration is shown in
Figure 10.4.



ORIGINS OF EIGENVALUE PROBLEMS 243

Figure 10.4: Atomic and electronic coordinates: Filledleisaepresent electrons,
open circles represent nuclei (Source of figure: [181]).

The non-relativistic, time-independent Sgtiinger equation for the electronic
structure of the system can be written as:
HU=FEU (10.9)
where the many-body wave functidnis of the form
U =U(R4,Ry,R3,--- ;1r1,12,13, ) (10.10)
andF is the total electronic energy. The Hamiltonianin its simplest form is:

N

RV 1 Zp Z €2
H(Ri R, 11,12, ) = — ZQM,L 22m
netn’
Mg N M
L A

i,5=1
i#]

Here, M, is the mass of the nucleus,is Planck’s constant;, divided by2m, m

is the mass of the electron, aads the charge of the electron. The above Hamilto-
nian includes the kinetic energies for the nucleus (first suf)inand each elec-

tron (3rd sum), the inter-nuclei repulsion energies (2nd sum), the nuclei-electronic
(Coulomb) attraction energies (4th sum), and the electron-electron repulsion en-
ergies (5th sum). Each Laplace®i involves differentiation with respect to the
coordinates of thex'" nucleus. Similarly the ternvV? involves differentiation

with respect to the coordinates of tiié electron.

In principle, the electronic structure of any system is completely determined
by (10.9), or, to be exact, by minimizing the energy¥|H|¥ > under the con-
straint of normalized wave functionk. This is nothing but the Rayleigh quo-
tient of the Hamiltonian associated with the wave functibrand its minimum

i=1
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is reached whe¥ is the eigenfunction associated with the smallest eigenvalue.
Recall that? has a probabilistic interpretation: for the minimizing wave function
WV

|U(R1,-- Ry, ra) PRy - - dPRydPry - dPryy

represents the probability of finding particle 1 in volufi® + d*R,|, particle 2
in volume|R; + d°Ry], etc.

From a computational point of view however, the problem is not tractable for
systems which include more than just a few atoms and dozen electrons, or so. The
main computational difficulty stems from the nature of the wave function which
involves all coordinates of all particles (nuclei and electrons) simultaneously. For
example, if we had just 10 particles, and discretized each coordinate using just
100 points for each of the, y, » directions, we would havé0® points for each
coordinate for a total 0(106)10 = 10%° variables altogether.

Several simplifications were made to develop techniques which are practical
as well as sufficiently accurate. The goal for these approximations is to be able to
compute both the ground staies., the state corresponding to minimum energy
E, and excited state energies, or energies corresponding to higher eigerivalues
in (10.9), and this by using a reasonable number of degrees of freedom.

The first, and most basic, of these is tBern-Oppenheimepr adiabatic
approximation. Since the nuclei are considerably more massive than the electrons,
it can be assumed that the electrons will respond “instantaneously” to the nuclear
coordinates. We can then separate the nuclear coordinates from the electronic
coordinates. Under this approximation, the first tern in (10.11) vanishes and the
second becomes a constant. We are left with a new Hamiltonian:

M N M

—h?V? Z,e?
Hlenra, o) = o T 2 R
i=1 n=14=1 " """
M

1 2

NEN (10.12)
2 r; — 1}

i,j=1
iF#]

This simplification in itself will not be sufficient to reduce the complexity of the
Schibdinger equation to an acceptable level.

10.4.2 The Hartree approximation

If we were able to write the Hamiltonigh as a sum of individual (non-interacting)
Hamiltonians, one for each electron, then it is easy to see that the problem would
becomeseparable. In this case the wave functidncan be written as a prod-
uct of individualorbitals, ¢ (r;) each of which is an eigenfunction of the non-
interacting Hamiltonian. This is an important concept and it is often characterized
as theone-electrorpicture of a many-electron system.

The eigenfunctions of such a Hamiltonian determine orbitals (eigenfunctions)
and energy levels (eigenvalues). For many systems, there are an infinite number of
states, enumerated by quantum numbers. Each eigenvalue represents an “energy”
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level corresponding to the orbital of interest. For example, in an atom such as
hydrogen, an infinite number of bound states exist, each labeled by a set of three
discrete integers. In general, the number of integers equal the spatial dimensional-
ity of the system plus spin. In hydrogen, each state can be labeled by three indices
(n, 1, andm) ands for spin. In the case of a solid, there are essentially an infinite
number of atoms and the energy levels can be labeled by quantum numbers, which
are no longer discrete, but quasi-continuous. In this case, the energy levels form
anenergy band.

The energy states are filled by minimizing the total energy of the system, in
agreement with the Pauli principlieg., each electron has a unique set of quantum
numbers, which label an orbital. THé lowest orbitals account f&N electrons,

i.e., a pair of a spin up and a spin down electrons for each orbital. Orbitals that are
not occupied are called “virtual states.” The lowest energy orbital configuration is
called theground state. The ground state can be used to determine a number of
propertiese.g., stable structures, mechanical deformations, phase transitions, and
vibrational modes. The states above the ground state are knosxtited states.
These are helpful in calculating response functions of the solid, e.g., the dielectric
and the optical properties of materials.

In mathematical term$y{ = @&7H?, the circled sum being a direct sum mean-
ing thatH® actsonly on particle numbei, leaving the others unchanged. Hartree
suggested to use this as an approximation technique whereby the basis resulting
from this calculation will be substituted ia U|H|¥ >/ < ¥|T >, to yield an
upper bound for the energy.

In order to make the Hamiltoniah (10.12) non-interactive, we must remove
the last term in (10.12),e., we assume that the electrons do not interact with each
other. Then thelectronicpart of the Hamiltonian becomes:

~12V?
Hez:Hez(rl,rmrg,m):Z - ZZ (10.13)

i=1 n=1i=1

which can be cast in the form

Hez—Z[ Z; + Un( rl} @Hl (10.14)

i=1

where
10.15
Z |R - rz| ( )
This simplified Hamiltonian is separable and admits eigenfunctions of the form

P(ri,ro,r3, -+ ) = d1(r1)P2(r2)Ps(rs) - - -, (10.16)

where thep;(r) orbitals are determined from the “one-electron” equation:

Hipi(r) = Eigi(r) . (10.17)
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The total energy of the system is the sum of the occupied eigenvaiies,

This model is extremely simple, but not realistic. Physically, using the statis-
tical interpretation mentioned above, writifigas the product of;’s, only means
that the electrons have independent probabilities of being located in a certain po-
sition in space. This lack aforrelationbetween the particles causes the resulting
energy to be overstated. In particular, the Pauli Principle states that no two elec-
trons can be at the same point in space and have the same quantum numbers. The
solutions¥ computed in[(10.16)~(10.17) is known as thartree wave function.

It can be shown that the individual orbitals,(r), are solutions of the eigen-
value problem

S +vN<>+Z/ L x| 6,0) = Bion(r) . (10.28)

2m v/ —r|

The subscripts, j of the coordinates have been removed as there is no a2mbiguity.
The Hamiltonian related to each particle can be written in the ferea *’gmv +
VN + Wy, whereVy was defined earlier and

e ¢] dd !
Wy = Z/ 0 _r| . (10.19)
17’57

This Hartree potential, orCouloumb potential, can be interpreted as the poten-
tial seen from each electron by averaging the distribution of the other electrons
|¢;(r)|*'s. It can be obtained from solving the Poisson equation with the charge
densitye|¢;(r)|? for each electron. Note that bothVy andWy depend on the
electroni. Another important observation is that solving the eigenvalue problem
(10.18), requires the knowledge of the other orbita)si.e., those forj # i.
Also, the electron density of the orbital in question should not be included in the
construction of the Hartree potential.

The solution of the problem requiressalf-consistent fieldSCF) iteration.
One begins with some set of orbitals, and computes iteratively new sets by solv-
ing (10.18), using the most current sewk for j # 4. This iteration is continued
until the set ofp;’s is self-consistent. One difficulty is that the Hamiltonian de-
pends on the orbital since the summation in (10.18) excludes thejterm This
means that if there ar®f electrons, theld/ Hamiltonians must be considered and
(10.18) solved for each of them at each SCF loop. This procedure can therefore
be expensive.

A major weakness of the Hartree approximation is that it does not obey the
Pauli exclusion principle [124]. The Hartree-Fock method, discussed next, is an
attempt to remedy this weakness.

10.4.3 The Hartree-Fock approximation

Pauli’s exclusion principle states that there can be only two electrons in the same
orbit and they must be of opposite spin. The coordinates must include spin, so
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we definex; = wheres; is the spin of the*” electron. A canonical way
to enforce the exclu5|on principle is to require that a wave funclidre an anti-
symmetric function of the coordinates of the electrons in that by inter-changing
any two of these its coordinates, the function must change its sign. In the Hartree-
Fock approximation, many body wave functions with antisymmetric properties
are constructed, typically cast 8tater determinants, and used to approximately
solve the eigenvalue problem associated with the Hamiltonian (10.12).

Starting with one-electron orbitalg, (x) = ¢(r)o(s), the following func-
tions meet the antisymmetry requirements:

$1(x1)  P1(x2) -+ oo Pr(xm)
Wiy, 3y, ) = [ 200 2bR) e 1020)
drr(x1) e e e ar(xar)

The actual Slater determinants are obtained from normalizing the auxiliary func-
tions Psi of (10.20): ¥ = (M!)~1/2¥. If two electrons occupy the same orbit,
two rows of the determinant will be identical addwill be zero. The determi-
nant will also vanish if two electrons occupy the same point in generalized space
(i.e.,x; = x;) as two columns of the determinant will be identical. Exchanging
positions of two particles will lead to a sign change in the determinant.

If one uses a Slater determinant to evaluate the total electronic energy and
maintains wave function normalization, the orbitals can be obtained from the fol-
lowing Hartree-Fockequations:

2v72
Mo = [ T2 p e +Z/e DR e ) )

I‘—I‘

*Z/ = r')gi(r) d’r’ 6, s, ¢j(r) = Eigi(r) . (10.21)

Itis customary to simplify this expression by defining an electronic charge density,

p:
M

p(r) = Y o)), (10.22)
j=1
and an orbital depende‘fﬁxchange charge density’s " for thei'" orbital:
(e ety = S0 B Gi) dy(x)
e ¢;(r) ¢i(r)
This “density” involves a spin dependent factor which couples only state} (i, j
with the same spin coordinates (s;).

With these charge densities defined, it is possible to define corresponding
potentials. Th&Coulombor Hartree potential,Vy, is defined by

Vi (r) = / pr) —< ; & . (10.24)

Osi,s; - (10.23)
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and arexchanggotential can be defined by

2
Py — HF / € 3.
Vi) = = [l ) e (10.25)
This combination results in the following Hartree-Fock equation:
iy PAve )
( o +Vn(r) + Vu(r) + V.(r) ) ¢i(r) = E;¢;(r) . (10.26)

The number of electronic degrees of freedom in Hartree-Fock - based calcula-
tions grows rapidly with the number atoms often prohibiting an accurate solution,
or even one’s ability to store the resulting wave function. The method scales nom-
inally asN* (IV being the number of basis functions), though its practical scaling
is closer toN?3. An alternate approach is based on Density Functional Theory
(DFT) which scales nominally a&3, or close toN? in practice.

10.4.4 Density Functional Theory

In a number of classic papers, Hohenberg, Kohn, and Sham established a theo-
retical basis for justifying the replacement of the many-body wave function by
one-electron orbitals [123, 90, 108]. Their results put the charge density at center
stage. The charge density is a distribution of probabiiigy, p(r1)d>r; repre-
sents,in a probabilistic sense, the number of electrons (all electrons) in the in-
finitesimal volumed®r .

Specifically, the Hohenberg-Kohn results were as follows. The first Hohen-
berg and Kohn theorem states tHat any system of electrons in an external po-
tential V.., the Hamiltonian (specifically,,; up to a constant) is determined
uniquely by the ground-state density alon8olving the Schidinger equation
would result in a certain ground-state wave functibnto which is associated
a certain charge density,

p(I’l): Z M /|\I/(X1,X27~-~ ,X]\,[)‘dXQ'--dXM. (1027)
s1=T1,1

From each possible state functignone can obtain a (unique) probability distri-
bution p. This mapping from the solution of the full Sdtinger equation tp is

trivial. What is less obvious is that the reverse is true: Given a charge density,

is possible in theory to obtain a unique Hamiltonian and associated ground-state
wave function,W. Hohenberg and Kohn's first theorem states that this mapping
is one-to-onej.e., we could get the Hamiltonian (and the wave function) solely
from p.

The second Hohenberg-Kohn theorem provides the means for obtaining this
reverse mappingThe ground-state density of a system in a particular external
potential can be found by minimizing an associated energy functidngbrin-
ciple, there is a certain energy functional, which is minimized by the unknown
ground state charge density, This statement still remains at a formal level in the
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sense that no practical means was given for compulirgg a potential,V. The
magnitude of the simplification suggests that the energy functional will be hard to
construct. Indeed, this transformation changes the original problem with a total of
3N coordinates plus spin, to one with only 3 coordinates, albeit Witbrbitals

to be determined.

Later Kohn and Sham provided a workable computational method based on
the following result:For each interacting electron system, with external potential
Vo, there is a local potential,, which results in a density equal to that of the
interacting systemrhus, the Kohn-Sham energy functional is formally written in
the form

h2
His = %V2 + Veff; (1028)

where the effective potential is defined as for a one-electron poteigialas in

(10.14),
Vers = Vn(p) +Vu(p) + Vec(p)- (10.29)

Note that in contrast with (10.14Y,... is now without an index, as it is only for one
electron. Also note the dependence of each potential term on the charge density
which is implicitly defined from the set of occupied eigenstates = 1,--- , N
of (10.28) by Eq.[(10.22).

The energy term associated with the nuclei-electron interactiofignip),
while that associated with the electron-electron interactiofigjgp), whereVy

is the Hartree potential,
/
VH:/ ) s

v — /|

The Kohn-Sham energy functional is of the following form:

9 N
E(p) = —%Z/¢f(r)v2¢i(r)dr + /p(r)Vion(r)dr
i=1

1 pr)p(x’) .
+5/ / =] 2rdr + Erelp(r) (10.30)

The effective energy, or Kohn-Sham energy, may not represent the true, or “ex-
perimental energy,” because the Hamiltonian has been approximated.

One of the issues left with the DFT approximation is to determine the Ex-
change and Correlation energy from which the potential in (10.29) can be
obtained.

In contemporary theories, correlation energies are explicitly included in the
energy functionals [123]. These energies have been determined by numerical stud-
ies performed on uniform electron gases resulting in local density expressions of
the form: V,.[p(r)] = Vu[p(r)] + Ve[p(r)], where), represents contributions to
the total energy beyond the Hartree-Fock limit/[20]. For the exchange energy, one
of the simplest model in DFT consists of using ttecal Density Approximation
(LDA), originally suggested by Kohn and Sham [108]. Within LDA, one obtains
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the following expression:

E,[p] = —%(3#)1/3 / [p(x)]*/? d°r, (10.31)

from which one obtain¥, [p] by taking the functional derivative:

_ 0Bi[p]
op

V.00 = ~Z (32 (10.32)

10.4.5 The Kohn-Sham equation

TheKohn-Sham equatiofi08] for the electronic structure of matter is

( _h2v2

o+ V() Vi) 4 Vealp(o)] ) ) = Bionr) . (1039)

This equation is nonlinear and it can be solved either as an optimization problem
(minimize energy with respect to wavefunctions) or a nonlinear eigenvalue prob-
lem. In the optimization approach an initial wavefunction basis is selected and
a gradient-type approach is used to iteratively refine the basis until a minimum
energy is reached. In the second approach the Kohn-Sham equation is solved
solved “self-consistently”. An approximate charge is assumed to estimate the
exchange-correlation potential, and this charge is used to determine the Hartree
potential from[(10.24). The output potential is then carefully mixed with the pre-
vious input potential (s) and the result is inserted in the Kohn-Sham equation and
the total charge density determined as in (10.22). The “output” charge density is
used to construct new exchange-correlation and Hartree potentials. The process is
repeated until the input and output charge densities or potentials are identical to
within some prescribed tolerance.

Due to its ease of implementation and overall accuracy, the Local Density Ap-
proximation (LDA) mentioned earlier is a popular choice for describing the elec-
tronic structure of matter. Recent developments have included so-called gradient
corrections to the local density approximation. In this approach, the exchange-
correlation energy depends on the local density and the gradient of the density.
This approach is called the generalized gradient approximation (GGA) [155].

10.4.6 Pseudopotentials

A major difficulty in solving the eigenvalue problem arising from the Kohn-Sham
equation is the length and energy scales involved. The inner (core) electrons are
highly localized and tightly bound compared to the outer (valence electrons). A
simple basis function approach is frequently ineffectual. For example, a plane
wave basis (see next section) might requiré d@ves to represent converged
wave functions for a core electron, whereas ohly waves are required for a
valence electron[24]. In addition, the potential is singular near the core and this
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cause difficulties in discretizing the Hamiltonian and in representing the wave-
functions. The use of pseudopotentials overcomes these problems by removing
the core states from the problem and replacing the all-electron potential by one
that replicates only the chemically active, valence electron states[24]. It is well-
known that the physical properties of solids depend essentially on the valence
electrons rather than on the core electramg,, the Periodic Table is based on

this premise. By construction, the pseudopotential reproduces exactly the valence
state properties such as the eigenvalue spectrum and the charge density outside the
ion core.

The cores are composed of nuclei and inert inner electrons. Within this model
many of the complexities of an all-electron calculation are avoided. A group IV
solid such as C with 6 electrons is treated in a similar fashion to Pb with 82 elec-
trons since both elements have 4 valence electrons.

The pseudopotential approximation takes advantage of this observation by re-
moving the core electrons and introducing a potential that is weaker at the core,
which will make the (pseudo)wave functions behave like the all-electron wave
function near the locations of the valence electrams, beyond a certain radius
r. away from the core region. The valence wave functions often oscillate rapidly
in the core region because of the orthogonality requirement of the valence states
to the core states. This oscillatory or nodal structure of the wave functions corre-
sponds to the high kinetic energy in this region.

Pseudopotential calculations center on the accuracy of the valence electron
wave function in the spatial region away from the casee, within the “chemically
active” bonding region. The smoothly-varying pseudo wave function should be
identical with the appropriate all-electron wave function in the bonding regions.
The idea of pseudopotentials goes back to Fermi [58] who in 1934 introduced a
similar construction to account for the shift in the wave functions of high-lying
states of alkali atoms subject to perturbations from foreign atoms.

10.5 Stability of Dynamical Systems

Consider a dynamical system governed by the differential equation

dy
dt
wherey € R™ is some vector-valued function ¢fand F' is a function fromR"
to itself. We will assume that the system is time autonomous in that the vatiable
does not appear in the right hand side of (10.34). Notefhzen be a complicated
partial differential operator and is usually nonlinear.

The stability of a nonlinear system that satisfies the equatien F'(y) is
usually studied in terms of its steady state solution. The steady state sajugion
by definition, the limit ofy(¢) ast tends to infinity. This limit, when it exists, will
clearly depend on the initial conditions of the differential equation. The solgtion
can be found by solving the steady-state equakion) = 0 because the variation
of y with respect to time will tend to zero at infinity. A system governed by

F(y) (10.34)
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equation[(10.34) is said to be locally stable if there exists such that
ly(t) =yl — 0, ast — o0

whenever|y(0) — g|| < e. For obvious reasons, it is said that the steady state
solution is attracting. The important result on the stability of dynamical systems,
is that in most cases the stability of the dynamical system can be determined by
its linear stability, i.e., by the stability of the linear approximationfoft . In

other words the system is stable if all the eigenvalues of the Jacobian matrix

afi(??)}
J=
{ Ox; ij=1,...n

have negative real parts and unstable if at least one eigenvalue has a positive real
part. If some eigenvalues of lie on the imaginary axis, then the stability of

the system cannot be determined by its linear stability,[s€e [83]. In this case the
system may or may not be stable depending on the initial condition among other
things.

It is often the case that Jacobian matrices are very large honsymmetric and
sparse such as for example whEroriginates from the discretization of a partial
differential operator. This is also the case when simulating electrical power sys-
tems, since the dimension of the Jacobian matrices will be equal to the number of
nodes in the network multiplied by the number of unknowns at each node, which
is usually four.

10.6 Bifurcation Analysis

The behavior of phenomena arising in many applications can be modeled by a
parameter dependent differential equation of the form

dy
dt

wherey is a vector valued function andis typically a real parameter. There are
several problems of interest when dealing with an equation of the form (10.35). A
primary concern in some applications is to determine how stability properties of
the system will change as the parametesraries. For example might represent

a mass that is put on top of a structure to study its resistance to stress. When this
mass increases to reach a critical value the structure will collapse. Another impor-
tant application is when controlling the so-called panel flutter that causes wings
of airplanes to disrupt after strong vibrations. Here the bifurcation parameter is
the magnitude of the velocity of air. Christodoulou and Scriven solved a rather
challenging problem involving bifurcation and stability analysis in fluid flow in
[27]. Bifurcation theory comprises a set of analytical and numerical tools used to
analyze the change of solution behavionagries and part of the spectrum of the
Jacobian moves from the left half plane (stable plane) to the right half (unstable)
plane.

= F(y,a) (10.35)
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(@) (b)

Figure 10.5: Bifurcation patterns. Stable branches solid lines, unstable branches
dashed lines.

A typical situation is when oneeal eigenvalue passes from the left plane to
the right half plane. Thus, the Jacobian becomes singular in between. This could
correspond to either a ‘turning ’point or a ‘real bifurcation 'point. The change of
behavior of the solution can happen in several different ways as is illustrated in
Figure 4. Often bifurcation analysis amounts to the detection of all such points.
This is done by a marching procedure along one branch until crossing the primary
bifurcation point and taking all possible paths from there to detect the secondary
bifurcation points etc..

An interesting case is when a pair of complex imaginary eigenvalues cross
the imaginary axis. This is referred to as Hopf bifurcation. Then at the critical
value ofa where the crossing occurs, the system admits a periodic solution. Also,
the trajectory ofy, sometimes referred to as the phase curve in mechanics, forms
a closed curve in thg plane referred to as the phase plane (this can be easily seen
for the caser = 2 by using the parameteito represent the curve).

10.7 Chemical Reactions

An increasing number of matrix eigenvalue problems arise from the numerical
simulation of chemical reactions. An interesting class of such reactions are those
where periodic reactions occur ‘spontaneously 'and trigger a wave like regime. A
well-known such example is the Belousov-Zhabotinski reaction which is modeled
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by what is referred to as the Brusselator model. The model assumes that the
reaction takes place in a tube of length one. The space variable is denoted by
and the time variable by There are two chemical components reacting with one
another. Their concentrations which are denoted (@yr) andy(t, r) satisfy the
coupled partial differential equations

0 D, 92

% = 718772+A*B7(B+1)I+1‘2y
oy Dy 0% 2

3 = Laet B

with the initial conditions,
I(O,T) = IO(T)v y(07r) = yO(r)v 0 <r< 1
and the boundary conditions
B
1
A trivial stationary solution to the above systenris= A, = B/A. The linear
stability of the above system at the stationary solution can be studied by examining

the eigenvalues of the Jacobian of the transformation on the right-hand-side of the
above equations. This Jacobian can be represented in the form

Diol (B +1)+ 2y 2
/= B —2xy % 2]

x(t,0) =z(t,1) = A, y(t,0) =yt 1) =

8

— T

Q)‘QJ
©

S

This leads to a sparse eigenvalue problem after discretization. In fact the problem
addressed by chemists is a bifurcation problem, in that they are interested in the
critical value of L at which the onset of periodic behavior is triggered. This cor-
responds to a pair of purely imaginary eigenvalues of the Jacobian crossing the
imaginary axis.

10.8 Macro-economics

We consider an economy which consistsnotlifferent sectors each producing
one good and each good produced by one sector. We denaig the quantity
of good numbet that is necessary to produce one unit of good numbérhis
defines the coefficient matriA known as the matrix of technical coefficients. For
a given productioriz);=1 ... », the vectorAz will represent the quantities needed
for this production , and therefore — Ax will be the net production. This is
roughly Leontiev’s linear model of production.

Next, we would like to take into account labor and salary in the model. In
order to produce a unit quantity of gogdthe sectorj employsw; workers and
we define the vector of workers = [wy, ws,...,w,]T. Let us assume that the
salaries are the same in all sectors and that they are entirely used for consumption,
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each worker consuming the quantity of good number. We define again the
vectord = [dy,ds, . ..,d,])T. The total consumption of iternneeded to produce
one unit of itemy becomes

Qg4 + ’LUjdi .

This defines the so-callexbcio-technicamatrix B = A + w’d.

The additional assumptions on the model are that the needs of the workers are
independent of their sector, and that there exists a pricing system that makes every
sector profitable. By pricing system or strategy, we mean a vecto(p;)i=1.... »
of the priceg; of all the goods. The questions are

1) Does there exist a pricing strategy that will ensure a profit rate equal for all
sectors? (balanced profitability)

2) Does there exist a production structurthat ensures the same growth rat®
each sector? (balanced growth).

The answer is provided by the following theorem.

Theorem 10.1 If the matrix B is irreducible there esists a pricing strategy a
production structurer and a growth rate- = 7 that ensure balanced profitability
and balanced growth and such that

- 1 1
Bp= 1++77 B = 1+7
In other words the desired pricing system and production structure are left
and right eigenvectors of the matixrespectively. The proof is a simple exercise
that uses the Perron-Frobenius theorem. Notice that the profitimezual to the
growth rater; this is referred to as the golden rule of growth.

x.

10.9 Markov Chain Models

A discrete state, discrete time Markov chain is a random process with a finite (or
countable) number of possible states taking place at countablettintes. . ., . . .,

and such that the probability of an event depends only on the state of the system
at the previous time. In what follows, both times and states will be numbered by
natural integers. Thus, the conditional probability that the system be injstate
time &, knowing that it was under stafe at time 1, statg,, at state 2 etc.., state

jir — 1 attimek — 1 only depends on its stafg — 1 at the timek — 1, or

P(Xp =7 |X1=j1,X2=Joy. .., X1 = Jr—1)
=P(Xy =j | Xp—1 = jr-1)
whereP(E) is the probability of the ever¥ and X is a random variable.

A system can evolve from a state to another by passing through different tran-
sitions. For example, if we record at every minute the number of people waiting
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for the 7am bus at a given bus-stop, this number will pass frorat, say, in-
stant0 corresponding t@ : 45 am to say 10 at instant 15 corresponding tam.
Moreover, at any given time between instant 0 and 15, the probability of another
passenger coming, i.e., of the number of passengers increasing by one at that in-
stant, only depends on the number of persons already waiting at the bus-stop.

If we assume that there aré possible states, we can define at each instant
k,anN x N matrix P(¥)_ called transition probability matrix, whose entriéé)
are the probabilities that a system passes from statstate; at timek, i.e.,

P = P(Xy, = j| Xkt = 0)

The matrix P(*) is such that its entries are nonnegative, and the row sums are
equal to one. Such matrices are calkdchastic. One of the main problems
associated with Markov chains is to determine the probabilities of every possible
state of the system after a very long period of time.

The most elementary question that one faces when studying such models is:
how is the system likely to evolve given that it has an initial probability distribution
g = (1, ¢V, ... ¢")2 Itis easy to see that at the first tigié) = ¢(©) P(©),
and more generally

q*) = g1 plk=1)

Therefore,
¢® = ¢ p@ pt)  plk=1) pk),

A homogeneous systems is one whose transition probability matfix is
independent of time. If we assume that the system is homogeneous then we have

¢® = q¢+-Vp (10.36)

and as a result if there is a stationary distributior: lim ¢(*) it must satisfy the
equalityr = 7w P. In other wordsr is a left eigenvector of associated with the
eigenvalue unity. Conversely, one might ask what are the conditions under which
there is a stationary distribution.

All the eigenvalues ofP do not exceed its 1-norm which is one becakse
is nonnegative. Therefore if we assume tRais irreducible then by the Perron-
Frobenius theorem, one is the eigenvalue of largest modulus, and there is a cor-
responding left eigenvectar with positive entries. If we scale this eigenvector
so that||w||; = 1 then this eigenvector will be a stationary probability distribu-
tion. Unless there is only one eigenvalue with modulus one, it is not true that a
limit of ¢ defined by[(10.36) always exists. In case there is only eigenvalue of
P of modulus one, theg, will converge tor under mild conditions on the initial
probability distributionsy.

Markov chain techniques are very often used to analyze queuing networks
and to study the performance of computer systems.
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PROBLEMS

P-10.1 Generalize the model problems of Section 10.2 involving masses and springs to
an arbitrary number of masses.

P-10.2 Compute the exact eigenvalues (analytically) of the matrix obtained from dis-
cretizing the Chemical reaction model problem in Section|10.7. Use the parameters listed
in Chapter Il for the example.

P-10.3 Show that wher(t) = Fy cos wt then a particular solution to (10.1) is given by

Fo
(k — mw?)? + c2w?

[(k — mw?) coswt + cwsinwt] .

Show that[(10.8) is an alternative expression of this solution.

NOTES AND REFERENCES At the time of the first edition of this book | stated that “Many of the
emerging applications of eigenvalue techniques are related to fluid dynamics and bifurcation theory
[19, 87, 98, 128, 130, 99, 186, 215] aero-elasticity [47, 48, 66| 129, 84, 85, 185], chemical engineer-
ing [28, 27/ 160, 88, 161] and economics [38].” Recent interest of numerical analysts has turned to
applications from two challenging and distinct areas: nanosciences (electronic structure calculations,
see Sec. 10.4) and information sciences (machine learning, data analysis). Problems originating from
quantum mechanical calculations are challenging not only because of the large sizes of the matrices en-
countered but also because the number of eigenvalues to be computed can be very largé. Section 10.4
is an abbreviated version of the survey article [181]. A prototypical application in the second category
is that of the google page-rank problem, see for example, [102, 74, 15]. For a description of linear
algebra method for information retrieval (IR), see [9]. These application typically lead to singular
value problems instead of eigenvalue problems. The eigenvalue problems which are encountered in
the specific problem of dimension reduction are surveyed in [109]. The Lanczos algorithm can play a
significant role in reducing the cost of these techniques as the required accuracy is typically not high,
see for example [25, 10] for an illustration. |
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Rayleigh Quotient Iteration, 90
Rayleigh-Ritz
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in AMLS,
procedurd, 98

real Chebyshev polynomials, 108

real Schur forni, 19

reduced resolvent, 72

reducible 26

reduction of matrices, 12

regular matrix paif, 222

reorthogonalization, 11

residual norm, 131

resolvent, 51-75
analyticity/ 56
equalities, 52
operator, 51
reduced, 72, 75

resonance phenomena, 239

right eigenvector, 222

right subspace, 97, 106

Ritz eigenvalues, 130

Ritz values|, 139

row rank[ 10

RQI (Rayleigh Quotient Iteration), 90

S
Schidinger equation, 243
Schur complemerit, 210
spectral, 213
Schur form| 18
example], 20
non-uniqueness, 20
partial, 19
quasi| 20
real/ 20
Schur vectors, 98, 135, 165
in subspace iteration, 119
under Wielandt deflation, 93
Schur-Wielandt deflation, 95
complex eigenvalues, 95
second resolvent equality, 52
selective reorthogonalizatidn, 144
self-adjoint; 229
semi-simple, 13
serious breakdowrseelanczos algorithm
shift-and-invert, 89, 193-199
complex arithemti¢, 195
for matrix pairs|, 2217
real and complex arithmetic, 196
with Arnoldi’s method|, 197
with direct solvers, 35
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shifted power method, 88, 182
similarity transformatiori, 13
simple eigenvalue, 13
singular matrix paif, 222
singular values, 9
singularities of the resolvent, 52
skew-Hermitian matrices 4
skew-symmetric matricels| 4
Slater determinarit, 247
socio-technical matrik, 255
span ofq vectors| 9
sparse direct solvers, 35
sparse matrices, 29-45
basic operations with, 34
direct solvers, 35
matrix-vector product, 34
storaged, 30
structured, 29
unstructured, 29
sparse triangular system solutibn] 35
sparsity, 29
SPARSKIT, 30, 40
special matrices, 5
spectral decomposition, 18
spectral portrait$, 83
spectral projector, 18
spectral radius, 3
Spectral Schur complement, 213
spectral transformation Lanczos, 231
spectrum of a matrix, 3
stability
linear, 252
of a nonlinear systerh, 251
of dynamical systemks, 251
staircase iteration, 115
stationary distribution, 256
stationary iterations, 81
Stieljes algorithm, 138
stochastic matricess, 256
storage format
coordinate, 31
CSR| 32
Diagonal| 38
Ellpack-Itpack] 338
MSR,32
storage of sparse matricés) 30
structural engineering, 241
structured sparse matrix, 29
subspacé, 9-11

INDEX

basis, 10
subspace iteration, 115-124
convergence, 118
locking, 121
multiple step version, 116
practical implementation, 121
simple versior, 115
with Chebyshev acceleration, 177-178
with linear shifts| 128
with preconditioning, 123
with projection 118
subspace of approximants,/97
sum of two subspaces, 10
Sylvester’s equation, 76
symmetric matrices, 4

T
test problems, 36

three-term recurrende, 171
Toeplitz matrices, 5

trace| 3

transition probability matrix, 256
transpose, 2

transpose conjugate), 2
tridiagonal matrices, 4

U

unitary matrices, 4
unstructured sparse matfix, 29
upper triangular matrices| 4

\%

vibrations| 236
critical damping, 238
damped free, 238
forced[ 238
free forced, 238
free vibrationd, 237
overdampingd, 238
underdamping, 238

W-Z
Weierstrass-Kronecker canonical form, 225
Wielandt deflatior, 91, 226
optimality in,[92
Wielandt's theorem, 91
YSMP, 36
Zarantonello’s lemma, 110, 111
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